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1 Introdu
tionMinimum vertex 
over is the problem of �nding the smallest set of verti
es that tou
hes all theedges in a given graph. This is one of the most fundamental NP-
omplete problems. A simple 2-approximation algorithm exists for this problem: 
onstru
t a maximal mat
hing by greedily addingedges and then let the vertex 
over 
ontain both endpoints of ea
h edge in the mat
hing. It 
an beseen that the resulting set of verti
es indeed tou
hes all the edges and that its size is at most twi
ethat of the minimum vertex 
over. However, despite 
onsiderable e�orts, state of the art te
hniques
an only a
hieve an approximation ratio of 2� o(1) [10℄.Given this state of a�airs, one might strongly suspe
t that vertex 
over is NP-hard to approxi-mate within 2�" for any " > 0. This is one of the major open questions in the �eld of approximationalgorithms. In [11℄, H�astad showed that approximating vertex 
over within 
onstant fa
tors lessthan 76 is NP-hard. This was re
ently improved by Dinur and Safra [5℄ to 1:36. In a related result,Arora et al. [1℄ 
onsidered algorithms based on linear programming. They showed an integralitygap of 2 � � for a large family of linear programs for vertex 
over. This implies that many linearprogramming based algorithms 
annot obtain an approximation ratio better than 2.In this paper we 
onsider the more general problem of vertex 
over on k-uniform hypergraphs.A k-uniform hypergraph H = (V;E) 
onsists of a set of verti
es V and a 
olle
tion E of k-elementsubsets of V 
alled hyperedges (or simply edges). A vertex 
over of H is a subset of verti
es S � Vsu
h that every hyperedge in E interse
ts S, i.e., e \ S 6= ; for ea
h e 2 E. An independent setin H is a subset whose 
omplement is a vertex 
over, or in other words a subset of verti
es that
ontains no hyperedge entirely within it. The Ek-Vertex-Cover problem is the problem of �ndinga minimum size vertex 
over in a k-uniform hypergraph. Noti
e that for k = 2, this problemis equivalent to the vertex 
over problem on graphs. The simple algorithm presented before 
anbe easily extended to k-uniform hypergraphs, a
hieving a fa
tor k approximation. However, asbefore, the best approximation algorithms yield only a tiny improvement, a
hieving a k � o(1)approximation ratio [10℄.The �rst expli
it hardness result shown for Ek-Vertex-Cover was due to Trevisan [17℄ whoshowed (among other results) an inapproximability fa
tor of k1=19. Holmerin [14℄ showed that E4-Vertex-Cover is NP-hard to approximate within (2�"), and more re
ently [13℄ that Ek-Vertex-Coveris NP-hard to approximate within k1�", and also that it is NP-hard to approximate E3-Vertex-Cover within fa
tor (3=2�"). Goldrei
h [8℄ showed a dire
t `FGLSS'-type [6℄ redu
tion (involving nouse of the long-
ode, a 
ru
ial 
omponent in most re
ent PCP 
onstru
tions) attaining a hardnessfa
tor of (2� ") for Ek-Vertex-Cover for some 
onstant k. Dinur, Guruswami and Khot [3℄ gave afairly simple proof of an 
(k) hardness result for Ek-Vertex-Cover and a more 
ompli
ated proofthat shows a fa
tor (k � 3 � ") hardness for Ek-Vertex-Cover. A re
ent paper by Dinur et al. [4℄improves upon all previous results by showing a (k � 1� ") hardness result.With this re
ent progress on the Ek-Vertex-Cover problem, there is a strong reason to believethat it is NP-hard to approximate Ek-Vertex-Cover within k � � for every k � 2. The 
urrentte
hniques, however, seem very inadequate to prove su
h a result. In [15℄, Khot presented the uniquegames 
onje
ture as an approa
h to atta
k many fundamental open problems. The 
onje
ture dealswith 2-prover-1-round games where two (all-powerful) provers try to 
onvin
e a probabilisti
 veri�erthat a 
ertain NP-statement is true. The proof system is 1-round, meaning the veri�er asks boththe provers one question ea
h and a

epts or reje
ts depending on the provers' answers. The gameis 
alled unique if the answer of one prover 
ompletely determines the answer of the se
ond proverand vi
e versa. The 
onje
ture essentially states that it is NP-hard to distinguish whether theprovers' optimal strategy in a unique 2-prover-1-round game has su

ess probability very 
lose to1 or it is negligible. Assuming this 
onje
ture, Khot was able to show several new hardness results1



