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Abstract

This paper proposes the utilization of randomized
backtracking within complete backtrack search algo-
rithms for Propositional Satisfiability (SAT). Given
that state-of-the-art SAT algorithms often randomize
variable selection heuristics, and given that random-
ization is not naturally applicable to the identifica-
tion of necessary assignments, our approach provides
a fully stochastic, but complete, search algorithm for
SAT. In addition, different organizations of random-
ized backtracking are described and compared. More-
over, we relate randomized backtracking with search
restart strategies, that have recently been applied to
SAT algorithms, and develop a new variation of search
restarts, referred to as informed restarts, where the
search is restarted as a function of previously identified
backtrack search conflicts; hence an informed restart
may not necessarily imply the complete elimination of
the search tree. Finally, experimental results provide
empirical evidence that randomized backtracking can
be a competitive technique in solving hard real-world
instances of SAT.

1 Introduction

Backtrack search algorithms for Propositional Sat-
isfiability (SAT) have seen significant improvements in
recent years [2, 7, 12, 10, 13, 18]. These improvements
result from new search pruning techniques as well as
new strategies for how to organize the search. Ef-
fective search pruning techniques include, among oth-
ers, clause recording and non-chronological backtrack-
ing [2, 10, 12], whereas recent effective strategies in-
clude restarts [7] and (very recently) randomized back-
tracking [13].

Intrinsic to several of these improvements is ran-
domization. Randomization has found application in
different SAT algorithms, that include local search
and backtrack search algorithms [11, 2]. In back-
track search, current state-of-the-art SAT solvers ex-
tensively resort to randomization, most often for se-
lecting variable assignments but (and as a result) also
within search restart strategies. Moreover, the recent
work by S. Prestwich [13] (though preceeded by the

work of others [6, 14]) has motivated the utilization of
randomly picked backtrack points in SAT algorithms.

1.1 Objectives

This paper has four main objectives. First, to pro-
pose the utilization of random backtracking in back-
track search SAT algorithms. Second, to introduce the
more general form of unrestricted backtracking where
the backtracking point can be chosen arbitraly, e.g.
randomly or based on heuristics. Third, to establish
the relationship between a form of restart strategy and
a specific form of unrestricted backtracking. Fourth,
and finally, to provide empirical evidence that ran-
dom backtracking can lead to significant savings in
the amount of search effort.

1.2 Related Work

The proposed randomized backtracking search
strategy has much in common with Ginsberg work on
dynamic backtracking [5]. Dynamic backtracking es-
tablishes a method by which backtrack points can be
moved deeper in the search tree. This allows avoid-
ing the unneeded erasing of the amount of search that
has been done thus far. The target is to find a way
to "erase” the value given to a variable directly as op-
posed to backtracking to it. In practice, one can retain
the values selected for variables that are backjumped
over, in some sense moving the backjump variable to
the end of the partial solution in order to replace its
value without modifying the values of the variables
that followed it. Note that this can be done not only
with the last assigned variable, but also with any other
variable involved in the conflict. We simply reorder
the variables that have been assigned values in the
search thus far.

Interestingly, most of the implementations that
later incorporated these ideas have used methods not
based on backtracking. For example, later Gins-
berg and McAllester combined GSAT and dynamic
backtracking in an algorithm which enables arbitrary
search movement [6], starting with any complete as-
signment and evolving by flipping values of vari-
ables obtained from the conflicts. Similarly, Richards



and Richards implemented another algorithm, learn-
SAT [14], that starts from a any consistent partial la-
beling to the variables. In learn-SAT there is no no-
tion of important early choices, since there is no back-
tracking. Here, learning is incorporated by record-
ing the causes of the conflicts. Moreover, CLS, re-
cently proposed by Prestwich [13] involves random-
izing the backtracking component by allowing back-
tracking to occur on arbitrarily-chosen variables. In
CLS the search algorithm starts with an empty as-
signment.

1.3 Organization of the Paper

The remainder of this paper is organized as follows.
Section 2 presents definitions used throughout the pa-
per. Afterwards, Section 3 briefly surveys SAT algo-
rithms and the utilization of randomization in SAT.
Next, in Section 4 we describe randomized backtrack-
ing and its application in complete backtrack search
SAT algorithms. As a natural generalization, Sec-
tion 5 introduces unrestricted bactracking and estab-
lishes the relationship between unrestricted backtrack-
ing and restarts. Preliminary experimental results are
presented and analyzed in Section 6, and the paper
concludes in Section 7.

