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Abstract

We prove a general central limit theorem for probabilities of large deviations for sequences of

random variables satisfying certain natural analytic conditions. This theorem has wide applications

to combinatorial structures and to the distribution of additive arithmetical functions. The method

of proof is an extension of Kubilius’ version of Cramér’s classical method based on analytic moment

generating functions. We thus generalize Cramér’s and Kubilius’ theorems on large deviations.
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1 Introduction

Given a sequence of random variables {Ωn}n≥1 with means µn and variances σ2
n, if σn →∞, as n→∞,

then probabilities of the forms

Pr{Ωn − µn > xnσn} and Pr{Ωn − µn < −xnσn}

when xn →∞ (n→∞) are called probabilities of large deviations of the random variable Ωn. Defining

the (centered and normalized) random variable Ω∗n = (Ωn − µn)/σn, we consider its distribution

function Fn(x). If Fn(x) has a Gaussian limit, i.e.

Fn(x)→ Φ(x), (1)
∗This work was partially supported by the ESPRIT Basic Research Action Nr. 7141 (ALCOM II). Current address:
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where (here and throughout this paper)

Φ(x) =
1√
2π

∫ x

−∞
e−

1
2
t2 dt,

then we have

1− Fn(x)
1− Φ(x)

→ 1 and
Fn(−x)
Φ(−x)

→ 1 (n→∞), (2)

whenever x = O(1). If (1) holds in the interval 0 ≤ x ≤ X(n), where X(n) → ∞, we call, as in [33,

§VIII.1], the interval a zone of normal convergence. Note that, from the relation (1), we merely have

lim
x→∞

lim
n→∞

Fn(x) = 1

lim
x→−∞

lim
n→∞

Fn(x) = 0.

It is well-known that the analytic properties of a characteristic function are connected to the rate

of decrease of the tails of the distribution function F (x), i.e., the functions 1 − F (x) and F (−x), as

x→∞. To be more precise, we consider two frequent cases. If
∫∞
−∞ |x|k dF (x) <∞, k being a positive

integer and F being a distribution function, then an argument similar to the proof of Chebyshev’s

inequality leads to

1− F (x) = O(x−k), and F (−x) = O(x−k) (x→∞).

In other words, if the kth absolute moment of the random variable X exists, where X is distributed

according to F , then the tail probabilities of X decay polynomially like x−k as x increases or decreases

without bound. On the other hand, if∫ ∞
−∞

esx dF (x) <∞, for some s > 0, (3)

then similar argument leads to, cf. [27, Ch. 7],

1− F (x) = O(e−sx), and F (−x) = O(e−sx) (x→∞),

the condition (3) being not only sufficient but also necessary [27, Ch. 7]. Thus in this case the tails of

F (x) decay exponentially as the parameter x tends to ±∞. These two standard facts, well-known in

integral transforms, depict the general relationship between the tail probabilities of a random variable

and the analytic properties of its integral transforms (or generating functions).

It should be pointed out that these two crude estimates, often useful in applications due to their

generality, are not very precise. More results of similar nature can be found in [33, §III.4].

This paper is concerned with Cramér-type large deviations in which the dependence of the rate

that x → ±∞ on another large parameter n is explicitly specified by asymptotic expressions. Our
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object is to derive a general central limit theorem of this sort which applies to both combinatorial and

number-theoretic problems. This versatility is due to the fact that we principally work at the level of

moment generating functions, the source of which being not specified.

Before we enter into details, let us briefly mention some relevant results in the probability litera-

ture. Cramér, in his pioneering paper [7], first establishes general theorems for probabilities of large

deviations in the case of sums of independent and identically distributed random variables. His power-

ful analytic method which is then widely used consists of two major steps: the technique of associated

distribution [10] (whose effect being to “shift” the mean) and the implicit use of the saddle-point

method, see the next section for more details. His results together with his method have since been

generalized in many directions by many authors, for detailed information, applications, and references,

consult the monographs [33, 35, 3, 37, 25].

1.1 Main result

Let {Ωn}n be a sequence of random variables with distribution functions Wn(x). A number of such

sequences related to combinatorial structures and arithmetical functions have moment generating

functions satisfying the same algebraic and analytic schemes. This fact allows then a systematic

treatment for their limiting properties and we first state the general conditions under which we are

developing our arguments [20, 19]. Let us assume that the moment generating functions Mn(s) of Ωn

satisfy, as n→∞,

Mn(s) = E eΩns =
∫ ∞
−∞

esydWn(y) = eφ(n)u(s)+v(s)
(
1 +O

(
κ−1
n

))
, (4)

uniformly for |s| ≤ ρ, s ∈ C, ρ > 0, where

1. {φ(n)} is a sequence of positive numbers such that φ(n)→∞ as n→∞;

2. u(s) and v(s) are functions of s independent of n and are analytic for |s| ≤ ρ; furthermore

u′′(0) 6= 0;

3. κn →∞.

Let us introduce the following notation:

um := u(m)(0), (m = 1, 2, 3, . . .),

µn := u1φ(n), σ2
n := u2φ(n),

and

Fn(x) := Wn(µn + xσn) = Pr{Ωn − µn
σn

< x} (x ∈ R).

The symbol [zn]f(z) denotes the coefficient of zn in the Taylor expansion of f(z), n ∈ N. Then we

have
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Theorem 1 (Central limit theorem for large deviations) For x > 0, x = o(min{κn,
√
φ(n)}),

we have

1− Fn(x)
1− Φ(x)

= eφ(n)Q(ξ)

(
1 +O

(
x

κn
+

x√
φ(n)

))
(ξ := x/σn), (5)

and

Fn(−x)
Φ(−x)

= eφ(n)Q(−ξ)
(

1 +O

(
x

κn
+

x√
φ(n)

))
, (6)

where Q(ξ) = Q(ξ;u) depends only on u(s) and is defined by

Q(ξ) =
∑
m≥3

qmξ
m

=
u3

6
ξ3 +

1
24

(
u4 −

u2
3

u2

)
ξ4 +

1
120

(
u5 −

10u3u4

u2
+

15u3
3

u2
2

)
ξ5 +

+
1

720

(
u6 −

10u2
4

u2
− 15u3u5

u2
+

105u2
3u4

u2
2

− 105u4
3

u3
2

)
ξ6 + · · · , (7)

the series being convergent for small |ξ| with

qm =
−1
m

[wm−2]u′′(w)
(
u′(w)− u1

u2w

)−m
(m = 3, 4, 5, . . .). (8)

Obviously, Theorem 1 generalizes Cramér’s classical results [7] on large deviations for sums of

independent, identically distributed random variables, cf. §5.

