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Abstract

We prove a general central limit theorem for probabilities of large deviations for sequences of
random variables satisfying certain natural analytic conditions. This theorem has wide applications
to combinatorial structures and to the distribution of additive arithmetical functions. The method
of proof is an extension of Kubilius’ version of Cramér’s classical method based on analytic moment

generating functions. We thus generalize Cramér’s and Kubilius’ theorems on large deviations.
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1 Introduction

Given a sequence of random variables {2, },>1 with means y,, and variances o2 if o, — 00, asn — 00,

then probabilities of the forms
Pr{Q, — pn > zpon} and Pr{Q, — pu, < —x,0,}

when z,, — oo (n — o0) are called probabilities of large deviations of the random variable €2,,. Defining
the (centered and normalized) random variable QF = (Q, — p,)/on, we consider its distribution

function F,,(x). If F,,(x) has a Gaussian limit, i.e.

F,(x) — &(x), (1)
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where (here and throughout this paper)

then we have

1—F,(x) n
— 1 d 1 2
whenever z = O(1). If (1) holds in the interval 0 < z < X(n), where X (n) — oo, we call, as in [33,

§VIIL.1], the interval a zone of normal convergence. Note that, from the relation (1), we merely have

lim lim F,(z) = 1

T— 00 N—00

lim lim F,(z) = 0.

Tr——00 N—00

It is well-known that the analytic properties of a characteristic function are connected to the rate
of decrease of the tails of the distribution function F'(x), i.e., the functions 1 — F(z) and F(—z), as
x — o0. To be more precise, we consider two frequent cases. If [ |z|¥ dF () < oo, k being a positive
integer and F' being a distribution function, then an argument similar to the proof of Chebyshev’s

inequality leads to
1-F(z)=0(z%), and F(—z)=0(z"") (x — 00).

In other words, if the k™ absolute moment of the random variable X exists, where X is distributed
according to F, then the tail probabilities of X decay polynomially like 2% as x increases or decreases

without bound. On the other hand, if
oo
/ e** dF (r) < oo, for some s > 0, (3)
—00
then similar argument leads to, cf. [27, Ch. 7],
1—F(z)=0(e*"), and F(—z)=0(e*") (x — o0),

the condition (3) being not only sufficient but also necessary [27, Ch. 7]. Thus in this case the tails of
F(x) decay exponentially as the parameter = tends to +00. These two standard facts, well-known in
integral transforms, depict the general relationship between the tail probabilities of a random variable
and the analytic properties of its integral transforms (or generating functions).

It should be pointed out that these two crude estimates, often useful in applications due to their
generality, are not very precise. More results of similar nature can be found in [33, §I11.4].

This paper is concerned with Cramér-type large deviations in which the dependence of the rate

that * — +o0o on another large parameter n is explicitly specified by asymptotic expressions. Our



object is to derive a general central limit theorem of this sort which applies to both combinatorial and
number-theoretic problems. This versatility is due to the fact that we principally work at the level of
moment generating functions, the source of which being not specified.

Before we enter into details, let us briefly mention some relevant results in the probability litera-
ture. Cramér, in his pioneering paper [7], first establishes general theorems for probabilities of large
deviations in the case of sums of independent and identically distributed random variables. His power-
ful analytic method which is then widely used consists of two major steps: the technique of associated
distribution [10] (whose effect being to “shift” the mean) and the implicit use of the saddle-point
method, see the next section for more details. His results together with his method have since been
generalized in many directions by many authors, for detailed information, applications, and references,

consult the monographs [33, 35, 3, 37, 25].
1.1 Main result

Let {Q,}n be a sequence of random variables with distribution functions Wy, (z). A number of such
sequences related to combinatorial structures and arithmetical functions have moment generating
functions satisfying the same algebraic and analytic schemes. This fact allows then a systematic
treatment for their limiting properties and we first state the general conditions under which we are
developing our arguments [20, 19]. Let us assume that the moment generating functions M, (s) of 2,

satisfy, as n — oo,
My (s) = E s — / VAW (y) = eP(n)u(s)+v(s) (1 +0 (ﬁ;1)> ’ (4)
uniformly for |s| < p, s € C, p > 0, where

