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ABSTRACT

The description of 3D shapes with features that possess de-
scriptive power is one of the most challenging issues in con-
tent based 3D model retrieval. In this paper we propose
the usage of spherical wavelet transform as a tool for the
analysis of 3D shapes represented by functions on the unit
sphere. We introduce three new shape descriptors extracted
from the spherical wavelet coefficients, namely: (1) a sub-
set of the spherical wavelet coefficients, (2) theL1 and, (3)
theL2 energies of the spherical wavelet sub-bands. The ad-
vantage of this tool is three fold: First, it filters out small
shape details which hamper the retrieval performance. Sec-
ond, it takes into account feature localization and local ori-
entations. Third, it allows shape matching at different res-
olutions. Spherical wavelet descriptors are natural exten-
sion of 3D Zernike moments and spherical harmonics. We
evaluate, on the Princeton Shape Benchmark, the proposed
descriptors regarding computational aspects and shape re-
trieval performance.

1. INTRODUCTION

The 21st century is the era of digital media and a substan-
tial progress has been achieve in acquisition, storage and
transmission of different types of information. While text,
images, sound and video have been the predominant form of
digital media, 3D models emerge as a new form. They have
applications in many fields including CAD, medicine, phys-
ical simulation, e-commerce and education. Consequently,
a significant research effort is spent to developing effective
techniques for 3D model retrieval.

A challenging issue in content based 3D model retrieval
is the description of a model with a suitable numerical rep-
resentation calledshape descriptor. In general a shape de-
scriptor should be discriminative, compact, easy to com-
pute, and invariant under a group of transformations. While
invariance to global transformations, such as translation, ro-
tation, scale [5, 12, 22], and invariance under certain de-
formations [7, 19], have been extensively studied, existing
shape descriptors have difficulties to handle local variation
in scale and orientations. On the other hand, small details
in the shape hamper the performance of many descriptors.
Similarity measures need to be computed at optimal transla-
tion, rotation and scale. Moreover, they should capture only
the key shape features.

Most of three-dimensional shape retrieval techniques pro-
posed in the literature aim to extract from the 3D model
meaningful descriptors based on the geometric and topo-
logical characteristics of the object. Survey papers to the
related literature have been provided by Tangelder et. al[20]
and Iyer et. al[9]. They fall into three broad categories:
feature-based including global and local features, graph-
based and view-based similarity.

View-based techniques compare 3D objects by compar-
ing their two dimensional projections. The Lightfields [1]
are reported to be the most effective descriptor [18]. View-
based techniques are suitable for implementing query inter-
faces using sketches [9, 6].

Graph-based techniques reduce the problem of shape dis-
similarity estimating to the problem of comparing graphs.
They are suitable for retrieving articulated objects, and the
Reeb graph proposed by Hilagaet al.[7] is among the most
popular. Other techniques include methods based on the
distribution of features such as shape distributions [15],and
local features such as spin [11]. Shilane et. al. [18] pro-
vides a comparison of these techniques and reported that
histogram based techniques are the less efficient in term of
discriminative power.

Feature-based methods aim to extract a compact descrip-
tor from the 3D object. A common approach is to repre-
sent the shape using functions defines on the unit sphere.
Funkhouser et al.[6] uses spherical harmonics (SH) to an-
alyze the shape function. They demonstrated later that the
spherical harmonics can be used to achieve rotation invari-
ance provided that the shape function is defined on the sphere
[12]. Novotni et. al. [13] uses 3D Zernike moments (ZD) as
a natural extension of SH. Representing 3D shapes as func-
tions on concentric sphere have been extensively used [12].
Our developed descriptors fall into this category and are a
natural extension of SH and ZD.

In this paper we present a new 3D content based retrieval
method relying on spherical wavelet transform (SWT). Spher-
ical Wavelets have been introduced by Schröder et. al. [17]
and since, they have been used to solve many geometry
processing problems including 3D model compression [8].
Similar to first generation wavelets [2, 10], SWT are an ef-
fective tool to analyze shape functions defined on the sphere
S2 as they provide a natural partition of the function spec-
trum into multiscale and oriented sub-bands.