We shall prove Theorem 1 in the next section. Many immediate consequences of this result will

be given in section 3. We then apply formulae (5) and (6) to the combinatorial distributions studied

by Flajolet and Soria [15, 16] in section 4. Finally, we shall briefly discuss some examples from many

different applications.

Throughout this paper, all generating functions (ordinary, exponential, probability, characteristic

function, moment,. . . ) will denote functions analytic at 0 with non-negative coefficients. All limits,

(including O, o and ∼), whenever unspecified, will be taken to be n→∞.

2 The Proof of Theorem 1

In this section, we prove Theorem 1. Conceptually, the proof utilizes Cramér’s method [7] which

consists in two main steps (cf. [10]): the technique of associated distributions and (implicitly) the

saddle-point method. Actually, we shall follow Kubilius’ method [26, Ch. IX] which is more suitable

for our purposes. We thus generalize his statements.

Proof of Theorem 1. Let us fix for the moment a small number s, s ∈ R, −ρ ≤ s ≤ ρ. Recall that Wn

is the distribution function of Ωn. Define the auxiliary function

M̃n(w) := M−1
n (s)

∫ w

−∞
eysdWn(y).
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Since −ρ ≤ s ≤ ρ, M̃n(w) is well-defined for any fixed w and it is easily seen to satisfy the common

properties of a distribution function. It follows that

Wn(y) = Mn(s)
∫ y

−∞
e−swdM̃n(w);

and

1−Wn(y) = Mn(s)
∫ ∞
y

e−swdM̃n(w). (9)

We then consider

Wn(u′(s)φ(n)) = Mn(s)
∫ u′(s)φ(n)

−∞
e−swdM̃n(w)

= Mn(s)e−su
′(s)φ(n)

∫ 0

−∞
e−sw

√
u′′(s)φ(n)dM̃n

(
u′(s)φ(n) + w

√
u′′(s)φ(n)

)
,

(10)

and

1−Wn(u′(s)φ(n)) = Mn(s)e−su
′(s)φ(n)

∫ ∞
0

e−sw
√
u′′(s)φ(n)dM̃n

(
u′(s)φ(n) + w

√
u′′(s)φ(n)

)
.

(11)

In writing the two formulae above, we need that u′′(s) > 0. To see this, let Ln(s) = logMn(s), where

the principal value of the logarithm is taken so that Ln(0) = 0. Now Mn(s) > 0 for −ρ ≤ s ≤ ρ,

hence,

L′′n(s) =
M ′′n(s)Mn(s)−M ′2n (s)

M2
n(s)

=
1

Mn(s)

(
M ′′n(s)− 2

Mn(s)
M ′2n (s) +

(
M ′n(s)
Mn(s)

)2

Mn(s)

)

=
1

Mn(s)

∫ ∞
−∞

(
y − M ′n(s)

Mn(s)

)2

eys dWn(y) > 0,

for −ρ ≤ s ≤ ρ. As Ln(s) ∼ u(s)φ(n), the assertion follows. In other words, the function Ln(s) is

convex.

To arrive at results (5) and (6), we decompose the derivations into three main steps:

1. We prove that

M̃n

(
u′(s)φ(n) + w

√
u′′(s)φ(n)

)
= Φ(w) +O

(
κ−1
n + φ(n)−

1
2

)
, (12)

uniformly for any fixed w, by Esseen’s inequality [9, p. 32][33, p. 109].

2. We then derive an asymptotic formula for the leading factor Mn(s)e−su
′(s)φ(n) on the right-hand

side of (10) and (11), by choosing s = z as the unique solution of the equation

u′(z)φ(n) = u1φ(n) + x
√
u2φ(n) (x 6= 0, x = o(

√
φ(n))). (13)
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3. We evaluate the integrals on the right-hand side of (10) and (11) with the approximations (12)

and (13).

Let us start with the proof of (12). The characteristic function of the distribution function M̃n(u′(s)φ(n)+

w
√
u′′(s)φ(n)) satisfies

λn(t) =
∫ ∞
−∞

eitwdM̃n

(
u′(s)φ(n) + w

√
u′′(s)φ(n)

)
= exp

(
− u′(s)φ(n)√

u′′(s)φ(n)
it

)
M−1
n (s)Mn

(
s+

it√
u′′(s)φ(n)

)
.

Now, by assumption, Mn(0) = 1 and Mn(s) is analytic in a neighbourhood of the origin, we can

write logMn(s) = u(s)φ(n) + v(s) + εn(s), for s small enough. Here εn(s) satisfies εn(0) = 0 and

εn(z) = O
(
|z|κ−1

n

)
, z ∼ 0. Thus, we have, by (4) and Taylor’s expansion,

log λn(t) = − t
2

2
+O

(
|t|
κn

+
|t|+ |t|3√
φ(n)

)
(|t| ≤ Tn),

where Tn = c1

√
u′′(s)φ(n), c1 > 0 being a sufficiently small constant. Consequently, there exist two

constants C1, C2 > 0 such that

|λn(t)| ≤ exp

(
− t

2

2
+
C1|t|
κn

+
C2(|t|+ |t|3)√

φ(n)

)
(|t| ≤ Tn).

