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This paper analyzes the performance of two parallel algori for solving the
linear-quadratic optimal control problem arising in disig-time periodic linear sys-
tems. The algorithms perform a sequence of orthogonal egioigl transformations
on formal matrix products associated with the periodicdingystem, and then em-
ploys the so-called matrix disk function to solve the raésgldiscrete-time periodic
algebraic Riccati equations needed to determine the opgierandic feedback. We
parallelize these solvers using two different approachased on a coarse-grain and
a medium-grain distribution of the computational load.

The experimental results report the high performance aalabtity of the parallel
algorithms on a Beowulf cluster.

1. INTRODUCTION
In this paper we analyze the parallel solution of the lingaadratic (LQ) optimal control
problem for periodic control systems on parallel computeith distributed memory.
Specifically, we consider the discrete-time linear corggatem

Trt1 = Apzp + Brug, x0 = 2°,

k=0,1,..., 1

yr = Crxp, @)
whereA; € R"*", B, € R**™ andC; € R"*". The system is said to be periodic if
for some integer periof, Ay1, = Ay, Bryp = By, andCy4p, = Ci. The aimin the LQ
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optimal control problem is to find a periodic feedbdak; } 22, which minimizes

1 o
2 (TZTQ1T1 + uiTR,;u,;)
i=0

(2

[10, 11]. Here@, € R"*", Qy = QZ >0,Qr = Qk+p- andR; € R™*™ R; = RZ >
0, R = Ry p.
Under certain assumptions [10, 11], the unique optimaloukcifeedback is given by

up = —(Rp + BF Xy 11 Br) Bl Xpy1 Ay,

whereX;, € R"*", X}, = X}, is the unique symmetric positive semidefinite solution of
the discrete-time periodic Riccati equation (DPRE)

0 = CZQka - X+ AZX]C+]AIC (2)

— Al Xp41Bie(Ry + Bl Xpy1 Bi) 7' Bl Xjp1 Ay
see [11] for details. In case = 1, the DPRE reduces to the well-known discrete-time
algebraic Riccati equation (DARE) [29].

Periodic linear systems naturally arise when performingfinatie sampling of continuous
linear systems [18]. Large state-space dimensiamd/or large period appear, e.g., in the
helicopter ground resonance damping problem and the isatattitude control problem;
see, e.g., [9, 22, 26, 37]. The analysis and design of thess of systems has received
considerable attention in recent years (see, e.g., [10,3,126, 33, 32, 36, 37]).

The need for parallel computing in this area can be seen fnenfeict that (2) represents
a non-linear system witpn? unknowns. Reliable methods for solving these equations
have a computational cost in flops (floating-point arithmeperations) ot (pn?).

In this paper we analyze the parallelization of two DPRE srdyintroduced in [5, 6],
following two different approaches. First, we present arseagrain approach which
only requires efficient point-to-point communication riois and a few high-performance
numerical serial kernels for well-known linear algebra gourations. A version of this
coarse-grain algorithm with computational cost®@fp®n?) flops was reported in [7, 8].
Here we extend the theoretical analysis of the parallel g@ntigs of the algorithm and
include a second variant, suggested in [6], with computafi@ost of O(plog, (p)n?).
Second, we investigate a medium-grain parallel approaaked on the use of parallel
linear algebra libraries; in particular, we employ ScaL ARA[12] to obtain scalable and
portable implementations of the solvers. This approachpi@ied to both algorithms
mentioned above.

The paper is structured as follows. In section 2 we brieflyasthree numerical DPRE
solvers based on a reordering of a product of matrices aasaocwith (2). Coarse-grain
and medium-grain parallelizations of the solvers are diesdrand analyzed in sections 3
and 4, respectively. In section 5 we report the performardbe algorithms on a Be-
owulf cluster of Intel'™ Pentium-II processors. This class of parallel distributechputer
systems presents a better price/performance ratio thdititnaal parallel supercomput-
ers and has recently become a cost-effective, widely-gpagg@roach for solving large
applications [15]. Finally, some concluding remarks akegiin section 6.