1. {¢(n)} is a sequence of positive numbers such that ¢(n) — oo as n — oo;

2. u(s) and v(s) are functions of s independent of n and are analytic for |s| < p; furthermore
u”(0) # 0;
3. Ky — 0.
Let us introduce the following notation:
Uy == 1™ (0), (m=1,2,3,...),
o= ), 0% = uge(n),

and

Fo(x) := Wy(pn + xop) = Plr{M <z} (x € R).

On

The symbol [2"]f(z) denotes the coefficient of z™ in the Taylor expansion of f(z), n € N. Then we

have



Theorem 1 (Central limit theorem for large deviations) For xz > 0, x = o(min{k,, \/¢(n)}),

we have

1—Fo(x)  4m x x —
Tjgay_a%ww(1+o<gr+—&a)) (€ = 1)on), 5)

and

Fn(=2) _ o T
e O\ Vam) ) o
where Q(&) = Q(&;u) depends only on u(s) and is defined by

Q) = Y qm&™
m>3
2 3
_ o u3 3 i U3 g i _ 10uguy  1dug\ 5
- 65+24<“4 u2>€+120<u5 w T )6 T
1 10u?  15ugus  105udug  105u3\ 4
. _ _ _ 7
+720 <U6 U Us + U% u% 6 + ) ( )
the series being convergent for small |£| with
—L o (u/(w)—ul)m
_ -1 uwlw) —wm —3,4,5,...). 8
i = " () (L (m=3.45..) 0

Obviously, Theorem 1 generalizes Cramér’s classical results [7] on large deviations for sums of
independent, identically distributed random variables, cf. §5.

We shall prove Theorem 1 in the next section. Many immediate consequences of this result will
be given in section 3. We then apply formulae (5) and (6) to the combinatorial distributions studied
by Flajolet and Soria [15, 16] in section 4. Finally, we shall briefly discuss some examples from many
different applications.

Throughout this paper, all generating functions (ordinary, exponential, probability, characteristic
function, moment,...) will denote functions analytic at 0 with non-negative coefficients. All limits,

(including O, o and ~), whenever unspecified, will be taken to be n — 0.

2 The Proof of Theorem 1

In this section, we prove Theorem 1. Conceptually, the proof utilizes Cramér’s method [7] which
consists in two main steps (cf. [10]): the technique of associated distributions and (implicitly) the
saddle-point method. Actually, we shall follow Kubilius’ method [26, Ch. IX] which is more suitable
for our purposes. We thus generalize his statements.

Proof of Theorem 1. Let us fix for the moment a small number s, s € R, —p < s < p. Recall that W,

is the distribution function of €2,. Define the auxiliary function

M) i= M (s) [ eraw(w)
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Since —p < s < p, M, (w) is well-defined for any fixed w and it is easily seen to satisfy the common
properties of a distribution function. It follows that
Vo
Wh(y) = Mn(s)/ e *dM, (w);
—0o0
and
oo —~
L= Waly) = Ma(s) [ Vb, (w). ©)
y
We then consider

W (5)d(n) _
W (s)b(n)) = M(s) / =5 d D, (w)

— 00

= My (s)em O [ TSR, (4 (5)o(n) + wnfu ()

—00

(10)
and

1— W/ (s)$(n)) = My(s)e™= ()2 /0

- e’swmdﬂn (u’(s)qS(n) + wW) )
(1)

In writing the two formulae above, we need that u”(s) > 0. To see this, let L, (s) = log M,,(s), where

the principal value of the logarithm is taken so that L,(0) = 0. Now M,(s) > 0 for —p < s < p,

hence,
. M ()M, (s) — M (s 1 . 2 M (s)\?
L = M S (Mn<s> Mo+ (50) Mn<s>)
_ 1 e My (s)\? e
= M09 /,oo (y Mn(s)> e dWaly) >0,

for —p < s < p. As L,(s) ~ u(s)¢p(n), the assertion follows. In other words, the function L,(s) is
convex.