We now apply Esseen’s inequality [9, 33] to establish (12). Thus the estimate of the difference of two

distribution functions is reduced to the corresponding problem for associated characteristic functions.

It is sufficient to show that

Jn =
∫ Tn

−Tn

∣∣∣∣∣λn(t)− e−
1
2
t2

t

∣∣∣∣∣ dt = O
(
κ−1
n + φ(n)−

1
2

)
.

Using the inequality |ew − 1| ≤ |w|e|w|, we obtain

∣∣∣λn(t)− e−
1
2
t2
∣∣∣ ≤ (

C1|t|
κn

+
C2(|t|+ |t|3)√

φ(n)

)
exp

(
− t

2

2
+
C1|t|
κn

+
C2(|t|+ |t|3)√

φ(n)

)

= O

((
|t|
κn

+
|t|+ |t|3√
φ(n)

)
e−

1
4
t2
)

(n→∞),

for c1 sufficiently small. Hence

Jn =
∫ Tn

−Tn

∣∣∣∣∣λn(t)− e−
1
2
t2

t

∣∣∣∣∣ dt = O

(
κ−1
n

∫ Tn

−Tn
e−

1
4
t2 dt+

1√
φ(n)

∫ Tn

−Tn
(1 + t2)e−

1
4
t2dt

)
= O

(
κ−1
n + φ(n)−

1
2

)
.

Consider now equation (13) which can be written as

ξ =
x√

u2φ(n)
=
u′(z)− u1

u2
.
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As u′′(z) > 0 for z near 0 (z real), the right-hand side increases with z and thus has a unique positive

solution when x > 0, x = o(
√
φ(n)), and a unique negative solution when x < 0, x = o(

√
φ(n)). When

x = 0, the solution z is obviously 0. By Lagrange’s inversion formula [39, §7.32], we obtain

z = ξ − u3

2u2
ξ2 − 1

6

(
u4

u2
− 3u2

3

u2
2

)
ξ3 − 1

24

(
u5

u2
− 10u3u4

u2
2

+
15u3

3

u3
2

)
ξ4 + · · ·

=
∑
m≥1

ζmξ
m, (14)

the series being convergent for small |ξ|, where

ζm =
1
m

[wm−1]
(
u′(w)− u1

u2w

)−m
. (15)

From now on, s = z will denote this function of ξ. This choice of s does not violate any result

established till now. Note that s and ξ have the same sign.

Now

logMn(s)− su′(s)φ(n) = u(s)φ(n) + v(s)− su′(s)φ(n) +O(
1
κn

)

= (u(s)− su′(s))φ(n) +O(s+
1
κn

),

since v(0) = 0 and v(s) = O(s). Again, by Lagrange’s inversion formula [39], we expand the function

u(s)− su′(s) in powers of ξ:

u(s)− su′(s) = −u2

2
ξ2 +

∑
m≥3

qmξ
m = − x2

2φ(n)
+Q(ξ), (16)

where qm is given by

qm =
−1
m

[wm−2]u′′(w)
(
u′(w)− u1

u2w

)−m
(m = 3, 4, 5, . . .).

It follows that with this choice of s

Mn(s)e−su
′(s)φ(n) = e−

1
2
x2+φ(n)Q(ξ)

(
1 +O

(
x√
φ(n)

+ κ−1
n

))
, (17)

as n→∞.

To estimate the asymptotic behaviour of the integral

I(n) =
∫ ∞

0
e−sw

√
u′′(s)φ(n)dM̃n

(
u′(s)φ(n) + w

√
u′′(s)φ(n)

)
,

we write, by (12), M̃n

(
u′(s)φ(n) + w

√
u′′(s)φ(n)

)
= Φ(w)+Rn(w), whereRn(w) = O

(
κ−1
n + φ(n)−

1
2

)
uniformly with respect to w. The integral I(n) is then decomposed into two parts: I(n) = I1 + I2,

where

I1 =
1√
2π

∫ ∞
0

e−sw
√
u′′(s)φ(n)− 1

2
w2
dw,
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and

I2 =
∫ ∞

0
e−sw

√
u′′(s)φ(n)dRn(w).

Since the estimate Rn(w) = O
(
κ−1
n + φ(n)−

1
2

)
is uniformly valid whenever w is O(1), we can choose

a constant K > 0 such that Rn(w) satisfies the above estimate for |w| ≤ K and Rn(w) < 1, say, for

|w| > K, as n→∞. The integral I2 then equals, by integration by parts, to

I2 = −Rn(0) + s
√
u′′(s)φ(n)

∫ ∞
0

e−sw
√
u′′(s)φ(n)Rn(w) dw

= O
(
κ−1
n + φ(n)−

1
2

)
+O

((
1 +

√
φ(n)
κn

)∫ K

0
e−sw

√
u′′(s)φ(n) dw +

√
φ(n)

∫ ∞
K

e−sw
√
u′′(s)φ(n) dw

)
= O

(
κ−1
n + φ(n)−

1
2

)
, (18)

since s
√
u′′(s)φ(n) > 0. As a matter of fact, we have

s
√
u′′(s)φ(n) =

√
u2φ(n)

(
s+

u3

2u2
s2 + · · ·

)
=

√
u2φ(n)

(
ξ +O(ξ3)

)
= x+O

(
x3

φ(n)

)
. (19)

Note that the power ξ2 was cancelled. On the other hand,

I1 =
e

1
2
s2u′′(s)φ(n)

√
2π

∫ ∞
0

e−
1
2

(w+s
√
u′′(s)φ(n))2

dw

= e
1
2
s2u′′(s)φ(n)

(
1− Φ(s

√
u′′(s)φ(n))

)
.