To the best of our knowledge, SWT have not been ap-
plied to content based retrieval of 3D models so far. We



make use of these results and propose three new descrip-
tors, namely: spherical wavelet coefficients as feature vec-
tor (SWCd), L1 energy of the spherical wavelet coefficients
(SWEL1), and L2 energy of the spherical wavelet coeffi-
cients (SWEL2). In particular SWEL1 and SWEL2 and
compact, easy to compute and compare and rotation invari-
ant. Spherical wavelet descriptors are a natural extensionof
spherical harmonics [6] and 3D Zernike moments [13, 14].
They offer better feature localization and takes all the ad-
vantages of wavelets over Fourier analysis.

This paper begins by reviewing in Section 2 the general
concepts of spherical wavelet transform of functions on the
sphere. Section 3 describes in detail how our new shape sig-
natures are extracted. Section 4 presents some experimental
results. Finally, we summarize the main findings and issues
for future research in Section 5.

2. SPHERICAL WAVELETS FOR SHAPE ANALYSIS

In the context of 3D shape analysis, it is common to
represent a 3D model as a functionf sampled on the unit
sphere:

f : S 2 → R
+

f (u) = f (θ ,φ).

whereθ andφ are respectively, the azimuthal and polar an-
gles. We use spherical Extent function (EXT) which mea-
sures the maximal distance from the center of mass to the
surface as a function of spherical angle(θ ,φ) [16].

2.1. Spherical wavelets

Wavelets are basis functions which represent a given sig-
nal at multiple levels of detail, calledresolutions. They
are suitable for sparse approximations of functions. In the
Euclidean space, wavelets are defined by translating and di-
lating one function calledmother wavelet. In S 2, however,
the metric is no longer Euclidean. Schröder et. al. [17] in-
troduced the second generation wavelets. The idea behind
was to build wavelets with all desirable properties adapted
to much more general settings than real lines and 2D im-
ages.

The general wavelet transform of a functionλ is con-
structed as follows:

Analysis: λ j,k = ∑l∈K( j) h̃ j,k,lλ j+1,l

γ j,k = ∑l∈M( j) g̃ j,m,lλ j+1,l

Synthesis: λ j+1,l = ∑k∈K( j) h j,k,lλ j,k+

∑m∈M( j) g j,m,lγ j,m

whereλ j,• andγ j,• are respectively the approximation and
the wavelet coefficients od the function at resolutionj. The
analysis process is performed recursively on the function
λ = λn,• at the finest resolutionn, to getγ j,• at level j, j =
n− i, . . . ,n− 1. The coarsest approximationλn−i,• is ob-
tained afteri,0 < i < n iterations.

NN
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Fig. 1. Spherical wavelet transform: domain setting.

The natural extension of Euclidean translations are rota-
tions on sphereS 2. The setsM( j) andK( j) are now index
sets on the sphere such thatK( j)∪M( j) = K( j+1), and the
line distance is replaced by arc distances. The decomposi-
tion filtersh̃, g̃, and the synthesis filtersh,g denote spherical
wavelet basis functions.

2.2. Analysis of the spherical shape function

To analyze a 3D model, we first apply spherical wavelet
transform (SWT) to the spherical shape function and col-
lect the coefficients to construct discriminative descriptors.
The properties and behavior of the shape descriptors are
therefore determined by the spherical wavelet basis func-
tions used for transformation.

Similar to 3D Zernike moments [13] and spherical har-
monics [12, 22], the desired properties of a descriptor are:
(1) Invariance to a group of transformations, (2) Orthonor-
mality of the decomposition, and (3) Completeness of the
representation. The orthonormality ensures that the set of
features will not contain redundant information. The com-
pleteness property implies that we are able to reconstruct
approximations of the signal from the decomposition.