2. SOLVING DISCRETE-TIME PERIODIC RICCATI EQUATIONS
In order to solve the LQ optimal control problem for discréitee perioidc systems, we
need to solve the DPRE (2). Here we consideRihe 2n periodic matrix pairs associated
with this DPRE,

—1pT
L Ay 0 } Mk:{ I, BiR;'B!

~ | —crqQic, I, 0 AT

wherel,, denotes the identity matrix of order In case all thed,. are non-singular, the
solution matrices(;, of the DPRE in (2) are given via the invariant subspaces gi¢hedic
matrices [23]

M, = M Lewp i My 3Likyy oM 'Ly, k=0,1,...,p—1, (3)

corresponding to the eigenvalues inside the unit disk. Ungil control-theoretic as-
sumptions, thdl, have exactlyn of these eigenvalues. If the columns[of/ V,I ]T
Uk, Vi, € R™™™ span this invariant subspace, and fiig are invertible, thenX; =
~VU, . Note that these relations still hold in a generalized séhaey of the A, are
singular [6, 11, 23, 35]. and all algorithms presented harestill be applied in that case.

The periodic QZ algorithm is a numerically sound DPRE sohwbich relies on an
extension of the generalized Schur vector method [13, 23iis & a QR-like algorithm
with a computational cost af(pn?) flops (it has to deal withp eigenproblems). Sev-
eral experimental studies report the difficulties in palating this type of algorithms on
parallel distributed systems (see, e.g., [24]). The atbors present a fine granularity
which introduces performance losses due to communicatartrigp overhead. Besides,
traditional data layouts (column/row block scatteredflleman unbalanced distribution of
the computational load. These drawbacks can partially beddy using a block Hankel
distribution to improve load balancing [24] and multishi#thniques to increase the gran-
ularity [25, 14]. Nevertheless, the parallelism and sciitsitof these algorithms are still
far from those of traditional matrix factorizations [12].

In this paper we follow a different approach described ingbfor solving DPREs
without explicitly forming the matrix products in (3). Th@proach relies on the following
lemma.

Lemma 1. ConsiderZ,Y € R?*9, with Y invertible, and let

o e 2= “

be a QR factorization d'”, —Z7]"; thenQ;,} Q21 = ZY .

The application of this lemma to@x ¢ matrix pair requirestOq®/3 flops and storage
for 6¢* real numbers [6]. Hereafter, we denote®y,,., andCs;,,. the computational and
storage costs, respectively, of applying the above swappiacedure to a matrix pair of
sizeq = 2n.

We next describe three different algorithms, based on theppimg lemma, for solving
DPREs [5, 6].



2.1. Reordering a matrix product
The basic idea in this first algorithm is to apply the swapgnogcedure to reorder the
matrix products irll; in order to obtain

Oy = M 'Ly = (Mg Mgy 1) ™ (Ligp1 -+ L), (5)
without computing any explicitinverse. We describe thegpture by means of an example

of periodp = 4. First, apply the swapping procedure(tb;, M,), to obtain a reordered
matrix pair(Lgl),Mé])) such thatl; M, ' = (Mé]))*ng]). Then,

My = My 'LsM, ' LoM, ' Li My ' Lo
= My ' LaMy 'LyM (M) LV L,
= My LM, LoM, g Lyo.

Here, we borrow the colon notation from [6] to indicate, ethat L;., is obtained by
collapsing (computing) the matrix produb\(ll)Lg. Next, apply the swapping lemma to
(L, My.0), to obtain a reordered matrix paif."), M})) such that

My = My 'LsMy'LoM, gL
My ' LyMy (M{)]) LY Lo
= My 'L3M, 4 Las.

By applying a last time the swapping procedure(fa, M, ), we obtain the required
reordering in (5).

This stage requires applying the swapping procegurel times. The solution of the
each DPRE X, is then obtained from the associated matrix gdif, ), using any
method that computes the deflating subspace corresporadihg yeneralized eigenvalues
inside the unit disk [28, 30, 31].

Incasealld;, k =0,1,...,p— 1, are non-singular, the remainipg- 1 matrix products
can be obtained frorf;. using the relation

M1 = (M, ' Li) ' e(M, ' Ly).
Thus, e.g.,
My = (M L) "' (M ' Ly) = (M ' Ly) " M, ' Ly (M, Ly),

and this matrix can be obtained frdi), by applying twice the swapping procedure.