Let

Ψ(y) :=
e

1
2
y2

√
2π

∫ ∞
y

e−
1
2
t2dt (y ∈ R),

so that I1 = Ψ(s
√
u′′(s)φ(n)). Since |Ψ′(y)| = |yΨ(y)− (2π)−

1
2 | ≤ y−2 for y > 0 and

1
y
− 1
y3

< Ψ(y) <
1
y

(y > 0),

we obtain, for x > 0 and any ε = o(x) (ε > 0),

Ψ(x+ ε) = Ψ(x) +
c2

x2
ε = Ψ(x)

(
1 +O

(
ε

x

))
, (20)

for some positive constant c2 ≤ 1. When x = o(
√
φ(n)), x3φ(n)−1 = o(x), hence by (19) and (20), we

get

I1 = e
1
2
x2

(1− Φ(x))

(
1 +O

(
x2

φ(n)

))
. (21)

Using (18) and (21), I(n) can be written in the form

I(n) = e
1
2
x2

(1− Φ(x))

(
1 +O

(
x2

φ(n)

))
+O

(
κ−1
n + φ(n)−

1
2

)
= e

1
2
x2

(1− Φ(x))

(
1 +O

(
x

κn
+

x√
φ(n)

))
, (22)
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since e−
1
2
x2

(1 − Φ(x)) = O
(
x−1

)
. Formula (5) follows from (11)(17) and (22). Formula (6) can be

established in an entirely analogous manner. 2

Remark. From (9), it follows that

Pr{Ωn ≥ y} = Mn(s)
∫ ∞
y

e−sw dM̃n(w) ≤Mn(s)e−ys,

for y > E Ωn, where s is chosen to satisfy the equation (13) or the saddle-point of the right side.

This estimate is often referred as Chernoff’s bound [6], see also [34]. We remark that this technique

frequently proves useful in different contexts under different names: for power series, this is known as

the saddle-point estimate; and for Dirichlet series, this is known as Rankin’s technique. All these can

be formulated in the form of Laplace-Stieltjes transform [32].

3 Some corollaries of Theorem 1

From the results established in the previous section, namely, formulae (5) and (6), we can deduce

some interesting corollaries as in [7, Thms 2–4][33, pp. 228–230]. For convenience, we may suppose

that κ−1
n = O

(
φ(n)−

1
2

)
.

Corollary 1 For x > 0 and x = O(φ(n)
1
6 ), we have

1− Fn(x)
1− Φ(x)

= exp

(
u3x

3

6u3/2
2

√
φ(n)

)
+O

(
x√
φ(n)

)
(n→∞), (23)

and

Fn(−x)
Φ(−x)

= exp

(
− u3x

3

6u3/2
2

√
φ(n)

)
+O

(
x√
φ(n)

)
(n→∞). (24)

Hence, when x = c3φ(n)
1
6 (c3 > 0), the two ratios on the left-hand side of (23) and (24) tend to a

finite limit as n → ∞. When x = o(φ(n)
1
6 ), the two limits are both 1 which means that the zone of

normal convergence contains at least the range 0 ≤ x ≤ X(n), where X(n) = o(φ(n)
1
6 ). In the case

u3 = u4 = · · · = uk = 0, the zone of normal convergence of Ωn is even larger, as the following result

states.

Corollary 2 If u3 = u4 = · · · = uk = 0 (k = 3, 4, . . .), then for x > 0, x = o(φ(n)
k

2(k+2) ), the

asymptotic equivalents

1− Fn(x) ∼ 1− Φ(x) and Fn(−x) ∼ Φ(−x).

hold.
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Now using the inequality

1− Φ(x) = Φ(−x) <
e−

1
2
x2

x
√

2π
(x > 0),

we can write Corollary 1 as follows.

Corollary 3 For x > 0 and x = O(φ(n)
1
6 ), we have

1− Fn(x) = (1− Φ(x)) exp

(
u3x

3

6u3/2
2

√
φ(n)

)
+O

(
e−

1
2
x2√

φ(n)

)
,

and

Fn(−x) = Φ(−x) exp

(
− u3x

3

6u3/2
2

√
φ(n)

)
+O

(
e−

1
2
x2√

φ(n)

)
.

More generally,

Corollary 4 For x > 0 and x = O(φ(n)
k

2(k+2) ), k = 3, 4, . . .,

1− Fn(x)
1− Φ(x)

= exp
(
φ(n)Q[k](ξ)

)(
1 +O

(
x√
φ(n)

))
,

and
Fn(−x)
Φ(−x)

= exp
(
φ(n)Q[k](−ξ)

)(
1 +O

(
x√
φ(n)

))
,

where Q[k](ξ) =
∑k
m=3 qmξ

m, k = 3, 4, 5, . . ..

It is worthwhile to note that the preceding corollaries show that the asymptotic equivalence of 1−Fn(x)

and 1− Φ(x) holds only when x = o(φ(n)
k

2(k+2) ), where k is the smallest integer such that uk+1 6= 0.

Since for x outside this range and an o(
√
φ(n)) error term, the right-hand sides of (5) and (6) can

tend to any limit between 1 and ∞.

With some simple computations, we obtain

Corollary 5 If x→∞ and x = o(
√
φ(n)), then

lim
n→∞

Fn(x+ c/x)− Fn(x)
1− Fn(x)

= lim
n→∞

Φ(x+ c/x)− Φ(x)
1− Φ(x)

= 1− e−c,

for c > 0.

Define the real function Λ of y, y > −1, by

Λ(y) := (1 + y) log(1 + y)− y − y2

2
=
∑
k≥3

(−1)k

k(k − 1)
yk,

the latter equality being true only for −1 < y ≤ 1. The following theorem is very useful for many

applications.

10



Theorem 2 Let u(s) = es−1 in Theorem 1 and κ−1
n = O

(
φ(n)−

1
2

)
. Then, for x > 0, x = o(

√
φ(n)),

we have

1− Fn(x)
1− Φ(x)

= exp

(
−φ(n) Λ

(
x√
φ(n)

))(
1 +O

(
x√
φ(n)

))
,

and

Fn(−x)
Φ(−x)

= exp

(
−φ(n) Λ

(
− x√

φ(n)

))(
1 +O

(
x√
φ(n)

))
.