in
luding the hardness of Min-2SAT-Deletion and hardness of the Not-All-Equal predi
ate on 3variables. He also observed that a variation of his 
onje
ture would imply a p2� " hardness resultfor vertex 
over.In this paper, we 
ontinue this line of resear
h and assuming the unique games 
onje
ture, weprove a tight k � " hardness result for Ek-Vertex-Cover. In parti
ular, this gives a 2 � " hardnessresult for vertex 
over, giving a further eviden
e that fa
tor 2 may be the right answer for thisproblem.Main te
hniques: Many of the re
ent hardness results are shown via 
onstru
tions of new Proba-bilisti
ally Che
kable Proof systems (PCPs) (see, e.g., [2, 11, 12, 9℄). These 
onstru
tions typi
allyinvolve two modules, the so-
alled Outer PCP and the so-
alled Inner PCP. The Outer PCP is es-sentially a 2-prover-1-round game and the Inner PCP is based on long 
odes and often, the Fourieranalysis of long 
odes.However, this standard re
ipe hasn't been very su

essful in atta
king the vertex 
over problem.H�astad's 76 hardness remained the best known result for a long time. Dinur and Safra [5℄ wereable to break this barrier by relying on te
hniques from extremal 
ombinatori
s. However, theirapproa
h still doesn't su

eed in getting a hardness fa
tor better than 1:36. Khot [15℄ observedthat the bottlene
k in getting hardness results for vertex 
over and a number of other problemsmight be in the Outer PCP whi
h has remained untou
hed so far. His 
onje
ture basi
ally statesthat a strong enough Outer PCP exists and then one 
an build Inner PCPs on top of it yieldingthe desired hardness of approximation results.Khot's 
onje
ture looks quite promising, at least in light of the la
k of any other te
hniques. Wethink that it is worthwhile to investigate whi
h problems 
ould be solved via this 
onje
ture and weshow that vertex 
over is one su
h problem. We 
ombine this 
onje
ture with the te
hniques fromDinur and Safra's paper [5℄, whi
h in
lude the biased long 
ode, Friedgut's Theorem on sensitivityof Boolean fun
tions and theorems in extremal set theory.It turns out that one needs the unique games 
onje
ture in a stronger form than what is statedin [15℄. A signi�
ant 
ontribution of this paper is to show that the stronger form follows from theoriginal form. Roughly speaking, the original form states that in the good 
ase the provers in the2-prover-1-round game have a strategy that 
onvin
es the veri�er with probability 
lose to 1. Thestronger form states that the provers in fa
t have a strategy su
h that with probability very 
lose to1, after �xing the question to the �rst prover, the veri�er a

epts for every question to the se
ondprover.We believe that this stronger form would be useful in our understanding of the unique games
onje
ture and an eventual resolution of this 
onje
ture.Overview of the paper: In Se
tion 2, we introdu
e the tools from sensitivity analysis of set-families and extremal 
ombinatori
s. Se
tion 3 explains the redu
tion to the stronger form of the
onje
ture and it is the 
rux of the paper. Se
tion 4 explains the redu
tion to hypergraph vertex
over and shares many ideas with previous work su
h as [5℄ and [4℄.2 PreliminariesFor a universe R, let P (R) denote its power set, i.e., the family of all subsets of R. For a \biasparameter" 0 < p < 1, the weight �Rp (F ) of a set F is de�ned as�Rp (F ) def= pjF j(1� p)jRnF j:2



We will omit the supers
ript R when it is 
lear whi
h universe we are talking about. The weightof a family F � P (R) is de�ned as �p(F) def= XF2F �p(F ):Note that the bias parameter de�nes a distribution on P (R), where a subset is pi
ked by indepen-dently pi
king every element in R with probability p. We denote this distribution by �Rp .2.1 Friedgut's `Core' TheoremFor a family F , an element � 2 R and a bias parameter p we de�ne the \in
uen
e of the elementon the family" asIn
uen
eRp (F ; �) def= PrF2�Rp [exa
tly one of F [ f�g; F n f�g is in F ℄:As before, the supers
ript will often be omitted. The average sensitivity of a family is de�ned assum of the in
uen
es of all elements.asp(F) def= X�2R In
uen
ep(F ; �):De�nition 2.1 A family F � P (R) is 
alled a 
ore-family with a 
ore C � R if there exists afamily H � P (C) su
h that 8 F 2 P (R); F 2 F i� F \C 2 H:A family F � P (R) is 
alled monotone if F 2 F and F � F 0 implies F 0 2 F . The followinglemma is well-known (see, e.g., [5℄).Lemma 2.2 If F � P (R) is monotone and p � q, then �Rp (F) � �Rq (F).We will use the following theorem that 
an be obtained by 
ombining Russo's Theorem andFriedgut's Theorem. This theorem essentially says that a monotone family of subsets is well-approximated by a 
ore-family with a \small" 
ore.Theorem 2.3 ([7, 16℄) Let p be a bias parameter, "; Æ > 0 be 
onstants and � be an \a