Overall, the computationdl, k = 0,1,...,p—1, requires3(p — 1) Ccom, flops, where
Cromp = Cswap + 4(2n)?, and workspace fd2(p + 1)n? + Csore real numbers [6]. The
cost of solving the DPRE depends on the method employed tpatenthe corresponding
deflating subspace and will be given in section 2.4.

The previous algorithm requires all, to be non-singular. Furthermore, a single mod-
erately ill-conditioned matrix4, may affect negatively the accuracy of the computed
solutions. This algorithm is not considered any further.

2.2. Reorderingp matrix products
Next we describe an algorithm that deals with the case ofusamgl, matrices, at the
expense of increasing the computational cost of the alyarin the previous subsection



by a factor ofp. We illustrate the idea in this algorithm by means of an exampperiod
p = 4. Consider the matrices

M, =

I,
II,
II;

My ' LyMy " LyM, 'L M, ' Ly,
My ' LoMy " LyM,y ' LyM; 'Ly,
M 'LiMy ' LoMy 'Ly M, ' Lo,
My 'LyM; "Ly My ' LoM; ' Ls,

and apply the swapping procedure to the matrix p@irs M>), (Lo, My), (L1, My), and

(Lo, M3). Then, we obtair(Z{", M), (£, M)y, (27, ("), and (L"), M),
which satisfy
LyMy ' = (M) LY,
LMy = (My')' L)
LMy = (=Y, and
LoMy ' = (M)~ g
Therefore,
o = My (M) Lyl )ty ()L L,
M= M (M) L) (g )y g () LV L
My = M ()Y () 1Ly () LV Ly, and
My = My (M) LD Y L ()1 LV L.

Repeating the swapping procedure with the matrix r{aﬁﬁ.@, M,

and (L{", M§"), we obtain(L§”, M), (LS, M{®), (LS, M), and (L), M)
such that

My = 0y (V) () D) P B,

— 1 2)\ — 2 2)\ — 2 1

o= My (M)~ () L () LY L Ly

My = My (M) (M) L () L L L, and

My = My (M)~ (g?) L (M) LY L L
Alastreordering of the matrix pai(sLéQ), MéQ)), (L((f), M](Q)), (LEQ), MZ(Q)), and(LéQ), MBEQ)),

provides the required reordering in (5).

The algorithm can be stated as follows [5]. In the algorithmdenote by(Y, Z) «
swap(Y, Z) the application of the swapping lemma to the matrix &irZ), whereY and
Z are overwritten by),» and@»;, respectively, using the notation of Lemma 1.

Algorithm 2.1

Input: p matrix pairs (Ly, My), k=0,1,...,p—1.
Output: Solution of the p DPREs associated with the matrix pairs.
for k=0,1,...,p—1
Ly < Ly, M(k+1) mod p + My
end
for t=1,2,...,p—1
for k=0,1,...,p—1

(L(k+t71) mod p> M(k«l»pfl) mod p) — Swap(L(k+t—1) mod p> M(k+p*1) mod p)



]A\Z(k-+f,) mod p = M(ktp—1) mod pM(k+t) mod p
Ly < L(ktt) mod pL
end
end
for k=0,1,...,p—1
Solve the DPRE using (Ly, M)
end

The algorithm is only composed of QR factorizations and matroducts [20]. The
computational cost of the reordering procedung(js— 1) C..om, flops ands(2n? + Csiore )
for workspace [6].

2.3. Reducing the computational cost
In this subsection we describe an algorithm which reduceséimputational cost of the
previous algorithm t@ (p log, (p)n?) flops, while maintaning a similar numerical behavior.
We use an example of perigd= 4 to describe the algorithm. Consider the matrices

My = M;'LaMy 'LyM; "Ly M, " Lo,
I, = My 'LoM;'LiM, ' LoM; 'L,
My, = M;'LiMy ' LoM; ' LaM, 'Ly,
My = My 'LoM; 'LaMy ' LoM; 'Ly,

and apply the swapping procedure to reorder the matrix prisdis M, ', LoM, ',
LiMy Y andLo My Vinto (M) LY, (M) LY (D) 1Y and(v ) LY,
respectively. Note that these matrix products appear timi€g,, . . ., IT3. Thus, we obtain
reordered matrix products