Proof. From Theorem 1, it suffices to evaluate the coefficients qk of Λ(ξ) = Q(ξ):

qk :=
−1
k

[wk−2] ew
(
ew − 1
w

)−k
=

−1
2kπi

∫
|w|=δ

eww(ew − 1)−k dw (0 < δ < 2π)

z=ew−1
=

−1
2kπi

∫
|z|=δ′

log(1 + z)
zk

dz (0 < δ′ < 1)

=
(−1)k−1

k(k − 1)
(k = 3, 4, . . .).

This completes the proof. 2

Remark. Let X1, X2, · · · , Xn, . . . be a sequence of independent random variables with a common

Poisson(τ) distribution, τ > 0. Then the moment generating function of the sum X1 +X2 + · · ·+Xn

equals E es(X1+X2+···+Xn) = eτ(es−1)n. Theorem 2 applies.

4 Analytic combinatorial schemes of Flajolet and Soria

It is well-recognized, since the original work of Bender [1], that the statistical properties (moments,

limit distribution, local behaviour, etc.) of parameters in a large class of combinatorial structures

are well reflected by the (dominant) singularity type of the associated generating functions, see [4, 5,

15, 16, 17]. The classification according to the latter leads to the study of (analytic) combinatorial

schemes on which important progress has recently been made by Flajolet and Soria [15, 16]. In their

papers, only results concerning convergence in distribution to the normal laws were discussed. We

have refined their results in [20, 19] by expliciting the convergence rates and the asymptotic expansions

in both central and local limit theorems.

In this section, we shall apply Theorems 1 and 2 to establish central limit theorems for large

deviations for their schemes.

11



4.1 Exp-log scheme

Recall that a generating function C(z) with only non-negative coefficients analytic at 0 is called

logarithmic [15] if there exists a constant a > 0, such that for z ∼ ζ, ζ > 0 being the radius of

convergence of C,

C(z) = a log
1

1− z/ζ
+H(z) (z ∈ ∆),

where the function H(z) is analytic inside a domain of ∆,

∆ := {z : |z| ≤ ζ + ε and | arg(z − ζ)| ≥ δ} (ε > 0, 0 < δ <
π

2
),

and satisfies there

H(z) = K +O

(
log−

1
2

1
1− z/ζ

)
,

as z → ζ, uniformly in z, where K is some constant. For brevity, we shall say that C(z) is logarithmic

with parameters (ζ, a,K).

Now consider generating functions of the form

P (w, z) =
∑

n,m≥0

pnmw
mzn = ewC(z)Q(w, z),

where C(z) is logarithmic with parameters (ζ, a,K) and Q(w, z) satisfies the two conditions:

1. as a function of z, Q(w, z) is analytic for |z| ≤ ζ, namely, it has a larger radius of convergence

than C;

2. as a function of w, Q(w, ζ) is analytic for |w| ≤ η, where η > 1.

Roughly, these assumptions imply that for any fixed w, |w| ≤ η, P (w, z) satisfies

P (w, z) = eKwQ(w, ζ)
(

1− z

ζ

)−aw (
1 +O

(
log−

1
2

1
1− z/ζ

))
(z ∼ ζ, z 6∈ [ζ,∞)),

and P (w, z) is analytically continuable to a ∆-region. We can then apply the singularity analysis of

Flajolet and Odlyzko [12] to deduce the asymptotic formula

Pn(w) := [zn]P (w, z) =
ζ−nnaw−1

Γ(aw)
eKwQ(w, ζ)

(
1 +O

(
(log n)−

1
2

))
, (25)

the O-term being uniform with respect to w, |w| ≤ η. For details, see [16].

Since η > 1, Pn(1) is well defined. Thus for the moment generating functions Mn(s) of the random

variables Ωn defined by Mn(s) := E eΩns = Pn(es)/Pn(1), we have

Mn(s) = e(es−1)a logn e
K(es−1)Γ(a)Q(es, ζ)

Γ(aes)Q(1, ζ)

(
1 +O

(
(log n)−

1
2

))
, (26)

uniformly for − log η ≤ <s ≤ log η and |=s| ≤ π. Note that log η > 0. The appication of Theorem 2

is straightforward.
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Theorem 3 Let Fn(x) = Pr{Ωn < a log n+x
√
a log n} where the random variables Ωn are defined by

(26). Then, for x > 0, x = o(
√

log n), we have

1− Fn(x)
1− Φ(x)

= exp
(
−a log n · Λ

(
x√

a log n

))(
1 +O

(
x√

log n

))
, (27)

and

Fn(−x)
Φ(−x)

= exp
(
−a log n · Λ

(
x√

a log n

))(
1 +O

(
x√

log n

))
. (28)

Proof. Take φ(n) = a log n in Theorem 2. 2

For a given sequence {cn}n≥1, let us denote its ordinary generating function by C(z) :=
∑
n≥1 cnz

n;

and its exponential generating function by Ĉ(z) :=
∑
n≥1 cnz

n/n!. Then it is easily seen that Theo-

rem 3 applies to the following four classes of generating functions issued from standard combinatorial

schemes when C(z) or Ĉ(z) is logarithmic with parameter (ζ, a,K), cf. [15]:

1. Partitional complex construction: P (w, z) = exp(wĈ(z));

2. Partitional complex construction in which no two components are order-isomorphic:

P (w, z) =
∏
k≥1

(
1 +

wzk

k!

)ck
;

3. Multiset construction: (i) total number of components,

P (w, z) = exp

∑
k≥1

wk

k
C(zk)

 (ζ < 1);

(ii) number of distinct components,

P (w, z) =
∏
k≥1

(
1 +

wzk

1− zk

)ck
(ζ < 1);

4. Set construction:

P (w, z) = exp

∑
k≥1

(−1)k−1

k
wk C(zk)

 (ζ < 1).

In the last two cases, the radius of convergence ζ of C is supposed to satisfy ζ < 1.

A result parallel to Theorem 3 can be derived by replacing a log n with a log log n. This will have

important applications to some additive arithmetical functions, cf. [26].