ura
yparameter". Let F � P (R) be a monotone family su
h that �p(F) � Æ. Then there exists p0 2(p; p+ ") and a 
ore family bF � P (R) with a 
ore C � R su
h that� The average sensitivity of the family F w.r.t the bias p0 is at most 1" , i.e., asp0(F) � 1" .� The size of C is a 
onstant that depends only on p; Æ; "; �.� �p0(F� bF) < � where � denotes the symmetri
 di�eren
e of the two families.We will need the following two lemmas. The proof of the �rst lemma is in the appendix. These
ond lemma follows from a theorem of Frankl and 
an be found as Lemma A.4 in [3℄.Lemma 2.4 Let F � P (R) be a monotone family. Let T be a set of elements su
h that for everyelement � 2 T , In
uen
ep(F ; �) < � where � is any 
onstant. De�ne a subfamily F 0 of the familyF as F 0 def= fF j F 2 F ; F n T 2 Fg:Then for any 0 < p < 1 we have�p(F 0) � �p(F) � � jT j (min(p; 1� p))�jT j:3



Lemma 2.5 Let " > 0 be an arbitrarily small 
onstant and de�ne p = 1 � 1k � " to be the biasparameter. Then, for a suÆ
iently large universe R, the following holds. For any F � P (R) su
hthat �p(F) � 1� 1k there exist k sets in the family F whose interse
tion is empty.3 Constru
ting the Strong Label CoverFor the ease of presentation, we will talk in terms of the Label Cover problem instead of 2-Prover-1-Round Games. Let R be some large enough label set. A Unique-Label-Cover (Unique-LC) � isa tuple (X;Y;�;W ) where X and Y are two sets of variables. In addition, for every x 2 X andy 2 Y there exists a bije
tion test �xy 2 �, i.e., a one-to-one and onto fun
tion �xy : R ! R anda weight wxy � 0. We denote by w(�; x) the sum Py2Y wxy and by w(�) the sum Px2X;y2Y wxy.An assignment is a fun
tion A : X [ Y ! R. A test �xy is satis�ed by an assignment A if�xy(A(x)) = A(y). Also, for an assignment A, the weight of satis�ed tests, denoted by wA(�), isPwxy where the sum is taken over all x 2 X and y 2 Y su
h that �xy is satis�ed by A. Similarly,we de�ne wA(�; x) as Pwxy where the sum is now taken over all y 2 Y su
h that �xy is satis�edby A. The following 
onje
ture was presented in [15℄:Conje
ture 3.1 For any �; 
 > 0 there exists a 
onstant jRj su
h that the following is NP-hard.Given a Unique-LC � with label set R and w(�) = 1 distinguish between the 
ase where there existsan assignment A su
h that wA(�) � 1� � and the 
ase where for any assignment A, wA(�) � 
.A Strong-Label-Cover (Strong-LC) � = (X;Y;E;�) is de�ned as follows. We are given abipartite graph (X;Y;E) possibly with parallel edges in whi
h all left degrees are equal to some
onstant d. In addition, there exists a bije
tion test �e 2 � for ea
h edge e 2 E. An assignmentand the tests satis�ed by it are de�ned as before. In this se
tion we prove the following theorem:Theorem 3.2 Assuming Conje
ture 3.1, for any �; 
 > 0 there exist 
onstants jRj; d su
h that thefollowing is NP-hard. Given a Strong-LC with label set R and left degrees d distinguish between the
ase where there exists an assignment in whi
h at least 1� � fra
tion of the X verti
es have all oftheir tests satis�ed and the 
ase where no assignment satis�es more than 
 of the edges.We begin with two lemmas. The �rst modi�es the Unique-LC so that all X variables have thesame weight. The se
ond lemma rounds the edge weights.Lemma 3.3 Assuming Conje
ture 3.1, for any �; 
; � > 0 there exists a 
onstant jRj su
h thatthe following is NP-hard. Given a Unique-LC � with label set R and the property that 8x 2X; w(�; x) = 1, distinguish between the 
ase where there exists an assignment A su
h that 1 � �of the X variables have wA(�; x) > 1 � � and the 
ase where for any assignment A at most � ofthe X variables have wA(�; x) > 
.Proof: Consider a Unique-LC �0 = (X 0; Y 0;�0;W 0) as given by Conje
ture 3.1 with parameters� 0; 
0 whi
h will be 
hosen later. Also, let l be a large enough 
onstant. The Unique-LC � =(X;Y;�;W ) is de�ned as follows. The set Y is equal to Y 0. The set X in
ludes k(x) 
opies of ea
hx 2 X 0, x(1); : : : ; x(k(x)) where k(x) is de�ned as bl � jX 0j � w(�0; x)
. For every x 2 X 0, y 2 Y andi 2 [k(x)℄ we de�ne �x(i)y as �0xy and the weight wx(i)y as w0xy=w(�0; x). Noti
e that w(�; x) = 1for all x 2 X and that (l � 1)jX 0j � jXj � ljX 0j.We �rst prove the 
ompleteness part. Given an assignment A0 to �0 that satis�es tests of weightat least 1� � 0, 
onsider the assignment A de�ned as A(x(i)) = A0(x). The weight of tests satis�ed4