Mo = My ' (M) L) LMy (M) Y Ly = M) Lo My Lo,
M o= My (M) S LMy (M) LY Ly = My Lo Mo Lo,
My = M7 (M) LY LMy (MSD) L Ly = M3 LioMy3 Lo,
Iy, = M, (M) L Lang, " (M) LDy = My Lya M Lo

Now, we only need to apply the swapping procedure again,dales the matrix products
LaaM; ), Loa My, Li.gM,.s, Ly M, |, and thus obtain the required reordered matrix
products in (5).

The algorithm can be stated as follows. For simplicity, wesant the algorithm fop
equal to a power of 2.

Algorithm 2.2
Input: p matrix pairs (Lg, M), k=0,1,...,p—1.
Output: Solution of the p DPREs associated with the matrix pairs.
for t=1,2,...,1log,(p)
[+ 27!
for k=0,1,...,p—1
(Y, Z) « swap(Ly, Mk4p-1) mod p)
L = Y Lk 4p—1) mod p
My, < ZM;
end
for k=0,1,...,p—1



Ly (—l:k
My Mk
end
end
for k=0,1,...,p—1
Solve the DPRE using (Ly, M)
end

The computational cost of the reordering procedure in tagedp [log, (p) ] Ceomp flOps
and2p(2n? + Cy,r ) for workspace [6].

2.4. Computing X

At the final stage of the three reordering algorithms desdriabove, it is necessary to
solve the DPRE (2). As outlined in section 2, these solut@amsbe obtained from certain
invariant subspaces of the formal matrix produlits. As these subspaces are exactly
the deflating subspaces of the matrix paii@, Mk), the X, are computed from the right
deflating subspace (()ﬁk, J\Z/k) corresponding to the eigenvalues inside the unit disk.

Here we propose to compute th&, using the so-called matrix disk function [5]. This
matrix function can be computed using an inverse-freetimmacomposed of QR factor-
izations and matrix products, which employs the rationaleibbd the swapping lemma.

The inverse-free iteration for the matrix disk function wasoduced in [27] and made
truly inverse-free in [4]. The iterative procedure can tetextl as follows.

Algorithm 3.1

Input: A matrix pair (L,M).

Output: Disk function of the matrix pair
j«0

Lo« L, Mo+ M

Ry < 0.

repeat

Compute the QR factorization

Q11 Q12 Mj | _ | Rj
Q21 Q22 —L; 0
Ljy1 < QuL;
M1 + Q22 M;
j+<J+1

until [|Rj+1 — Rjllr < 7||Rj+41l|F

In the algorithm;r is a user-defined tolerance threshold for the stoppingriite The
disk function of the matrix pai(L, M) is defined from the matrix pair at convergence,
denoted by(L.., M), as disKL, M) = (Lo, + M) "M, [5]. Note that the QR
factorization computed at each iteration of the algoritsraxactly the same used as in the
swapping lemma.

If we apply Algorithm 3.1 to(L, M) := (L, My), thenX := X}, can be computed di-
rectly from disk( L, M) without computing a basis for the corresponding deflatirgspace
explicitly. PartitionZ, inton x n blocks as

{Ln le} ]

Ly =
Loy Lo



then X is obtained by solving

L]2 L]]
X = ;
{Lm } {Lm }
see [5] for details.

The cost of computing the matrix disk function ofia ¢ matrix pair using the inverse-
free iteration ist0q® /3 flops per iteration. Solving the linear-least square (LLy&sm for
X addsl3¢?/3 flops more.

3. COARSE-GRAIN PARALLEL ALGORITHMS

Our coarse-grain parallel algorithms employ a logical dinarray ofp processesP,,
Pi,..., P,_1, wherep is the period of the system. These parallel algorithms mequi
efficient point-to-point communication routines, highfoemance numerical serial kernels
for the matrix product and the QR factorization, like thosaitable in BLAS [16] and
LAPACK [2], and a serial subspace extraction method basediiase on the matrix disk
function [5].