4.2 Algebraico-logarithmic scheme

Next, let us consider generating functions of the form

P (w, z) =
∑

n,m≥0

pnmw
mzn =

1
(1− wG(z))α

(
log

1
1− wG(z)

)β
(G(0) = 0),

13



where β ∈ N, α ≥ 0, and α+ β > 0. Define a random variable Ωn by its moment generating function

Mn(s) =
∑
m≥0

Pr{Ωn = m} ems =
[zn]P (es, z)
[zn]P (1, z)

. (29)

Definition. (1-regular function [16]) A generating function G(z) 6≡ zq (q = 0, 1, 2, . . .) analytic at

z = 0 is called 1-regular if (i) its Taylor expansion at z = 0 involves only non-negative coefficients; (ii)

there exists a positive number ρ′ < ρ, ρ being the radius of convergence of G(z), such that G(ρ′) = 1.

Assume that G(z) is 1-regular and, without loss of generality, that G(z) is aperiodic, i.e., G(z) 6≡

ze
∑
n≥0 cnz

nd for some integers e and d ≥ 2.

Let ρ(w) be the smallest positive real solution of the equation 1 = wG(z) for w ∼ 1 and ρ = ρ(1).

Then we showed in [20], by singularity analysis, that the formula

Mn(s) =
(
esρ(es)G′(ρ(es))

ρG′(ρ)

)−α ρ(es)−n

ρ−n
(1 + εα,β(n)) , (30)

holds, where

εα,β(n) =

{
O
(
n−1

)
, if (α > 0 & β = 0) or (α = 0 & β = 1);

O
(
(log n)−1

)
, if (α = 0 & β ≥ 2) or (α > 0 & β > 0),

uniformly for small |s|. Define two constants

α1 =
1

ρG′(ρ)
, and α2 =

1
ρ2G′(ρ)2

+
G′′(ρ)
ρG′(ρ)3

− 1
ρG′(ρ)

.

We state without proof the following simple lemma.

Lemma 1 For any function a(z) satisfying a(0) = 0, the coefficient

[zn]
(

1
1− wa(z)

)α (
log

1
1− wa(z)

)k
(α ∈ R, k = 0, 1, 2, . . .),

formally defines a polynomial in w of degree at most n, for n ≥ `k, where ` is the least integer satisfying

a(`)(0) 6= 0.

From this lemma, we infer, by partial summation, that α1 = ρ−1G′(ρ)−1 < 1 for any generating

function G(z) satisfying G(0) = 0. Obviously, G′(ρ) 6= 0.

From (30) and Theorem 1, we readily obtain

Theorem 4 Let Fn(x) = Pr{Ωn < α1n+ x
√
α2 n}. Then for x > 0, xεα,β(n) = o(1), we have

1− Fn(x)
1− Φ(x)

= enQ(ξ) (1 +O (xεα,β(n))) ,

and
Fn(−x)
Φ(−x)

= enQ(−ξ) (1 +O (xεα,β(n))) ,

14



where ξ = x(α2n)−
1
2 and Q(ξ) =

∑
m≥3 qmξ

m whose coefficients qm are given by

qm =
−1
m

[sm−2]
ρ′2(es)e2s − ρ(es)ρ′(es)es − ρ(es)ρ′′(es)e2s

ρ2(es)

(
−ρ2ρ′(es)ρ−1(es)es + ρρ′(1)
s(ρ′2(1)− ρρ′(1)− ρρ′′(1))

)−m
,

for m = 3, 4, . . ..

Remark. The expression above for qm is written in terms of ρ(es) and its derivatives; we can also

express it in terms of ρ(1) and the derivatives of G(z). The following recursive formula is useful for

this purpose (cf. [33, p. 135])

ρ(m)(y) =
(−1)mm!

G′(ρ(y))ym+1
− m!
G′(ρ(y))

∑
G(`)(ρ(y))

∏
1≤j≤m−1

1
kj !

(
1
j!
ρ(j)(y)

)kj
,

for m = 1, 2, . . ., where the sum extends over all non-negative integers (k1, k2, . . . , km−1) such that

k1 + 2k2 + · · ·+ (m− 1)km−1 = m; k1 + k2 + · · ·+ km−1 = `.

For example,

q3 =
3ρρ2

1 + 3ρρ1ρ2 − 3ρ2ρ2 − ρ2ρ1 − ρ2ρ3 − 2ρ3
1

6ρ3

=
−3ρG3

1 + 3ρG1G2 + ρ2G4
1 − 3ρ2G2

1G2 − ρ2G3G1 + 3ρ2G2
2 + 2G2

1

6ρ3G5
1

where we put ρ = ρ(1) and ρj = ρ(j)(1) and Gj = G(j)(ρ) for j = 1, 2, 3.

5 Examples

Let us indicate some typical examples.

Example 1. Sums of independent random variables. Let X1, X2, . . . , Xn, . . . be a sequence of in-

dependent random variables with a common discrete distribution. Suppose that the moment gen-

erating function M(s) of Xn is analytic at 0. Then there exists an ε > 0 such that logM(s) 6= 0

for |s| ≤ ε, since M(0) = 1. In this case, Theorem 1 reduces to Cramér’s theorem [7], since

Mn(s) := E es(X1+X2+···+Xn) = Mn(s). For other generalizations, cf. [33, Ch. VIII] [35]. An in-

teresting special case is when M(s) = (1 − p) + pes (0 < p < 1), namely, X1 is a Bernoulli random

variable. Then we have in this case u(s) = log(1− p+ pes) and

qm := −p(1− p)
m

[sm−2]
essm(1− p+ pes)m−2

(es − 1)m

= −p(1− p)
m

· 1
2πi

∮
|s|=r

ess(1− p+ pes)m−2

(es − 1)m
ds (0 < r < 2π),

which, by the change variable w = (es − 1)/(1− p+ pes), becomes

qm = −p(1− p)
m

· 1
2πi

∮
|w|=r′

w−m log
1 + w(1− p)

1− wp
dw (0 < r′ < min{p−1, (1− p)−1})

=
p(1− p)
m(m− 1)

(
pm−1 − (p− 1)m−1

)
(m = 3, 4, 5, . . .),

15



cf. [22].