To arrive at results (5) and (6), we decompose the derivations into three main steps:
1. We prove that
i, <u’(s)¢(n) + w,/u"(s)gb(n)) — 9(w)+ 0 (w7 + 6(n)7), (12)
uniformly for any fixed w, by Esseen’s inequality [9, p. 32][33, p. 109].

2. We then derive an asymptotic formula for the leading factor M, (s)e~** ($)¢(") on the right-hand

side of (10) and (11), by choosing s = z as the unique solution of the equation

u'(2)p(n) = wp(n) + x/uzd(n)  (z# 0,2 =o(y/d(n))). (13)



3. We evaluate the integrals on the right-hand side of (10) and (11) with the approximations (12)
and (13).

Let us start with the proof of (12). The characteristic function of the distribution function M, (u(s)p(n)+
wy/u"(s)p(n)) satisfies

) = [ etvani, (u ) + w\/m)

u'(s)p(n) . _ it
= exp <—\/% zt) M, l(s)Mn <s + u”(s)qS(n)) .
Now, by assumption, M, (0) = 1 and M,(s) is analytic in a neighbourhood of the origin, we can
write log M,,(s) = u(s)p(n) + v(s) + e,(s), for s small enough. Here £,(s) satisfies £,(0) = 0 and
en(2) = O (|z|k; 1), 2 ~ 0. Thus, we have, by (4) and Taylor’s expansion,

2 3
log An(t) = t2 1O (Ltl |t] :;(ZV) ) (It| < To),

where T, = c1/u"(s)é(n), ¢ > 0 being a sufficiently small constant. Consequently, there exist two

constants C1,Cy > 0 such that

£ Gl Calle + 1)
|An<t>\Sexp(—§ . o

We now apply Esseen’s inequality [9, 33] to establish (12). Thus the estimate of the difference of two

) (It] < Tn).

distribution functions is reduced to the corresponding problem for associated characteristic functions.

It is sufficient to show that

Tn
oo [Pt
-T,
Using the inequality |e® — 1| < |wl|e!®!, we obtain

Cult] | Co(lt] + 1t]*) 2 Cilt] | Ca(]t] + |t?)
- <nn ot )eXp (‘5* ) )

_ of(H |t\+tr3> ) .
of (Mt (n — o0).

for ¢; sufficiently small. Hence

Ant) = €2

T, ¢(n) J-r,

T, T,
dt = O(m;l/ e a4 / (1+t2)e—it2dt>

Consider now equation (13) which can be written as

x u(2) —w

u2¢(n) a u2




As u”(z) > 0 for z near 0 (z real), the right-hand side increases with z and thus has a unique positive
solution when = > 0, x = o(\/¢(n)), and a unique negative solution when z < 0, x = o(y/¢(n)). When

x = 0, the solution z is obviously 0. By Lagrange’s inversion formula [39, §7.32], we obtain

U3 1 {us 3u? 1 (us 10usus  15u3
S i R e SEe J B

the series being convergent for small ||, where

(= — "] (w)m (15)

m UW

From now on, s = z will denote this function of £&. This choice of s does not violate any result

established till now. Note that s and £ have the same sign.

Now
log My(s) ~ su/(s)o(n) = u()o(n) +v(s) — su/(5)6(n) + O )
= (uls) — su/(s))$(n) + O(s + i)

since v(0) = 0 and v(s) = O(s). Again, by Lagrange’s inversion formula [39], we expand the function
u(s) — su/(s) in powers of &:

72

— su'(s :—% 2 m=—
ls) = ou(5) = G+ X an€™ =~ 05+ Q) (16)

where g, is given by

n = — ™ 2 w) (

m

v (w) —u "
vl (m=3,4,5,...).
U2wW

It follows that with this choice of s

My, ()6 ()900) _ ~3a*+o(m)Q(6) <1+0< v M—l)) (17)
o))

as 1n — OoQ.