The SW basis function should reflect these properties.
In our implementation we experimented with Haar wavelets
which are orthogonal, have a compact support and one van-
ishing moments. Other SWT can also be used, and an in
depth analysis of their performance is required, which is
beyond the scope of this paper.

In practice, the shape function is decomposed into an ap-
proximation part and detail parts by applying low pass and
high pass filters in horizontal and vertical directions. Here,
we mean by horizontal the direction along the azimuthal an-
gle θ , and by vertical the polar direction (angleφ ). The ap-
proximation part is recursively decomposed until the coars-
est level is reached. Finally, the approximation and the SW
coefficients are collected and will be used to build the shape
descriptor. Algorithm 1 summarizes the process. Lets de-
note by:

• Lh andLv: one dimensional low pass filters in the
horizontal and vertical direction respectively.

• Hh andHv: one dimensional high pass filters in the
horizontal and vertical direction respectively.

In our implementation we used similar filter in horizontal
and vertical directions, i.e:Lh = Lv andHh = Hv. Issues



to consider are the setting of the neighborhood graph and
the distance measure:

• Neighborhood graph: As the spherical function is
regularly sampled along the azimuthal and polar axis,
we use the regular neighborhood graph illustrated in
Figure 1. The boundaries however require a care-
ful processing. In our implementation we chose the
image-like structure: we use spherical neighborhood
graph at the north and south poles, and cylindrical
neighborhood at the eastern and western boundaries.

• Distance measure: As the metric is not Euclid-
ean, an edge in the geometry image is an arc on the
sphere, inherent to the sphere sampling method, the
edges have different lengths (longer near the equator
and short at the north and south poles).

Algorithm 1 : Spherical wavelet transform algorithm
Input : Geometry imageI representing the 3D model;

size(I) = 2n×2n; Number of decomposition levels
l,0 < l < n;

Output :
Initialization: I(n)← I;
i← 0;
repeat

- Apply Lh in horizontal direction toI(L−i):
Lh(I

(n−i)) = Ilow;
- Apply Hh in horizontal direction toI(L−i):
Hh(I

(n−i)) = Ihigh;
- Apply Lv in vertical direction toIlow, we get the
approximationI(n−(i+1)): Lv(Ilow) = I(n−(i+1));
- Apply Hv in vertical direction toIlow, we get the
vertical detailV (n−(i+1)):

Hv(Ilow) = V (n−(i+1))

- Apply Lv in vertical direction toIhigh, we get the

horizontal detailH(n−(i+1)):

Lv(Ihigh) = H(n−(i+1)).

- Apply Hv in vertical direction toIhigh, we get the

diagonal detailD(n−(i+1)):

Hv(Ihigh) = D(n−(i+1)).

Build the shape descriptor:
until until i = l;

3. SPHERICAL WAVELET-BASED DESCRIPTORS

Using spherical wavelet transform, a geometry imageI
of size 2n×2n is decomposed intol(0 < l < n) levels. At
each decomposition leveli, i = 1. . . l, we obtain three sub-
band coefficientsH(n−i),V (n−i) and D(n−i) of size 2n−i ×
2n−i. The approximation imageA of size 2n−l × 2n−l is
obtained at the last decomposition levell. The wavelet co-
efficients are indicated by{xdir

i,1 ,xdir
i,2 , . . . ,xdir

i,ki
} whereki =

2n−i×2n−i anddir ∈ {h,v,d,a} which stand for horizontal,
vertical, diagonal and approximation, respectively. Thatis:

(a) 3D shapes
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(b) Spherical wavelet coefficients as descriptor (SWC4).
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(c) L2 energy descriptor (SWEL2).
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(d) L1 energy descriptor

Fig. 2. Example of different models with their spherical wavelet-
based descriptors.

• H(n−i) = {xh
i,1,x

h
i,2, . . . ,x

h
i,ki
}.

• V (n−i) = {xv
i,1,x

v
i,2, . . . ,x

v
i,ki
}.