by A is: Xx2X wA(�; x) = Xx2X0 k(x) � wA0(�0; x)=w(�0; x) �Xx2X0 ljX 0j � wA0(�0; x)� Xx2X0wA0(�0; x)=w(�0; x) �ljX 0j(1� � 0)� jX 0j = ljX 0j(1� � 0 � 1l ) � ljX 0j(1 � 2� 0)for large enough l. This implies that for at least 1�p2� 0 of the X variables wA(�; x) � 1�p2� 0(for otherwise, Px2X wA(�; x) < (1�p2� 0)jXj +p2� 0jXj(1 �p2� 0) � (1 � 2� 0)ljX 0j). Hen
e, by
hoosing a small enough � 0, we get that at least 1� � of the X variables satisfy wA(�; x) � 1� �.We now prove the soundness part. Assume we are given an assignment A to � for whi
h � ofthe variables have wA(�; x) > 
. Without loss of generality we 
an assume that for every x 2 X 0,the assignment A(x(i)) is the same for all i. That is be
ause the tests between x(i) and the Yvariables are the same for all i 2 [k(x)℄. We de�ne the assignment A0 as A0(x) = A(x(1)). Theweight of tests satis�ed by A0 is:Xx2X0wA0(�0; x) � 1ljX 0j Xx2X0 k(x) � wA0(�0; x)=w(�0; x) =1ljX 0j Xx2X wA(�; x) � 1ljX 0j�jXj
 � l � 1l �
 > 
0;for small enough 
0.Lemma 3.4 Assuming Conje
ture 3.1, for any �; 
; � > 0 there exists a 
onstant jRj su
h thatthe following is NP-hard. We are given a Unique-LC � with label set R and the properties that8x 2 X; w(�; x) = 1 and that there exists an integer � = O(jY j) su
h that the weight wxy isdivisible by 1� for all x 2 X, y 2 Y . The goal is to distinguish between the 
ase where there existsan assignment A su
h that 1� � of the X variables have wA(�; x) > 1� � and the 
ase where forany assignment A at most � of the X variables have wA(�; x) > 
.Proof: Let �0 = (X 0; Y 0;�0;W 0) be a Unique-LC as in Lemma 3.3 with parameters �2 ; 
2 ; �. Letl 2 Z be a large enough 
onstant and de�ne � = ljY j. The Unique-LC � = (X;Y;�;W ) hasX = X 0, Y = Y 0, � = �0 and W is de�ned as follows. Fix an arbitrary Y variable y0. For everyx 2 X we would like to round the weights wxy down to the nearest multiple of 1� . In order tomaintain the property w(�; x) = 1, we slightly in
rease wxy0 . More formally, for every x 2 Xand y 6= y0 the weight wxy is de�ned as b�w0xy
=�. Also, for every x 2 X, wxy0 in de�ned as1�Py2Y nfy0g wxy. Noti
e that for y 6= y0, wxy � w0xy and that wxy0 � w0xy0 + jY j=� = w0xy0 + 1l .Assume that there exists an assignment A to �0 in whi
h 1 � � of the X 0 variables havewA(�0; x) > 1 � �2 . Then, in �, the same assignment satis�es that for 1 � � of the X variableswA(�; x) > 1� �2 � jY j � 1ljY j > 1� � for large enough l. Also, an assignment A to � in whi
h � ofthe X variables have wA(�; x) > 
 satis�es that � of the X 0 variables have wA(�0; x) > 
 � 1l > 
2for large enough l.Proof of Theorem 3.2: Let �0 = (X 0; Y 0;�0;W 0) be a Unique-LC as in Lemma 3.4 with param-eters � 0; 
0; �0 whi
h will be 
hosen later. We de�ne the Strong-LC � = (X;Y;E;�) as follows. Theset of verti
es Y equals Y 0. Let d 2 Z be a 
onstant that will be determined later. For ea
h x 2 X 05