To estimate the asymptotic behaviour of the integral

1) = [~ e VORI, (w/(s)(n) + /' (5)0(m)).

we write, by (12), M,, (u’(s)qf)(n) + w\/u”(s)gb(n)) = ®(w)+Ry,(w), where R, (w) = O (fsgl + Qﬁ(n)_%)
uniformly with respect to w. The integral I(n) is then decomposed into two parts: I(n) = I + Is,

where
I —sw u”(s)qﬁ(n)—%w2 d’UJ,

1 o0
= — e
\/27r/0



and

]2:/ eV M AR, (w).
0

Since the estimate R, (w) = O (n; Ly ¢(n)_%) is uniformly valid whenever w is O(1), we can choose
a constant K > 0 such that R, (w) satisfies the above estimate for |w| < K and R,(w) < 1, say, for

|lw| > K, as n — oo. The integral Is then equals, by integration by parts, to

_ [ % o sw /i (5)p(n)
I, R, (0) + sy/u (s)gb(n)/o e R, (w) dw
_ okt N of (1. YV (K —sovimm 4 F % —sw (80 g
= (mn + ¢(n) )+ +li—n /0 e w + gb(n)/Ke w
= O(m' +o(n)2), (18)
since s\/u”(s)¢p(n) > 0. As a matter of fact, we have

s\/u"(s)p(n) = \/uap(n) <S + ;—382 +-- >

U2

uz¢(n) ({ + 0(53)) =z+0 (;—3> ) (19)

Note that the power ¢2 was cancelled. On the other hand,
e3s?u(5)$(n) oo )
L = ———— e~ 3 (wts\/u'(s)6(n)* 7.,
V2T 0

_ )0 (1 _ cp(s\/m)) .

Let

U(y) := e3%dt  (yeR),

so that I1 = U(sy/u"(s)p(n)). Since |V’ (y)| = |y¥(y) — (27?)7%| <y 2fory>0and
1 1 1
S <Py < - y > 0),
, S >0

we obtain, for x > 0 and any € = o(z) (e > 0),

\I/(:I:+€):\I'(a:)+%e:\1'(a:) <1+0<

).

for some positive constant ca < 1. When z = o(\/¢(n)), 23¢(n)~! = o(z), hence by (19) and (20), we

I = e2® (1 — ®(x)) (1 +0 (;—;» . (21)

Using (18) and (21), I(n) can be written in the form

8o

get

1.2 l’z _ _1
I(n) = e2%(1—®&(x)) <1+0 (W)) +o(mn1 + ¢(n) 2)
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since e_%“32(1 — ®(z)) = O (z7'). Formula (5) follows from (11)(17) and (22). Formula (6) can be
established in an entirely analogous manner. a
Remark. From (9), it follows that

oo .

Pr{Q, >y} = Mn(s)/ e dM,(w) < M, (s)e™ Y%,

y
for y > EQ,, where s is chosen to satisfy the equation (13) or the saddle-point of the right side.
This estimate is often referred as Chernoff’s bound [6], see also [34]. We remark that this technique
frequently proves useful in different contexts under different names: for power series, this is known as

the saddle-point estimate; and for Dirichlet series, this is known as Rankin’s technique. All these can

be formulated in the form of Laplace-Stieltjes transform [32].

3 Some corollaries of Theorem 1

From the results established in the previous section, namely, formulae (5) and (6), we can deduce

some interesting corollaries as in [7, Thms 2-4][33, pp. 228-230]. For convenience, we may suppose

that x; 1 = O (¢(n) 7).