2 Definitions

This section introduces the notational framework
used throughout the paper. Propositional variables
are denoted x1, ..., x,, and can be assigned truth val-
ues 0 (or F) or 1 (or T'). The truth value assigned to
a variable z is denoted by v(z). A literal [ is either a
variable x; or its negation —x;. A clause w is a disjunc-
tion of literals and a CNF formula ¢ is a conjunction
of clauses. A clause is said to be satisfied if at least
one of its literals assumes value 1, unsatisfied if all of
its literals assume value 0, wnit if all but one literal
assume value 0, and wunresolved otherwise. Literals
with no assigned truth value are said to be free liter-
als. A formula is said to be satisfied is all its clauses
are satisfied, and is unsatisfied if at least one clause
is unsatisfied. The SAT problem is to decide whether
there exists a truth assignment to the variables such
that the formula becomes satisfied.

It will often be simpler to refer to clauses as sets of
literals, and to the CNF formula as a set of clauses.
Hence, the notation | € w indicates that a literal [ is
one of the literals of clause w, whereas the notation
w € @ indicates that clause w is one of the clauses of
CNF formula ¢.

In the following sections we shall address back-
track search algorithms for SAT. Most if not all back-
track search SAT algorithms apply extensively the

unit clause rule [4]. If a clause is unit, then the sole
free literal must be assigned value 1 for the formula
to be satisfiable. The iterated application of the unit
clause rule is often referred to as Boolean Constraint
Propagation (BCP) [17]. For implementing some of
the techniques common to some of the most competi-
tive backtrack search algorithms for SAT, it is neces-
sary to properly ezplain the truth assignments to the
propositional variables that are implied by the clauses
of the CNF formula. For example, let z = v, be a
truth assignment implied by applying the unit clause
rule to a unit clause clause w. Then the explanation
for this assignment is the set of assignments associated
with the remaining literals of w, which are assigned
value 0.

Let w = (x1 V-z2Vz3) be a clause of a CNF formula
¢, and assume the truth assignments {z; = 0, z3 = 0}.
Then, for the clause to be satisfied we must necessarily
have zo = 0. We say that the implied assignment
xo = 0 has the explanation {z; = 0,23 = 0}. A more
formal description of explanations for implied variable
assignments, as well as a description of mechanisms for
their identification, can be found for example in [10].

3 SAT Algorithms

Over the years a large number of algorithms have
been proposed for SAT, from the original Davis-
Putnam procedure [4], to recent backtrack search al-
gorithms [2, 10, 18, 12], to local search algorithms [15],
among many others.

SAT algorithms can be characterized as complete
and as incomplete. Complete algorithms can establish
unsatisfiability if given enough CPU time; incomplete
algorithms cannot. In a search context complete algo-
rithms are often referred to as systematic, whereas in-
complete algorithms are referred to as non-systematic.

Among the different algorithms, we believe back-
track search to be the most robust approach for solv-
ing hard, structured, real-world instances of SAT. This
belief has been amply supported by extensive experi-
mental evidence obtained in recent years [1, 10, 12].

3.1 Backtrack Search SAT Algorithms

The vast majority of backtrack search SAT algo-
rithms build upon the original backtrack search algo-
rithm of Davis, Logemann and Loveland [3]. Recent
state-of-the-art backtrack search SAT solvers [2, 10,
18, 12] utilize sophisticated variable selection heuris-
tics, fast Boolean Constraint Propagation procedures,
and incorporate techniques for diagnosing conflict-
ing conditions, thus being able to backtrack non-
chronologically and record clauses that explain and
prevent identified conflicting conditions.



3.2 Applying Randomization

The utilization of different forms of randomization
in SAT algorithms has seen increasing acceptance in
recent years.

Randomization is essential in many local search al-
gorithms [15]. Most local search algorithms repeat-
edly restart the (local) search by randomly generating
complete assignments. Moreover, randomization can
also be used for deciding among different (local) search
strategies [11].

Randomization has also successfully been included
in variable selection heuristics of backtrack search al-
gorithms [2]. Variable selection heuristics, by being
greedy in nature, are unlikely but unavoidably bound
to select the wrong variable at the wrong time for
the wrong instance. The utilization of randomization
helps reducing the probability of seeing this happen-
ing.

Although intimately related with randomizing vari-
able selection heuristics, randomization is also a key
aspect of restart strategies [7]. Randomization en-
sures that different sub-trees are searched each time
the search algorithm is restarted.