Consider first the parallelization of Algorithm 2.1. In thatgorithm, each matrix pair
(Ly, My) is initially stored in a different procesBy, k = 0,1,...,p — 1. During the
swapping stage, each swapping of a matrix pair is carriedogatly in the process where
it is stored. Thus the coarse grain parallelism is obtaineddyforming each iteration of
loop & in Algorithm 2.1 (a swap of a matrix pair) in a different prese By the end of this
stage, a reordered matrix paifr;k, Mk), asin (5), is stored in proce$%, and the solution
of the corresponding DPRE can be obtained locally.

Parallel Algorithm 4.1
Input: p matrix pairs (L, M), stored in Py, k=0,1,...,p—1.

Output: Solution of the p DPREs associated with the matrix pairs and
stored in P, k=0,1,...,p—1.
In process Py:
Ly < Ly, M(k+1) mod p + My,
Send My to Pii1) modp
Receive M(r4p—1) modp from Pliip 1) modp
for t=1,2,...,p—1
(Lk+t—1) mod p» M(k+4p—1) mod p) < SWaP(L(k4t—1) mod p» M(k4p—1) mod p)
Send L(k4t—1) modp t0 Pligp—1)modyp
M (ktt) mod p & M(k4p—1) mod pM(k+t) mod p
Receiv? L(k4t) mod p from P41y mod p
Send M(k+1) modp t0 Plrtp—1) modp
Ly ¢ Lktt) mod pLk
Receive M(tq¢41) modp FTom Pri1) mod p
end
Solve the DPRE using (L, M)

The algorithm presents a regular, local communicatiorgpaths the only communica-
tions necessary are the left circular shifts/igf and M.
Assume our system consists @f physical processorsY, ..., P,, 1, with n, < p.

(Using a number of processors larger thedoes not produce any benefitin this algorithm.)
In the ideal distribution a group d¢f{p —r — 1) /n, ] + 1 consecutive processes are mapped



onto processofP,, r = 0,...,n, — 1. As the communication pattern only involves
neighbour processes, this mapping only requires the coruation of n,, matrix pairs
between neighbour processors at each iteration offlo®pe remaining—n,, transferences
are actually performed inside a processor, and can be ingrited as local memory matrix
copies.

To derive a theoretical model for our parallel algorithm vee @ simplified variant of the
“logGp” model [1], where the time required to transfer a naggsof length between two
processorsis given hy+ sl. (Basically, the latency and overhead parameters of thefpog
model are combined inta, while no distinction is made between the bandwidth!, for
short and long messages.) We also defimes the time required to perform a flop. Finally,
for simplicity, we do not distinguish between the cost ofdiag a square matrix of size
n and that of performing a matrix copy between two processéisarsame processor. We
usea + Bn? in both cases, though we recognize that the matrix copy canuwd faster.

An upper bound for the parallel execution time of the pregialgorithm is given by

T (n,p,myp) = 0L ST (9(Coomp + 2(20)%) + 2(a + 5(20)?) )
= (-1 |—n%-| ( Y(Ceomp + 2(277')3) + 2(a + 6(2”)2) ) .

The transference of the matrix pairs can be overlapped Wettbmputation of the matrix
products using, e.g., a non-blocking (buffered) commuiocaend routine; the execution
time will then be

T (n.p,my) = (0= D[] (1Ceomp +2 max{y(2n)*,a+5(20)°} )

The actual degree of overlap depends on the efficiency ofdh@munication subsystem
and the computational performance of the processors. lys@al> v and from a certain
“overlapping” thresholdh communication will be completely overlapped with compiatiat
for all n > n. For a particular architecture, this threshold can be @erizs the value of
which satisfies

v(2n)® > a + B(2n)?.

In the optimal case communication and computation will begletely overlapped and
TP (m,pmy) = (0= D=1 V(Coomp +220)°).
‘P

The optimal speed-up is then

opt T (n,p,1) _ p
S (n,p,ny) = ToPt(n, p,n,) - [n_Pp]'

This model will surely deviate from the experimental reswbtained in section 5. We
point out two reasons for this behavior. First, in generand 5 depend on the message
length. Second, the computational cost of a flop depends ®@mprbblem size and the
type of operation; e.g., the so-called Level 3 BLAS operaitbasically, matrix products)
exploit the hierarchical structure of the memory to achiavewer-y.