Corollary 1 Forz >0 and x = O(qb(n)%), we have

1—Fu(z) ox uzx> x " — o0
) p@@“ am>+0< am) ook %)

and

Fo(—z) exn [ uzx® x " oo
i~ om0 (Gm) oo (%>

Hence, when = = c;;qb(n)% (cs > 0), the two ratios on the left-hand side of (23) and (24) tend to a
finite limit as n — oo. When z = o(qﬁ(n)%), the two limits are both 1 which means that the zone of

normal convergence contains at least the range 0 < z < X(n), where X(n) = 0(¢(n)%). In the case

ug = ug = --- = up = 0, the zone of normal convergence of €),, is even larger, as the following result
states.

k
Corollary 2 Ifus = wg = -+ = up, = 0 (k = 3,4,...), then for x > 0, x = o(¢(n)2¢+2), the

asymptotic equivalents
1—Fy(x) ~1—®(x) and F,(—z)~ &(—x).

hold.



Now using the inequality

1-®(x)=0(—2z) <
we can write Corollary 1 as follows.

Corollary 3 Forz >0 and x = O((b(n)%), we have

us > 67%952
= Fule) = = w0 (o)

and

3 —1g?
Fi(=2) = 9(—a) ex __ﬂi_J 0<62>.
(==) (Fo)e p< 6u§/2 o(n) " o(n)
More generally,

k
Corollary 4 For x >0 and z = O(¢(n)2+2), k= 3,4,...,

a__iq:b((;)) = exp (gb(n)Q[k] (5)) (1 +0 ( (;U(n)>

and
i — P (p0QN0) (140 o

where Q&) =k o g™, k=3,4,5,....

It is worthwhile to note that the preceding corollaries show that the asymptotic equivalence of 1—F,, ()
and 1 — ®(z) holds only when = = o(gb(n)ﬁ), where k is the smallest integer such that ugy; # 0.
Since for x outside this range and an o(\/¢(n)) error term, the right-hand sides of (5) and (6) can
tend to any limit between 1 and oo.

With some simple computations, we obtain

Corollary 5 If x — 0o and x = o(y/¢(n)), then

Fo(z + ¢/x) — Fo() Oz + c/z) — O(x)

li = i =1—-¢e°
for ¢ > 0.
Define the real function A of y, y > —1, by
2 k
Y (="
(y) = (L +y)log(l+y) —y— = k§>3k(k_1)y,

the latter equality being true only for —1 < y < 1. The following theorem is very useful for many

applications.
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Theorem 2 Let u(s) = e*—1 in Theorem 1 and k' = O ((b(n)_%) Then, for x > 0, . = o(\/¢(n)),

we have

and

Fn(_x)—ex —b(n __r _r
(w) p( i ”( ¢<n>>><”0< ¢<n>>>'

Proof. From Theorem 1, it suffices to evaluate the coefficients g of A(§) = Q(§):

-1 w_1\7k
qk = - [wF=2] e (e ” >
-1
= ST / eYw(e? — 1) % dw (0< 6 <2m)
lw|=6
vy —1 log(1 + 2)
z=e"—1 !
d 0<d <1
= 2kmi / 2k : (0<a<1)
|z|=6"
(1!
= k=3,4
k(k _ 1) ( Y Y )
This completes the proof. O
Remark. Let X1, Xs,---,X,,... be a sequence of independent random variables with a common

Poisson(7) distribution, 7 > 0. Then the moment generating function of the sum X; + Xo +--- + X,

equals E es(X1+Xot+4Xn) — or(e*=1)n Theorem 2 applies.

4 Analytic combinatorial schemes of Flajolet and Soria

It is well-recognized, since the original work of Bender [1], that the statistical properties (moments,
limit distribution, local behaviour, etc.) of parameters in a large class of combinatorial structures
are well reflected by the (dominant) singularity type of the associated generating functions, see [4, 5,
15, 16, 17]. The classification according to the latter leads to the study of (analytic) combinatorial
schemes on which important progress has recently been made by Flajolet and Soria [15, 16]. In their
papers, only results concerning convergence in distribution to the normal laws were discussed. We
have refined their results in [20, 19] by expliciting the convergence rates and the asymptotic expansions
in both central and local limit theorems.