Finally, randomization has also been used in the
backtrack step of incomplete backtrack search algo-
rithms. In CLS [13], the backtracking variable is ran-
domly picked each time a conflict is identified. By
not always backtracking to the most recent untoggled
decision variable, the CLS algorithm is able to often
avoid the characteristic trashing of backtrack search
algorithms. We should note, however, that the CLS
algorithm is not complete and so cannot establish un-
satisfiability.

Current state-of-the-art SAT solvers already in-
corporate some of the above forms of randomiza-
tion [1, 12]. In these SAT solvers variable selection
heuristics are randomized and restart strategies are
utilized.

4 Randomized Backtracking

This section describes different approaches for im-
plementing randomized backtracking. One invariant
of all these approaches is that for each identified con-
flict a new clause is recorded and never deleted. This is
an essential aspect, since it guarantees the complete-
ness of the resulting algorithm, as will be argued in
section 4.3.

4.1 Generic Procedure

The generic randomized backtracking procedure is
outlined in Figure 1. After a conflict (i.e. an unsatis-
fied clause w¢) is identified, a conflict clause w is cre-

RANDOM BACKTRACKING (w.)
{

w = Record_clause(w.);

Randomly pick decision assignment variable v,
n Ww;

Toggle (vy) with erplanation w;

Figure 1: Randomized Backtracking

ated. The conflict clause is then used for randomly de-
ciding which decision assignment variable is to be tog-
gled. This contrasts with the usual non-chronological
backtracking approach, in which the most recent de-
cision assignment variable is selected as the backtrack
point.

Moreover, there exists some freedom on how the
backtrack step to the target decision assignment, vari-
able is performed. Hence, the actual randomized back-
tracking procedure can be organized in several differ-
ent ways:

e One can non-destructively toggle the target deci-
sion assignment, meaning that all other decision
assignments are unaffected.

e One can destructively toggle the target decision
assignment, meaning that all of the more recent
decision assignments are erased.

e One can decide not to apply randomized back-
tracking after every conflict but instead only once
after every K conflicts.

In the following sub-section we address these issues.
Finally, we argue that independently of how random-
ized backtracking is organized, the resulting algorithm
still is complete.

4.2 Implementing Random Backtrack-

ing

After (randomly) selecting a backtrack point, the
actual backtrack step can be organized in two different
ways. The backtrack step can be destructive, meaning
that the search tree is erased from the backtrack point
down. In contrast, the backtrack step can be mon-
destructive, meaning that the search tree is not erased;
only the backtrack point results in a variable assign-
ment being toggled. The two randomized backtrack-
ing approaches differ. Destructive random backtrack-
ing is more drastic and attempts to rapidly cause the
search to explore other portions of the search space.



Non-destructive random backtracking has character-
istics of local search, in which the current (partial)
assignment is only locally modified.

FEither destructive or non-destructive random back-
tracking can lead to potentially unstable algorithms,
since there is no locality in how backtracking is per-
formed. This unstability may be a serious drawback
when trying to prove unsatisfiability. As a result, we
propose to only applying random backtracking after
every K conflicts; in between non-chronological back-
tracking is applied. We should note that the value of
K is user-defined.

In a situation where K # 1, the application of ran-
dom backtracking can either consider the most recent
recorded clause or, instead, consider a target set that
results from the union of the recorded conflict clauses
in the most recent K conflicts. The first solution is
characterized by having no memory of past conflicts,
whereas the second solution considers equally all iden-
tified conflicts.

4.3 Completeness Issues

Throughout the presentation of randomized back-
tracking the notion of clause (nogood) recording has
been implicit. FEach time a conflict is identified a
clause is recorded that explains the conflict and pre-
vents the same conflict from occurring again during
the search. Most state-of-the-art SAT algorithms im-
plement clause recording techniques, but of these most
also eventually delete some of the (larger) recorded
clauses. Clauses get deleted opportunistically when-
ever they are no longer relevant for the current search
path [10].

In current state-of-the-art SAT solvers, even the
ones implementing non-chronologically backtracking
and clause recording with opportunistic clause dele-
tion, the algorithms are guaranteeed to be complete,
because there is always an explanation for why a so-
lution cannot be found in the portion of the search
space already searched. With randomized backtrack-
ing this is not necessarily the case; clause deletion may
cause already visited portions of the search space to be
searched again. A simple solution to this problem is
to prevent deletion of recorded clauses. Consequently,
with randomized backtracking large recorded clauses
are never deleted. (We should note however that
subsumption can be used to delete recorded clauses.)
Since clauses are not deleted and each clause explains
a conflict, no conflict is ever repeated and the algo-
rithm is guaranteed to be complete.