and ea
h sequen
e (y1; : : : ; yd) of Y verti
es we 
reate �di=1�w0xyi new verti
es in X (noti
e that thisnumber is integral). Ea
h of these verti
es is 
onne
ted to y1; : : : ; yd with the tests �0xy1 ; : : : ; �0xyd .The total number of verti
es 
reated from ea
h x 2 X 0 isX(y1;:::;yd)2Y d�di=1�w0xyi = �d(Xy2Y w0xy)d = �dsin
e w(�0; x) = 1. Hen
e, jXj = �djX 0j. Also note that � might 
ontain parallel edges.We �rst prove the 
ompleteness part. Assume that A0 is an assignment to �0 su
h that 1 � �0of the X 0 verti
es have wA0(�0; x) > 1 � � 0. Let A be the assignment to � assigning to ea
h ofthe verti
es 
reated from x 2 X 0 the value A0(x) and for ea
h y 2 Y the value A0(y). Consider avariable x 2 X 0 su
h that wA0(�0; x) > 1� � 0 and let Yx denote the set of variables y 2 Y su
h that�0xy is satis�ed. Then the number of verti
es in X that are 
onne
ted only to verti
es in Yx isX(y1;:::;yd)2(Yx)d�di=1�w0xyi = �d(Xy2Yx w0xy)d � �d(1� � 0)d:Therefore, the total number of verti
es all of whose tests are satis�ed by A is at least�d(1� � 0)d(1� �0)jX 0j = (1� � 0)d(1� �0)jXj > (1� �)jXjfor small enough � 0 and �0.We now prove the soundness part. Assume that no assignment A0 to �0 has more than �0 of theX 0 verti
es with wA0(�0; x) > 
0. Let A be an assignment to � and de�ne A0 as follows. For ea
hy 2 Y let A0(y) = A(y). For x 2 X 0 de�ne A0(x) as the value in R that maximizes wA0(�0; x). Forx 2 X 0 and i 2 R, let ux;i bePw0xy where the sum is taken over all y 2 Y su
h that A0(y) = �x;y(i).Then noti
e that wA0(�0; x) = maxi ux;i. Hen
e, for at least 1� �0 of the X 0 verti
es, ux;i < 
0 forall i 2 R. Fix a vertex x 2 X 0 for whi
h ux;i < 
0 for all i 2 R. Consider the subset Zx � Y d oftuples (y1; : : : ; yd) su
h that for all i 2 R there exists at most one j for whi
h �x;yj (i) = A0(yj). Avertex in X 
reated from su
h a tuple will have at most one satis�ed edge. The number of su
hverti
es 
reated from x as above isX(y1;:::;yd)2Zx�di=1�w0xyi = �d X(y1;:::;yd)2Zx�di=1w0xyi :Noti
e that sin
e Py2Y w0xy = 1, this de�nes a probability measure on Y . Also note that the sumabove is exa
tly the probability that a tuple (y1; : : : ; yd) is in Zx where ea
h element of the tuple is
hosen a

ording to this probability. Hen
e, the sum is at least 1�(1�
0)�(1�2
0) : : : (1�(d�1)
0) �(1� d
0)d > 1� 
2 for small enough 
0. The number of satis�ed edges in A is therefore at most�d � �0 � jX 0j � d+ �d(1� �0)jX 0j[(1 � 
2 ) � 1 + 
2 � d℄ =jXj(�0d+ (1� �0)(1 � 
2 ) + (1� �0)
2d) < 
jXjd = 
jEjfor a small enough �0 and a large enough d.4 Redu
tion to Vertex Cover in k-Uniform HypergraphsLet � = (X;Y;E;�) be an instan
e of Strong-LC given by Theorem 3.2 with parameters �; 
whi
h will be 
hosen later. We will redu
e this instan
e to an Independent Set problem on k-uniform hypergraphs. The verti
es of the hypergraph we 
onstru
t are weighted. One 
an obtain6