Example 2. Exp-log scheme. The number of cycles in permutations in which no two cycles are

order-isomorphic has the bivariate generating function [15]:

P (z, w) =
∏
n≥1

(
1 +

wzn

n!

)(n−1)!

= exp
(
w log

1
1− z

− S(z, w)
)

(|z| < 1),

where w marks the number of cycles and

S(z, w) =
∑
k≥2

(−w)k

k

∑
n≥1

zkn

n (n!)k−1

is an entire function of z for any finite w. Theorem 3 applies with a = 1.

We list some examples belonging to the same class the description of which can be found in the

cited reference. Many other examples to which Theorem 3 applies can be found in [36, §6.2.6.3] [24]

[18, Ch. 5].

1. The number of connected components in a random mapping, a = 1
2 [15];

2. The number of monic irreducible factors in a random monic polynomial of Fq[z], a finite field

with q elements, a = 1 [15];

3. The number of connected components in a random mapping pattern, a = 1
2 [15];

4. The number of successful (or un-successful) searches in a random binary search tree [29, §2.4

and 2.5], a = 2;

5. The depth of a random node in a random increasing tree in a polynomial variety of degree d,

d ≥ 2, a = d/(d− 1) [2];

6. “Prime-divisor” functions in (additive) arithmetical semigroups under Axiom A# [24].

Example 3. Algebraico-logarithmic scheme. Let G(z) be the generating function of a subset of

positive integers. If G(z) is aperiodic and not of the form c · zq, q = 1, 2, 3, . . ., then we can apply

Theorem 4 to the bivariate generating functions for integer compositions and cyclic compositions:

1
1− wG(z)

and
∑
k≥1

ϕ(k)
k

log
1

1− wkG(zk)
,

since all such G(z) are 1-regular; where ϕ(n) denotes Euler’s totient function, namely, the number

of integers ≥ 1 and ≤ n relative prime to n. For example, if G(z) = z/(1 − z), we obtain u(s) =

− log(2/(es + 1)) and so

Q(ξ) =
∑
k≥3

qk ξ
k = −

∑
k≥2

1
2k(2k − 1)

(
x√
n

)2k

(ξ := 2x/
√
n).
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Since, by (8), we have

qk =
−1
k

[wk−2]
ew

(ew + 1)2

wk(ew + 1)k

wk−12k(ew − 1)k

=
−1
k2k+2

[zk−1] log
(

1 + z

1− z

)
=

{
0, k = 3, 5, 7, . . . ;
−(k(k − 1)2k+1)−1, k = 4, 6, 8, . . . .

This example is interesting since the zone of normal convergence contains the interval 0 ≤ x ≤ X(n),

where X(n) = o(n
1
3 ).

Other examples include:

1. the number of blocks in a random ordered set-partition and cyclic set-partition [16, 17]:

1
1− w(ez − 1)

and log
1

1− w(ez − 1)
;

2. the number of connected components (or cycles) in a random alignment [14, §2.3] and its cyclic

counterpart:
1

1 + w log(1− z)
and log

1
1 + w log(1− z)

;

3. other “ordered” and “cyclic” structures of partitional complex constructions in exp-log class,

like random mappings, 2-regular graphs, children’s yards, etc. [15];

4. nodes of given out-degree in a random increasing tree in the polynomial variety [2];

5. nodes of given out-degree in a random tree in the simply generated family of trees [30, 31];

6. “factorisatio numerorum” in (additive) arithmetical semigroups under Axiom A# [23];

7. branching compositions of integers introduced in [18, Ch. 8].

Example 4. Arithmetical functions. Let fn,k denote the number of factorizations of n into k integer

factors greater than 1, n ≥ 2, k ≥ 1, where the multiplicity of each factor is counted. Define f1,k = δ0,k,

where δa,b is Kronecker’s symbol. Consider the Dirichlet series:

P (w, s) := 1 +
∑
n≥2

n−s
∑
m≥1

fn,mw
m,

where w marks the number of integral factors. It is easily shown that P satisfies

P (w, s) =
∏
n≥2

(
1− w

ns

)−1

(<s > 1, |w| < 2).

Define a polynomial Pn(w) :=
∑

1≤k≤n[k−s]P (w, s). From which we can associate a random variable

ξn with distribution:

Pr{ξn = m} =
[wm]Pn(w)
Pn(1)

,
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ξn being the number of integral factors (> 1) of a randomly chosen factorization among those of

{1, 2, . . . , n}, each being assigned with the same probability. We show in [18, Ch. 10] that

Pn(w) =
w

1
4n e2

√
w logn

2
√
π(log n)3/4

(
Γ(2− w) +O

(
(log n)−

1
2

))
,

the error term being uniform with respect to |w| ≤ 2− ε, | argw| ≤ π − δ, ε, δ > 0. Thus we obtain

Mn(z) := E eξnz = e2
√

logn (ez/2−1)+z/4
(
Γ(2− ez) +O

(
(log n)−

1
2

))
,

uniformly for |z| small. Writing Fn(x) = Pr{ξn <
√

log n+x 4

√
1
4 log n}, Theorem 1 gives, for example,

1− Fn(x)
1− Φ(x)

= exp
(
−2
√

log nΛ(y/2)
)(

1 +O

(
x

4
√

log n

))
,

for all x > 0, x = o( 4
√

log n), where Λ is as in Theorem 2.

For many other examples, cf. [18, Chs. 9,10 ] [8, 26].

Example 5. Meromorphic functions. The Eulerian numbers A(n, k) are defined by the generating

function

P (z, w) =
∑
n,k≥0

A(n, k)wk
zn

n!
=

w(1− w)
e(w−1)z − w

,

and they enumerate the number of permutations of size n having k rises. Let Ωn denote the number

of rises in a random permutation of size n, where each permutation of size n has probability 1/n!.