• D(n−i) = {xd
i,1,x

d
i,2, . . . ,x

d
i,ki
}.

For simplicity of notation and when the three directions
and the approximation images are treated equally we omit
the upscript. Notice that, the wavelet transform generates
2n×2n coefficients independently of the number of decom-
position levels.

We propose three methods to compare 3D shapes using
their spherical wavelet: (1) Wavelet coefficients as a shape
descriptor (SWCd) where the shape signature is built by
considering directly the spherical wavelet coefficients, and
(2)spherical wavelet energies (SWEL1 and SWEL2). We
investigate both theL1 andL2 energies. Figure 2 shows
three models and their SW descriptors. The following sec-
tions detail each method.

3.1. Wavelet coefficients as a shape descriptor

A straightforward approach is to build a shape descriptor
using directly the spherical wavelet coefficients. Given the
spherical wavelet decomposition of a geometry imageI of
a 3D objectO, we arrange the coefficients into a 2D lattice
F = {F (i, j)} of sizeN = w× h = 2n×2n. The dissimi-
larity between three dimensional objectsO1 andO2 is given



by theL2 distance of their descriptorsF1 andF2:

l2(F1,F2) =

√

√

√

√

w

∑
i=1

h

∑
j=1

(F1(i, j)−F2(i, j))2 (1)

For typical geometry images of size 27×27, the dimension
of the feature space is 16K (K = 1000). Therefore, the de-
scriptor is expensive in term of storage requirements and
computation time for similarity estimation.

Spherical wavelet decomposition generates a multi-resolution
representation of the shape function, where the shape details
are encoded in the detail coefficients at highest layers of the
pyramid, while the lowest layers approximate the 3D shape.
In general, many of wavelet coefficients of the function are
either zero or negligible known bythe sparsity property. On
the other hand, not all the coefficients contribute equally to
the shape description. This is known by thesaliency of the
features. Moreover, high frequency coefficients affect neg-
atively the discrimination power of the shape descriptor.

Based on these properties, we have tested experimentally
on the Princeton Shape Benchmark different lengths of the
spherical wavelet based descriptors. Ford = 1. . .n,n = 7
we generate shape descriptors of size 2d ×2d by truncating
then−d detail images. We call the obtained shape descrip-
tor SWCd , whered = 1, . . . ,n, and measure their perfor-
mance for nearest neighbor, first tier, second tier, E-measure
and Discount Cumulative Gain. We found that the perfor-
mance of the descriptor increases fromd = 1 to d = 4 and
then starts decreasing suggesting that fine details contribute
negatively to the shape description, while ford < 4 impor-
tant details are lost. In our experiments we use SWC4.

This approach performs as a filtering of the 3D shape by
removing outliers. A major difference with spherical har-
monics is that SWT preserves the localization and orienta-
tion of local features. However, a feature space of dimen-
sion 256 is still computationally expensive.

Pose normalization

Comparing directly wavelet coefficients requires efficient
alignment of the 3D model prior to wavelet transform. A
popular method for finding the reference coordinate frame
is pose normalization using Principal Component Analysis
(PCA) [5], and continuous PCA [23].

We perform the pose normalization in three steps; First
we translate the shape’s center of mass to the origin(0,0,0).
Then we align the shape to its principal axis using contin-
uous PCA [23]. We use the maximum area technique to
resolve for the the positive and negative directions of the
principal axis. Finally we scale the shape such that the aver-
age distance between the center of mass to any point in the
surface is equal to 1/2.

3.2. Spherical Wavelet Energy Signatures

Using the observation that rotating a spherical function
does not change its energy, we propose to use it to build a
shape descriptor. Its benefits are two fold: first it guarantees

rotation invariance without prior pose normalization. Sec-
ond, it is used to reduce the storage and the computation
time required for comparison.