an unweighted hypergraph by using standard te
hniques (see, e.g., [5℄). The hypergraph will either
ontain an independent set of weight 1� 1k � 2" or no independent set of weight Æ where "; Æ 
an bemade arbitrarily small. In the following we �x " and Æ and let p = 1� 1k � " be the bias parameter.4.1 Constru
tion of the hypergraphThe set of verti
es of the hypergraph will 
orrespond to the bits of the long 
odes of labels assignedto variables in X. Namely, the set of verti
es is de�ned to be X � P (R). A vertex is a pair (x; F )where x 2 X is a variable of the Strong-LC and F 2 P (R) is a subset of R. We de�ne the blo
k ofa variable x 2 X as the set of verti
es that 
orrespond to x, i.e.,B[x℄ def= f(x; F ) j F � Rg:The weight of a vertex (x; F ) is de�ned to beweight(x; F ) def= 1jXj � �Rp (F ):Thus the sum of the weights of all the verti
es in the hypergraph equals 1.Now we de�ne the edges of the hypergraph. For any two tests �x1y and �x2y in � that sharethe same y variable we de�ne the following edges between the blo
k B[x1℄ and the blo
k B[x2℄:nf(x1; G); (x2; F1); (x2; F2); : : : ; (x2; Fk�1)g ��� �x1y(G) \ �x2y(\k�1i=1 Fi) = ;o :We say that these edges 
orrespond to the pair of tests �x1y and �x2y. Noti
e that every edge
ontains exa
tly k verti
es, one vertex from the blo
k B[x1℄ and k�1 verti
es from the blo
k B[x2℄.Also note that we 
an have edges between B[x1℄ and B[x2℄ that 
orrespond to more than one pairof tests. This 
an be as a result of parallel edges in (X;Y;E) or as a result of several y variables towhi
h both x1 and x2 are 
onne
ted.4.2 CompletenessAssume that the Strong-LC instan
e � has an assignment A in whi
h at least a 1 � � fra
tionof the X-variables have all their tests satis�ed. Let X0 be the set of all su
h variables withjX0j � (1� �)jXj. We 
laim that the following is an independent set:IS = f(x; F ) j x 2 X0; A(x) 2 Fg:Consider any edge f(x1; G); (x2; F1); : : : ; (x2; Fk�1)g and let �x1y and �x2y be the pair of tests it
orresponds to. Assume towards 
ontradi
tion that all its verti
es are in IS. Clearly, this impliesthat x1 2 X0 and x2 2 X0. Also, sin
e all tests in
ident to both x1 and x2 are satis�ed by A, wehave �x1y(A(x1)) = A(y) = �x2y(A(x2)):Therefore, A(y) 2 �x1y(G)\�x2y(\k�1i=1 Fi). In parti
ular, this implies that �x1y(G)\�x2y(\k�1i=1 Fi) 6=� and we rea
h a 
ontradi
tion by re
alling the 
onstru
tion of the edges.Note that with the bias parameter p = 1� 1k�", for every x 2 X0 the weight of the set IS\B[x℄is exa
tly p times the total weight of verti
es in B[x℄. Hen
eweight(IS) = (1� �) � (1� 1k � ") � 1� 1k � 2"sin
e � 
an be 
hosen to be arbitrarily small. 7



4.3 SoundnessNow assume that there is no assignment to the Strong-LC instan
e � that satis�es even a 
 fra
tionof the tests. We will show that the hypergraph 
ontains no independent set of size Æ.Assume towards 
ontradi
tion that the hypergraph 
ontains an independent set I of size Æ. Forevery variable x 2 X, let F [x℄ = fF j F � R; (x; F ) 2 Ig:Let X� be the set of variables x su
h that �Rp (F [x℄) � Æ=2, i.e., a weight of at least Æ=2 of the totalweight in the blo
k B[x℄ belongs to the independent set I. By an averaging argument, we havejX�j � ÆjXj=2.We will asso
iate a \small" set of labels L[x℄ � R for every x 2 X� su
h that this \labeling"satis�es a weaker notion of 
onsisten
y. More pre
isely we prove thatLemma 4.1 Given I and X� as above, there exists a 
onstant h = h(k; "; Æ) and non-empty setsof labels L[x℄ � R for every x 2 X� su
h that� 8 x 2 X�; jL[x℄j � h� For every two tests �x1y, �x2y 2 � sharing the same y variable, we have�x1y(L[x1℄) \ �x2y(L[x2℄) 6= ;:This is the main te
hni
al lemma in the analysis and we prove it in the next subse
tion. Letus see how this lemma is suÆ
ient to arrive at a 
ontradi
tion. The idea is to de�ne one label forevery variable in X [ Y su
h that this labeling satis�es more than a 
 fra
tion of the tests.We will try to satisfy only those tests whi
h are in
ident to X�. This is a Æ=2 fra
tion of allthe tests sin
e jX�j � ÆjXj=2 and the bipartite graph (X;Y;E) is left regular. Let Y � be the setof variables in Y whi
h have a test with some variable in X�. For every y 2 Y �, �x x(y) to be onevariable in X� with whi
h y has a test. De�neL[y℄ def= �x(y)y(L[x(y)℄):We 
laim that for every test �xy 2 � with x 2 X� and y 2 Y � we have,�xy(L[x℄) \ L[y℄ 6= ;:When x = x(y) this is 
learly true and otherwise, it follows from Lemma 4.1.Now 
onsider the following probabilisti
 way of de�ning one label for every variable in X�[Y �.For a variable x 2 X� (resp. y 2 Y �), de�ne its label A(x) (resp. A(y)) to be a randomly pi
kedelement of L[x℄ (resp. L[y℄). For ea
h test �xy 2 � with x 2 X� and y 2 Y � the sets �x;y(L[x℄)and L[y℄ interse
t and both sets have size at most h. Therefore, with probability 1=h2, we have�xy(A(x)) = A(y) and the test is satis�ed. Therefore, the expe
ted fra
tion of satis�ed tests is atleast Æ=(2h2) and hen
e there must exist one assignment that satis�es these many tests. Choosingthe parameter 
 < Æ=(2h2) gives a 
ontradi
tion.4.4 Proof of Lemma 4.1The set L[x℄ for x 2 X� will be 
onstru
ted from the family F [x℄. Roughly speaking, the set L[x℄will be the 
ore of the family F [x℄ along with all the elements whi
h have non-negligible in
uen
eon the family F [x℄.11In [5℄, this set is referred to as the \extended 
ore". 8