Let us consider now the parallelization of Algorithm 2.2.r Bonplicity, again we only
present the algorithm for a perigd= 2‘ for some positive integer



Parallel Algorithm 4.2
Input: p matrix pairs (Li, M}), stored in Py, k=0,1,...,p—1

Output: Solution of the p DPREs associated with the matrix pairs and
stored in P, k=0,1,...,p—1.
In process Py:
Send My to Pii1) modp
Receive M(rip—1) modp from Pliip 1) modp
for t =1,2,...,log,(p)
[+ 2t
(Y, Z) + swap(Lik, M(k1p—1) mod »)
Send Lk to Pii1)modp
My, < ZM;
Receive L(t4p—1) modp from Pip_1) modp
if (¢ 75 logz(p)) Send M} to P(k+21) mod p
Ly < YLkyp1) modp

if (¢ # log,(p)) Receive M(4ip—21) mod p
end
Solve the DPRE using (L, Mj)

The analysis on the execution time of this parallel algonithhe overlapping between
communication and computation, and the maximum speed{amable follow closely
those of Algorithm 4.1.

In the parallel coarse grain algorithms eakl is computed on a single processor, so
only a serial implementation of Algorithm 3.3 is required.

4. MEDIUM-GRAIN PARALLEL ALGORITHMS

The coarse-grain algorithms lose part of their efficiencyewlthe parallel architecture
consists of a number of processarslarger than the periog of the system. Specifically,
in such a case, there arg — p idle processors, and the maximum speed-up attainable using
n, processors is limited by.

To overcome this drawback we propose to use a differentlpéiraition scheme, with a
finer grain, where all the processors of the system cooptyaiempute each of the matrix
operations in the algorithm. Another advantadge of the omeejrain approach in case
p < ny is that the distribution of each matrix among several pregesmay allow the
solution of larger problems (in) than the coarse-grain approach.

The development of medium-grain parallel algorithms, whiork “at the matrix level”,
is supported by parallel matrix algebra libraries like SB®ACK [12] and PLAPACK [34].
Both public libraries rely on the message-passing paradigthprovide parallel routines
for basic matrix computations (e.g., matrix-vector proglagatrix-matrix products, matrix
norms), and solving linear systems, eigenproblems andikingalue problems. ScalA-
PACK closely mimics the functionality of the popular LAPAQE], and is used as a black
box. PLAPACK basically offers parallel routines for the BEA16] and provides the user
with an environment for easy development of new, userdtadla@odes.

In this paper we propose to use the kernels in ScaLAPACK. lithrary employs BLAS
and LAPACK for serial computations, PB-BLAS (parallel bkdBLAS) for parallel basic
matrix algebra computations, and BLACS (basic linear algatmmmunication subpro-
grams) for communication. The efficiency of the ScaLAPACKnas depends on the
efficiency of the underlying computational BLAS/PB-BLASutaes and the communica-



tion BLACS library. BLACS can be used on any machine that sufgpeither PVM [19]
or MPI [21], thus providing a highly portable environment.

In ScaLAPACK, the user is responsible for distributing ttegadamong the processes.
Access to data stored in a different process must be explieiuested and provided via
message-passing. The implementation of ScaLAPACK emplbyack-cyclic distribution
scheme [12]. The data matrices are mapped onto a logjcal p. grid of processes.
Each process owns a collection of blocks of dimensianx ny, which are locally and
contiguously stored in a two-dimensional array in “columajor” order.

For scalability purposes, we map each process onto a diffeteysical processor (i.e.,
n, = pr X p.), and we use a 2-dimensional block-scattered layout fooaiimatrices.
We employ square blocks of sizg for the layout, withn, experimentally determined to
optimize performance.

The parallelization of a numerical algorithm using thisrdity consists of distributing
the matrices, and identifying and calling the appropriaeafel routines.

The reordering algorithms for the DPRE perform the follogvmatrix operations based
on Lemma 1: QR factorization, formin@,» and@-- (these matrices can be computed by
applying from the right the transformations computed in@#factorization to a matrix of
the form[0,,, I,,]), and matrix product. ScaLAPACK provides routir®®SEQRF, PDORMQR,
andPDGEMM for these purposes.