The wavelet energy signatures have been proven to be
very powerful for texture characterization [21]. Commonly
theL2 andL1 norms are used as measures [3, 4]:

F
(2)
i =

(

1
ki

ki

∑
j=1

x2
i, j

)
1
2

(2)

F
(1)
i =

1
ki

ki

∑
j=1
‖xi, j‖ (3)

A Spherical Wavelet Energy signature is computed for each
detail geometry image yielding into a one-dimensional shape
descriptorF = {F dir

i }, i = 1. . . l, anddir ∈ {h,v,d}. For
geometry images of size 27×27, i.e, n = 7 and if l = 6 de-
composition steps are performed, the size of the feature vec-
tor is thenN = 3× l = 3×6+1 = 19. The components are
packed into a one dimensional feature vectorF = {Fi, i =
1. . .N}. We refer toL1 energy andL2 energy-based de-
scriptors bySWEL1 andSWEL2 respectively.

The main advantage of this descriptor is its compactness,
and it is rotation invariant. However, information such as
feature localization are lost in the energy spectrum.

3.3. Similarity metrics
Since 3D shapes are now represented as N-dimensional

vectors with real-valued components, a natural way to com-
pute distances vectors in the feature space is to use a vector
norm, called alsoLp norm, (Equation??).

Let F = ( f1, . . . , fN), F ′ = ( f ′1, . . . , f ′N) ∈ R
N be two

feature vectors. The dissimilarity between the 3D shapes is
given by theLp distance betweenF andF ′:

dp(F ,F ′) =

(

N

∑
i=1
| fi− f ′i |

p

)
1
p

, p ∈ {1,2. . .} (4)

In our implementation we experimented with theL2 dis-
tance.

Note that the introduced spherical wavelet analysis frame-
work supports retrieval at different acuity levels. In some
situations, only the main structures of the shapes are re-
quired for comparison, while in others, fine details are es-
sential. In the former case, shape matching can be per-
formed by considering only the wavelet coefficients at large
scales, while in the later, coefficients at small scales are
used. Hence the flexibility of the developed method ben-
efits different retrieval requirements.

Finally, Table 1 summarizes the length of the proposed
descriptors. Note that SWEL1 and SWEL2 are more effi-
cient in term of storage requirement and computation. They
are also rotation invariant. Their discrimination efficiency
will be discussed in Section 4.

4. EXPERIMENTAL RESULTS

We have implemented the algorithms described in this
paper and evaluated their performance on the Princeton Shape



(a) Retrieval results using spherical wavelet coefficientsas
shape descriptor.

(b) Retrieval results using spherical wavelet L1-energy
(SWEL1).

(c) Retrieval results using spherical wavelet L2-energy
(SWEL2).

Fig. 3. Retrieval results using spherical wavelet-based shape de-
scriptors. The query model is plotted in green, the correctly re-
trieved shape are indicated in blue, and the others in red.

Benchmark (PSB)[18]. We represent each model using Spher-
ical Extent Function (EXT) of resolution 128×128= 27×
27, i.e: n = 7 along the azimuthal and polar angles. A fea-
ture index table is built for each of our descriptors. We use
six decomposition levels (l = 6). SWCd requires pose nor-
malization while SWEL1 and SWEL2 are rotation invariant.

4.1. Retrieval results

First we executed series of shape matching experiments
on base test classification of the PSB. We select randomly a
a 3D polygon soup model, and then compare it to the objects
in the database. We show in Figure 3 the results of several
queries for each of our three descriptors SWCd , SWEL1
and SWEL2. Five most similar objects are displayed. A re-
trieved model is considered relevant if it belongs to the same
class as the query model. The relevant retrieved models are
plotted in blue, others in red, and the query model in green.
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Fig. 4. Precision-recall curves for SW-based descriptors.

Table 1. Performance of SW descriptors on the PSB base test
classification, values are in (%).

length NN 1st− 2nd− E- DCG
tier tier measure

SWC4. 256 55.4 35.5 43.4 23.8 64.7
SWEL1 19 43.7 29.2 40.1 22.3 63.0
SWEL2 19 40.8 26.0 34.9 17.2 59.2

4.2. Performance evaluation

Figure 4 shows the precision-recall curves on the base
classifications of the PSB for the three shape signatures. We
found that the SWC4 outperforms SWEL1 and SWEL2 in
term of average precision-recall metric.