Let � > 0 be a suÆ
iently small \a

ura
y" parameter whi
h will be �xed later. ApplyingTheorem 2.3, we getLemma 4.2 For every variable x 2 X�, there exists a real number p[x℄ 2 (1 � 1k � "; 1 � 1k � "2 )and a 
ore-family bF [x℄ � P (R) with 
ore C[x℄ su
h that� The average sensitivity asp[x℄(F [x℄) � 2" .� The size of C[x℄ is at most h0 whi
h is a 
onstant depending only on k; "; �; Æ.� �Rp[x℄( F [x℄ � bF [x℄) < �, and in parti
ular �Rp[x℄( bF [x℄) � Æ=4 provided � < Æ=4.Let �0 > 0 be a threshold parameter whi
h will be 
hosen later. For every x 2 X�, we identifya set of elements In
[x℄ � R n C[x℄ that have non-negligible in
uen
e on the family F [x℄, i.e.,In
[x℄ = f� 2 R n C[x℄ j In
uen
ep[x℄(F [x℄; �) � �0g:Sin
e F [x℄ has average sensitivity at most 2" and the average sensitivity is simply the sum ofin
uen
es of all the elements, it follows that the size of In
[x℄ is at most 2�0" whi
h is a 
onstant.Finally, we de�ne the set L[x℄ as L[x℄ def= C[x℄ [ In
[x℄: (1)Clearly, L[x℄ has size at most h def= h0 + 2�0" .To �nish the proof of Lemma 4.1, it remains to show that for every two tests �x1y, �x2y 2 �sharing the same y variable, we have �x1y(L[x1℄) \ �x2y(L[x2℄) 6= ;. Note that �x1y; �x2y arebije
tions and w.l.o.g. we 
an assume them to be identity maps. Thus we need to show thatL[x1℄ \ L[x2℄ 6= ;. It will be 
lear how the proof would work in the general 
ase.We will assume on the 
ontrary that L[x1℄\L[x2℄ = ; and exhibit an edge f(x1; G); (x2; Fi)k�1i=1 gall of whose verti
es are in the supposed independent set I, thus giving a 
ontradi
tion. Let usbegin with a lemma:Lemma 4.3 There exists U0 � C[x1℄ su
h that de�ning R0 def= R n (C[x1℄ [ C[x2℄) and H[x1℄ �P (R0) as H[x1℄ def= fH j H 2 P (R0); U0 [H 2 F [x1℄ gwe have �R0p[x1℄(H[x1℄) � 1� 8�=Æ.Proof: The assumption L[x1℄ \ L[x2℄ = ; along with Equation (1) givesC[x1℄ \C[x2℄ = ;; C[x2℄ \ In
[x1℄ = ;:This implies that every element of C[x2℄ has in
uen
e at most �0 on the family F [x1℄. Let F 0[x1℄ �F [x1℄ be a family de�ned asF 0[x1℄ def= fF j F 2 F [x1℄; F n C[x2℄ 2 F [x1℄g:Applying Lemma 2.4, we get�Rp[x1℄(F 0[x1℄ � F [x1℄) < �0 jC[x2℄j (min(p[x1℄; 1� p[x1℄))�jC[x2℄j ��0 h0 (min(p[x1℄; 1� p[x1℄))�h0 � �9