The computation oK requires basically the same matrix operations plus theisolof
a consistent overdetermined LLS problem at the final stagés @roblem can be solved by
performing the QR factorization of the coefficient matrippdying these transformations
to the right-hand side matrixL.7, , L1,]7, and solving a triangular linear system. The two
first steps can be performed using routi®B®SEQRF, PDORMQR, while the last step is done
usingPDTRSM.

Table 1 reports the number of subroutine calls required yrdordering procedure
in the DPRE solvers (swapping stage in Algorithms 2.1 angl 2121 solving the DPRE
from the reordered matrix pair (Algorithm 3.1). In the tapl&er” stands for the number
of iterations necessary for convergence in the inverse-tieration for the matrix disk
function.

Table 1
Number of calls to different parallel routines from ScalLAPACK required by
the reordering procedure in the DPRE solvers and solving theDPRE
from the reordered matrix pair.

PDGEQRF PDORMQR PDGEMM PDORMQR PDTRSM
FormQi2, Q22 Apply to [L?p Lgl}T

Alg. 21 p(p—1) p(p—1) 2p(p — 1) — —

Alg. 2.2 plog,y(p) plog,(p) 2plog,(p) — —

Alg. 3.1 iter+1 iter 2 iter 1 1

In general, predicting execution time is a complex task dubé large number of factors
that have an influence on the final results (system softwark aa compilers, libraries,
operating system; layout block size, processor grid sizeigimplementation of collective
communication routines, etc.). This is also true for ScaRBR, where proposed models



Table 2
Performance of the communication libraries.

Library a (us.) B~ (Mbps.)
Short messages  Long messages

MPI/GM API 374 2131 254.4

for the execution time of the routines are oversimplistid arglect many of these factors;
see, e.g., [3, 17]. We therefore do not pursue this goal artlyeu

5. EXPERIMENTAL RESULTS

Our experiments are performed on a cluster of Intel Pentiumnecessors at 300 MHz,
with 128 MB of RAM each, usindEEE double-precision floating-point arithmetie &
2.2 x 10716).  An implementation of BLAS specially tuned for this ar@tture was
employed. Performance experiments with the matrix prodoctine in BLAS OGEMNM)
achieved 180 Mflops (millions of flops per second) on one @sake that roughly provides
a parametef ~ 5.5 ns.

The cluster consists of 32 nodes connected by a Myrinet stagie interconnection
network. Myrinet provides 1.28 Gbps, full-duplex links, and em@ayt-through (worm-
hole) packet switching with source-based routing. The sateur network are connected
via two M2M-OCT-SW8 Myrinet crossbar SAN switches. Each eatntains a M2M-
PCI-32B Myrinet network interface card, with a LANai 4.3 pessor, a 33 MHz PCl-bus
interface, and 1 MB of RAM.

In our coarse-grain parallel algorithms we employed b&sitd andReceive com-
munication routines in an implementation of MPI, speci#liged for the Myrinet, which
makes direct use of the GM API. This is a native applicatiomgptmming interface by
Myricom™ for communication over Myrinet which avoids the overheadsifg MPI on
top of the TCP/IP protocol stack.

Our medium-grain parallel algorithms are implemented gsticaLAPACK. The com-
munications in this case are performed using BLACS on top BI/&M API.

Table 2 reports the communication performance of thesairibs measured using a
simpleping-pongtest, both for short (20 KB) and long (500 KB) messages.

5.1. Performance of the coarse-grain parallel reordering

In these algorithms we are interested in finding the thresfrom where the communi-
cations will be overlapped with the computations. For thiggose, we use data in table 2
and~ =~ 5.5 ns. to determine the theoretical threshold at 9.

In practice, the resolution of the timer that we used did rdlmwato obtain accurate
measurements for < 30. Forn > 30 and periodp, the coarse-grain parallel algorithms
usingn, processorsp, = p, obtained a perfect speed-up. As expectedpfor n,, the
speed-up of the algorithm in practlcefs— The scalability of the algorithm gsis
increased with the number of processasgr(, andn are fixed) is perfect. However, the
algorithm is not scalable asis increased with the number of processor/:, andp are

Iseehttp://wuw.myri.com for a detailed description.



fixed). The matrix becomes too large to be stored in the memifaysingle processor. For
more performance results, see [7].