The requirement to keep all recorded clauses has
been previously stated by others [5, 14]. This require-
ment leads to a worst-case exponential growth of num-
ber of recorded clauses. However, as will be empiri-

cally shown in Section 6, this tends not to be the case
(or even a problem) with real-world instances of SAT.

5 Unrestricted
and Restarts

Backtracking

Randomized backtracking can be interpreted as a
special case of a more general form of backtracking:
unrestricted backtracking. If instead of randomly pick-
ing the backtrack point from the identified conflict set,
a heuristic or pre-defined procedure is used, then the
resulting algorithm is still complete, and the backtrack
point (though non-chronological) will most likely be
different from the most recent decision assignment in
the conflict set. Clearly, and similarly to randomized
backtracking, unrestricted backtracking may also only
be applied after every K conflicts, and it can either be
destructive or non-destructive.

Interestingly, search restart strategies [7] can be re-
lated with unrestricted backtracking. Let us suppose
an algorithm for which unrestricted backtracking is
applied after every K conflicts, and for which the back-
tracking step is destructive. Clearly, after K conflicts
a set of dependencies has been constructed that con-
tains all decision assignments that were deemed re-
sponsible for all identified K conflicts. Let C' denote
this set of decision assignments, and let D be the cur-
rent set of all decision assignments.

We can conceptually reorganize the search tree in
such a way that the decision assignments in D —C pre-
cede the ones in C. Clearly, with this rearrangement,
there is no point in backtracking to any of the deci-
sion assignments in D — C, since none of these decision
assignments contributed to the identified K conflicts.
As a result, if our purpose is to restart the search from
a point not related with previously identified conflicts
(i.e. a new search path unrelated with previous con-
flicts), then it certainly suffices to backtrack to the
most recent decision assignment in set D — C, keep
all other decision assignments in set D — C, and erase
the ones in C'. We refer to this form of restarting the
search as informed restarts, since only the decision as-
signments that are associated with identified conflicts
are discarded. Consequently, informed restarts are
defined as the application of destructive unrestricted
backtracking, after every K conflicts, when the search
tree is logically organized in sets D — C' and C' and
the backtrack point is picked to be the most recent
decision assignment in set D — C.



[Tnst ] ucsc-bf ucsc-ssa
[Solver | Time | Nodes [ Time [ Nodes |
Satz 17751601130 [ 1124 | 262158
Relsat 38 79230 33| 79436
Grasp 58 33397 13 14233
Chaff 6| 21809 2 14284

Table 1: Results for the UCSC instances

[TInst [ ucsc-bf [ ucsc-ssa_ |
[ Quest 0.5 | Time [Nodes [ Time [ Nodes |
Rst100 61| 38915 13| 13962
RB1 87| 27169 27| 14746
RB10 63| 36625 15| 13919
Rst100+RB1 88| 27698 27| 15048
Rst1004+RB10 64 | 37415 15| 14213

Table 2: Results for the UCSC instances

6 Experimental Results

This section presents and analyzes preliminary ex-
perimental results of the techniques proposed in this
paper. A new SAT solver, Quest0.5, was implemented.
Quest0.5 is built on top of the GRASP SAT solver [10],
but incorporates restarts as well as random backtrack-
ing. In order to compare the proposed techniques
we also include results for a few state-of-the-art SAT
solvers, namely satz [9], relsat [2], GRASP [10] and
Chaff [12]. For all the experimental results presented
in this section a PIII @866MHz Linux machine with
512MByte of RAM was used. The CPU time limit for
each instance was set to 200 seconds.

As mentioned above, Quest0.5 implements both
restarts and random backtracking. With respect to
random backtracking, the results presented in this sec-
tion assume bactracking is non-destructive, and that
random backtracking is applied after every M back-
tracks. For Quest0.5 we chose to use the number of
backtracks instead of the number of conflicts to decide
when to apply random backtracking. This results from
how the search algorithm in the original Grasp code
is organized. Moreover, for the experimental results
shown below, RB1 indicates that random backtrack-
ing is taken on every backtrack step, RB10 indicates
that random backtracking is taken every 10 backtracks
and Rst100 indicates that a search restart is taken ev-
ery 100 backtracks.