Then E Ωn = 1
2(n+ 1) and Var Ωn = 1

12(n+ 1) for n ≥ 2. And Mn(s) = E eΩns = [zn]P (z, es) can be

expressed in the form

Mn(s) =
(
es − 1
s

)n+1

+
∑
k 6=0

(es − 1)n+1

(s+ 2kπi)n+1
(n ≥ 1, |s| < 2π),

by standard techniques for expanding meromorphic functions. When n gets large, the sum on the right-

hand side gives only exponentially smaller terms. Theorem 1 applies with u(s) = − log(s/(es − 1))

and φ(n) = n+ 1. Local limit theorems for Ωn can be found in [1].

Another example of the same class is the level number sequence of Flajolet and Prodinger [13].

There they consider the number hn of level number sequences for binary trees which is equivalent to

the cardinality of the set Hn =
⋃
kHnk, where

Hnk = {(n1, n2, . . . , nk) : n1 = 1; 1 ≤ nj ≤ 2nj−1 (2 ≤ j ≤ k);n1 + n2 + · · ·+ nk = n}.

k is called the height of the level number sequence. We can consider the distribution of the height.

Let hnk = #Hnk with generating function P (w, z) =
∑
n,k hnkz

nwk. Then similar derivations as in

[13] lead to P (w, z) = a(w, z)/(1− b(w, z)), where

a(w, z) =
∑
k≥1

(−1)k+1z2k+1−k−2

(1− z)(1− z3)(1− z7) · · · (1− z2k−1−1)
wk,

18



and

b(w, z) =
∑
k≥1

(−1)k+1z2k+1−k−2

(1− z)(1− z3)(1− z7) · · · (1− z2k−1)
wk,

the two functions being analytic for |z| < 1 and all w. Following similar arguments used in [13], it is

not hard to show that our Theorem 1 is applicable to
∑
k hnke

ks/
∑
k hnk. In particular, the height of

a random level number sequence is asymptotically normally distributed.

Example 6. Orthogonal polynomials. Many interesting combinatorial interpretations have been

proposed for classical orthogonal polynomials. For example, the number of fixed points (cycles of

length 1), marked by w, in the involutions is enumerated by

exp

(
wz +

z2

2

)
=
∑
n≥0

hn(w)
n!

zn,

where the hn(w) are Hermite polynomials. The asymptotic behaviour of hn(w) is well-known [38, p.

200]:

hn(w) = 2−1/2 nn/2 e−n/2+
√
n+1w−w2/4

(
1 +O

(
1√
n

))
(n→∞),

uniformly for all finite w. Defining Ωn as the number of fixed points in a random involution of size n,

where each involution of size n has the same probability, we obtain

Mn(s) = E eΩns = e
√
n+1 (es−1)− 1

4
(e2s−1)

(
1 +O

(
1√
n

))
,

uniformly for small |s|. Theorem 2 applies with φ(n) =
√
n+ 1. Note that Ωn is of maximal span 2

for n ≥ 2.

In this way, we can study distributional aspects of the coefficients of classical polynomials (not

necessarily orthogonal), like Laguerre, Gegenbauer (which includes Chebyshev and Legendre), Char-

lier, Meixner (first kind), Lerch, and Humbert polynomials, cf. [38]. Our theorems apply to all these

polynomials which also appear in the combinatorial study of histories of a number of data structures:

stacks, priority queues, dictionaries, etc., [11]. In the other direction, probabilistic methods have been

used to derive classical asymptotic expansions of certain orthogonal polynomials, cf. [28].

6 Concluding remarks

We have hitherto applied our Theorem 1 to discrete random variables. It might be possible that it

finds application in other fields.

It seems of some interest to replace the error terms in (5) and (6) by asymptotic expansions under

suitable conditions.

Local limit theorems for large deviations applicable to combinatorial distributions are treated in

[21].

19



Acknowledgements

The author would like to express his gratitude to Jean-Marc Steyaert whose critical reading leads to

an improvement of the style and the presentation. He also thanks the referees for their careful reading

and Philippe Flajolet and Brigitte Vallée for pointing out an error in the original manuscript.

References

[1] E. A. Bender. Central and local limit theorems applied to asymptotic enumeration, Journal of

Combinatorial Theory, Series A, 15, 91–111 (1973).

[2] F. Bergeron, P. Flajolet, and B. Salvy, Varieties of increasing trees, in Proceedings CAAP ’92,

Lecture Notes in Computer Science, 581, Springer-Verlag, New York, NY, pp. 24–48, 1992.

[3] J. A. Bucklew, Large Deviation Techniques in Decision, Simulation, and Estimation, John Wiley

and Sons, Inc., New York, 1990.

[4] E. R. Canfield, Central and local limit theorems for the coefficients of polynomials of binomial

type, Journal of Combinatorial Theory, Series A, 23, 275–290 (1977).

[5] E. R. Canfield, Application of the Berry-Esseen inequality to combinatorial estimates, Journal

of Combinatorial Theory, Series A, 28, 17–25 (1980).

[6] H. Chernoff, A measure of asymptotic efficiency for tests of a hypothesis based on the sums of

observations, Annals of Mathematical Statistics, 23, 493–507 (1952).
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[38] G. Szegö, Orthogonal Polynomials, volume XXIII of American Mathematical Society Colloquium

Publications, AMS, Providence, Rhode-Island, forth edition, 1977.

[39] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, An Introduction to the General

Theory of Infinite Process and of Analytic Functions; with an Account of the Principal Transcendental

Functions, Fourth edition, Cambridge University Press, Cambridge, 1927.

22



Permanent address:

Hsien-Kuei Hwang

Institute of Statistical Science

Academia Sinica

Taipei 11529

Taiwan

e-mail: hkhwang@stat.sinica.edu.tw

23