by 
hoosing �0 small enough. It follows that�Rp[x1℄( bF [x1℄ n F 0[x1℄) � �Rp[x1℄(F 0[x1℄ � bF [x1℄) < 2�:We would like to �nd a set U0 � C[x1℄ in the 
ore family bF [x1℄ su
h that the two families obtainedby taking only the sets in bF [x1℄ and F 0[x1℄ whose interse
tion with C[x1℄ is U0 are very 
lose. So,2� > �Rp[x1℄( bF [x1℄ n F 0[x1℄) = PrD2�Rp[x1℄ [D 2 bF [x1℄ n F 0[x1℄℄ =XU�C[x1℄PrD2�Rp[x1℄ [D \ C[x1℄ = U and D 2 bF [x1℄ n F 0[x1℄℄ f1g=XU�C[x1℄; U2 bF [x1℄�C[x1℄p[x1℄ (U) PrD2�RnC[x1℄p[x1℄ [ (U [D) =2 F 0[x1℄ ℄where f1g holds sin
e bF [x1℄ is a 
ore family and hen
e depends only on C[x1℄. Sin
e �C[x1℄p[x1℄ (fU �C[x1℄ j U 2 bF [x1℄g) � Æ=4 this implies that there exists U0 � C[x1℄, U0 2 bF [x1℄ su
h thatPrD2�RnC[x1℄p[x1℄ [ (U0[D) =2 F 0[x1℄ ℄ < 2�=(Æ=4). In other words, if we de�ne G as fD � RnC[x1℄ j D[U0 2 F 0g, then �RnC[x1℄p[x1℄ (G) < 8�=Æ and �RnC[x1℄p[x1℄ (P (R n C[x1℄) n G) > 1� 8�=Æ.Finally, noti
e that G (and P (R n C[x1℄) n G) does not depend on C[x2℄. Hen
e, the familyH[x1℄ def= fH j H � R0 = R n (C[x1℄ [ C[x2℄); H =2 G gsatis�es �R0p[x1℄(H[x1℄) = �RnC[x1℄p[x1℄ (P (R n C[x1℄) n G) > 1� 8�=Æ, as required.Analogous to Lemma 4.3 we have by symmetry,Lemma 4.4 There exist V0 � C[x2℄ su
h that de�ning R0 def= Rn(C[x1℄[C[x2℄) and H[x2℄ � P (R0)as H[x2℄ def= fH j H 2 P (R0); V0 [H 2 F [x2℄ gwe have �R0p[x2℄(H[x2℄) � 1� 8�=Æ.Let p� def= 1 � 1k � "2 . Note that H[x1℄ and H[x2℄ are both monotone subfamilies of P (R0).Therefore, a

ording to Lemma 2.2, �R0p� (H[x1℄) � �R0p[x1℄(H[x1℄) � 1 � 8�=Æ and similarly for x2.Hen
e, the interse
tion of the families H[x1℄ and H[x2℄ satis�es�R0p� (H[x1℄ \H[x2℄) � 1� 16�=Æ > 1� 1kby pi
king � small enough. Hen
e, Lemma 2.5 implies that there exist sets H1;H2; : : : ;Hk 2H[x1℄ \H[x2℄ su
h that \ki=1Hi = ;:In parti
ular, H1;H2; : : : ;Hk�1 2 H[x2℄ and Hk 2 H[x1℄.Now de�ne G = U0 [ Hk and Fi = V0 [ Hi for 1 � i � k � 1. By de�nition of the familiesH[x1℄;H[x2℄, we have, G 2 F [x1℄; Fi 2 F [x2℄ for 1 � i � k � 1. Thus f(x1; G); (x2; Fi)k�1i=1 g areverti
es in the supposed independent set and they form an edge sin
eG \ � \k�1i=1 Fi� = \ki=1Hi = ;:This 
ompletes the proof. 10
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A ProofsProof of Lemma 2.4: A similar proof appears in [5℄. Consider the familyF 00 def= fF 2 P (R n T ) j F [ T 2 F ; F =2 Fg:It 
an be seen that �Rp (F) � �Rp (F 0) � �RnTp (F 00):For any set F 2 F 00 there must exist some D � T and an element � 2 T su
h that F [D[f�g 2 Fbut F [ D =2 F . Hen
e, any set F 2 F 00 
ontributes at least �RnTp (F ) � min(p; 1 � p)jT j to thein
uen
e of one � 2 T . It remains to noti
e that the total in
uen
e of elements in T is at mostjT j � �.
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