We evaluated the performance of our descriptors using
the nearest neighbor, first and second-tier, E-measure and
Discount Cumulative Gain measures [18]. The results are
summarized in Table 1. This comes to confirm the visual
evaluation, that is, spherical wavelet coefficients perform
better, while the L1 and L2 energy comes in the second and
third rank respectively. Note that the SWC4 requires more
storage and comparison time.

Similarly we compare our descriptors to the: (1)Light-
fields descriptors (LFD) [1] considered as the best descrip-
tor, (2) Spherical harmonic descriptors (EXT) [16, 12]:
extracted from the Spherical Extent function, and (3)Os-
ada’s D2 Shape distribution [15]. Shilane et. al. [18]
summarized their performance and we use their results to
compare with our descriptors.

Table 2 shows the results according to the quantitative
measures computed on these three descriptors (the results
are the one reported in the original paper [18]).

These results indicate that, spherical wavelet descriptors
perform better than shape distributions and spherical har-
monic descriptors on precision/recall measures. An inter-
esting observation is that the lightfield descriptor, which
is considered a very good signature [18], performs slightly
better than spherical wavelet descriptors for thek−nearest
neighbors related measures (nearest neighbor, first and sec-
ond tier), while the spherical wavelet descriptors perform
slightly better than the lightfields descriptor for the preci-
sion/recall measures (DCG), which are considered more in-
dicative.

Spherical wavelet based descriptors have several benefits
over lightfields, shape distributions and spherical harmonic



Table 2. Performance of the LFD, EXT, and D2 on the PSB base
classification [18], values are in (%)

length NN 1st− 2nd− E- DCG
tier tier measure

LFD 4,500 65.7 38.0 48.7 28.0 64.3
EXT 16 54.9 28.6 37.9 21.9 56.2
D2 64 31.1 15.8 23.5 13.9 43.4

descriptors in terms of storage and computational costs. Ta-
ble 1 and 2 summarize the length of each shape descriptor.

A comparison with the performance of the EXT descrip-
tor shows clearly that spherical wavelet transform performs
better than spherical harmonic transform. Particularly the
SWEL1 has several benefits: (1) compactness, (2) rotation
invariant without pose normalization, and (3) easy to com-
pute compared to spherical harmonic transform.

5. CONCLUSIONS AND FUTURE WORK

We proposed in this paper, a spherical wavelet-based frame-
work for the analysis of 3D shapes represented by functions
on the sphere. We developed and tested using the Spherical
Extent Function three new shape descriptors. Our results on
the Princeton Shape Benchmark show that the new frame-
work outperforms in term of precision-recall measures the
spherical harmonic based descriptor.

Our best results have been achieved using SWC4 after ef-
ficient pose normalization, while the SWEL1 and SWEL2
energy performance compare to the power spectrum. The
SWEL1 and SWEL2 are equivalent to the power spectrum
of the spherical harmonic analysis. They have many desir-
able properties. First they are compact and faster to com-
pute, and invariant under similarity transformations. We ar-
gue this improvement in the performance by the fact that
spherical wavelet transform filters small details that affect
negatively the performance, while it takes into account the
spatial localization of the salient features.

This work suggests a number of challenges that we would
like to consider in the future. First the proposed descriptors
have been tested using only the Spherical Extent function.
We will experiment with other shape spherical functions.
Second, we plan to test the proposed descriptors on other
3D model databases. Another issue is to experiment with
different SW basis and compare their performance on dif-
ferent classes of shapes. Finally, none of the developed de-
scriptors perform equally in all situations and on all classes
of shapes. A challenging issue is to investigate on how to
combine and select features in order to achieve best perfor-
mance.
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