We start by including results for the UCSC problem
instances, available as part of the DIMACS suite [§].
These instances are organized in two sets, the bf and
the ssa problems instances. The number of bf in-
stances is 223, of which 17 are satisfiable and 206 are
unsatisfiable. The number of ssa instances is 102, of
which 80 are satisfiable and 22 are unsatisfiable.

The results are shown in Tables 1 and 2. In each ta-
ble, Time denotes the CPU time and Nodes the num-

[Tnst sss1.0a sss1.0_sat [ $852.0 |

[Solver [ Time [ Nodes [ X [Time [ Nodes[ X | Time|[ Nodes[ X |
Satz 1800 — | 9| 7826 — |39 | 15115 — |75
Relsat | 1477 7 | 8000 40 | 12889 48
Grasp | 1603 | 257126 | 8 | 2242 [ 562178 [ 11 | 13298 | 3602026 | 65
Chaff 20| 738340 271107020 | O 84| 228349 | 0

Table 3: Results for the SSS instances

[Tnst sss1.0a [ sss1.0_sat [ 5552.0

[Quest 0.5 [ Time [Nodes [ X | Time [ Nodes [ X[ Time ] Nodes [X|
Rst100 178 | 42545 | 0 352 | 95445 | 0 906 | 296637 | 1
RB1 128 | 12889 | 0 343 | 30568 | 0 609 | 39696 | 0
RB10 117 | 25432 | 0 346 | 79563 | 0 632122170 | 1
Rst100+RB1 81| 11578 | 0 146 | 23263 | 0 392 38337|0
Rst1004+RB10 43| 15930 | 0 97| 37482 | 0 292 90569 |0

Table 4: Results for the SSS instances

ber of decision nodes. As can be observed, the uti-
lization of restarts or randomized backtracking is not
particularly useful, but also does not negatively affect
the results when compared to Grasp. Observe that
Chaff, a highly optimized SAT solver, performs ex-
tremely well in these problems instances, even though
the amount of search is similar to both Grasp and
Quest0.5. Moreover, satz performs significantly worse
than the other algorithms and aborts some instances
(7 for the bf set, and 6 for the ssa set).

The main objective of the techniques proposed in
this paper is to be effective in solving hard real-world
problem instances. Recent examples of such instances
are the superscalar processor verification problem in-
stances developed by M. Velev [16]. We consider three
sets of instances, the first (sssl1.0a) with 9 satisfiable
instances, the second (sssl.0.sat) with 40 satisfiable
instances, and the third (sss2.0) with 100 satisfiable
instances. Tables 3 and 4 include results for these
problem instances. Table 3 includes the results for
satz, relsat, Grasp and Chaff, and Table 4 includes
the results for the new SAT solver Quest0.5. Besides
the Time and Nodes defined earlier, X denotes the
number of aborted problem instances. Besides Chaff
and Quest0.5, the other three algoritms are clearly in-
adequate for solving the SSS problem instances, in all
cases always aborting on a large number of problem
instances. In terms of CPU times Chaff is faster than
Quest0.5 again due to its highly optimized implemen-
tation. However, and in contrast, all organizations of
Quest0.5 in general require significantly less decision
nodes than Chaff. This holds true either when using
restarts, random backtracking or both.

The results for Quest0.5 reveal interesting trends.
Clearly, random backtracking allows significant reduc-
tions in the number of decision nodes. The best re-
sults are always obtained when random backtracking
is used together with restarts. Due to how random




backtracking is implemented in Quest0.5 !, the best
configuration in terms of the amount of search is not
the best configuration in terms of CPU time.

7 Conclusions

In this paper we explore some ideas related with the
introduction of randomization in solving the satisfia-
bility problem. We explain randomized backtracking,
which randomly chooses the point to backtrack to,
and introduce the notion of unrestricted backtrack-
ing. Moreover, we relate unrestricted backtracking
with restart strategies. Preliminary experimental re-
sults clearly indicate that significant savings in search
effort can be obtained by using random backtracking.

Other variations to the randomized backtracking
can be considered. In randomized backtracking the
algorithm randomly chooses the point to backtrack to
based on the variables involved in the diagnosed con-
flict. Even keeping randomization associated with this
choice, other aspects can be taken into account. A nat-
ural evolution is to consider heuristic approaches on
how to select the backtrack point. In addition, a more
extended experimental evaluation and categorization
of the proposed techniques should be carried out.
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