5.2. Performance of the medium-grain parallel reordering
We now evaluate the parallelism and scalability of our madirain parallel reordering
algorithms.

2500 i i i " 500
Q —— p=4,(=2n=852
-+~ p=16, q=2n=428 450r
o p=32, q=2n=304
2000- 1 400r
¢ 350
\ £
1500F 1 ©300r
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Figure 1.  Execution time of the medium-grain parallelization of Afigom 2.1 (left) and Algorithm 2.2
(right).

Figure 1 reports the execution time for the reordering pdoces of the DPRE solvers
(Algorithms 2.1 and 2.2), fop = 4, 16, and 32. The problem size= 2n was set to the
size of the largest problem sizes that could be solved in tgasor. The results in the
figures show an important reduction in the execution timdeagd by the medium-grain
parallel reordering algorithms.

Figure 2 reports the scalability of the medium grain aldoris. To analyze the scalability
vs. the problem sizé2n)?p/n, is fixed at 460, and we report the Mflop ratio per node, with
p =4, onn, =4, 8, 16 and 30 processors. There is only a minor decreassrfiormance
and the parallel algorithms can be considered scalabte iThe algorithm however is
not scalable withp: As p is increased whilé2n)?p/n,, is kept fixed, the matrix size per
processor is reduced and the performance of the compushtitatrix kernels will become
lower.

Table 3 reports the speed-up of the medium grain reordetgayithms forp = 4 and
n = 852.

5.3. Performance of the DPRE solver

Once the reordering procedure provides the correspondatgxpair, we only need to
use our subspace extraction method, based on matrix diskidmnto obtain the solution
of the DPRE.

We have already noted that the coarse-grain parallel DPREersoonly requires a
serial implementation of the matrix disk function. In case> n,, the algorithm will
achieve a theoretical and experimental speed- upﬁ#— (There is no overhead due to
syncronization or communication as thg's can be computed independently). Otherwise,
the attained speed-up will he
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Figure 2. Scalability of the medium grain algorithms vs. problem sizn)2p/n,=460.

In the medium-grain parallel solvers all the processordhindystem participate in the
computation of eaclX;. Figure 3 reports the execution time of the DPRE solver for a
matrix pair of sizeg = 2n = 700, usingn,, = 4, 8, 12 and16 processors. The execution
time on 1 processor is that of a serial implementation of fgeréthm. Ten inverse-free
iterations were required in all cases for convergence. Thedialso reports the scalability
of the solver. In this case we sef,/7,=1000 and evaluate the Mflop ratio (millions of
flops per second) per node achieved by the algorithm usingarsdike mesh of processors
(np=2x%x2,3%x3,4%x4,5x5,and5 x 6).
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Figure 3. Execution time (left) and scalability (right) of the DPRE\a.

Table 3 reports the speed-up of the DPRE solver for a probliesize ¢ = 2n = 700
(see column labeled as Algorithm 3.1).

A comparison between the DPRE solver employed by the cagea-and the medium-
grain solvers is straight-forward. The coarse-grain solgerial) will achieve a better
performance as long gs > n,, as overhead due to communications does not increase.
In casep < n, we would just need to compare the experimental executior tifrthe
medium-grain DPRE solver with that of the serial solvergot 1.



Table 3
Speed-ups of the medium-grain algorithms.

np n=852,p=4 n=350
Alg. 4.1 Alg. 4.2 Alg. 3.1

4 2.58 2.47 3.45
8 4.71 4.19 6.56
12 5.98 5.49 9.47
16 8.47 7.25 11.76

6. CONCLUDING REMARKS

We have investigated the performance of two parallel aljors for linear-quadratic

optimal control of discrete-time periodic systems. Twdealiént approaches are used to
parallelize these solvers. A coarse-grain parallel apghds better suited for problems
of period larger than the number of available processord,raoderate dimension of the
matrices. The medium-grain parallel solver obtains be#sults for problems with large-

scale matrices. The period does not play an essential rdhésicase.

The experimental results report the high performance amathbiity of the parallel

algorithms on a Beowulf cluster.
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