In this section, we shall apply Theorems 1 and 2 to establish central limit theorems for large

deviations for their schemes.

11



4.1 Exp-log scheme

Recall that a generating function C(z) with only non-negative coefficients analytic at 0 is called
logarithmic [15] if there exists a constant a > 0, such that for z ~ (, ¢ > 0 being the radius of

convergence of C|
1
T—2/¢

where the function H(z) is analytic inside a domain of A,

C(z) =alog

+ H(z) (z € A),

A:={z:|z] <(+e€and |arg(z — ()| > d} (e>0,0<5<%),

and satisfies there

N

H(z)=K+0 <log ﬁ) :

as z — (, uniformly in z, where K is some constant. For brevity, we shall say that C(z) is logarithmic

with parameters (¢, a, K).

Now consider generating functions of the form
P(w,z) = Z Prmw™2" = e?CE)Q(w, 2),
n,m>0

where C(z) is logarithmic with parameters (¢, a, K) and Q(w, z) satisfies the two conditions:

1. as a function of z, Q(w, 2) is analytic for |z| < {, namely, it has a larger radius of convergence

than C
2. as a function of w, Q(w, () is analytic for |w| < n, where n > 1.

Roughly, these assumptions imply that for any fixed w, |w| <7, P(w, z) satisfies
Plw.z) = XQuu,0) (1-2) 7 (140 (gt =) G~ Gag G,
¢ 1—2/¢
and P(w, z) is analytically continuable to a A-region. We can then apply the singularity analysis of
Flajolet and Odlyzko [12] to deduce the asymptotic formula

7nnaw71

P (w) = [2"]|P(w,z) = Tlaw)

KU Q(w, ¢) (1 +0 ((log n)_%)) , (25)

the O-term being uniform with respect to w, |w| < 7. For details, see [16].
Since n > 1, P,(1) is well defined. Thus for the moment generating functions M, (s) of the random
variables Q,, defined by M, (s) := E e = P,(e*)/P,(1), we have
(e~ Dalogn € C VT (@)Q(e*,¢)
[(ae®)Q(1, ¢)
uniformly for —logn < Rs < logn and |Js| < 7. Note that logn > 0. The appication of Theorem 2

M,(s) =e¢

(1+0/((logn)~2)), (26)

is straightforward.

12



Theorem 3 Let F,(z) = Pr{Q,, < alogn+ z\/alogn} where the random variables §,, are defined by
(26). Then, for x > 0, x = o(y/logn), we have

%g((;)):exp <—alogn-A<ﬁ>) (1+0<%>>, (27)
and

};"((__33) = exp (—alogn <A (ﬁ)) (1 +0 (%)) . (28)
Proof. Take ¢(n) = alogn in Theorem 2. O

For a given sequence {c, },>1, let us denote its ordinary generating function by C'(2) := 37,51 cn2™;
and its exponential generating function by C’(z) = > ,>1¢n2"/nl. Then it is easily seen that Theo-
rem 3 applies to the following four classes of generating functions issued from standard combinatorial

schemes when C(z) or C(2) is logarithmic with parameter (¢, a, K), cf. [15]:

~

1. Partitional complex construction: P(w, z) = exp(wC(z));

2. Partitional complex construction in which no two components are order-isomorphic:

wzk\*
P(w,z) = H (14—?) ;

k>1

3. Multiset construction: (i) total number of components,

k>1

wh
P(w, z) = exp (Z ?C’(zk)) (C<1);

(74) number of distinct components,

4. Set construction:

—wkC(zk)) ((<1).

In the last two cases, the radius of convergence ( of C' is supposed to satisfy ¢ < 1.
A result parallel to Theorem 3 can be derived by replacing alogn with aloglogn. This will have

important applications to some additive arithmetical functions, cf. [26].

4.2 Algebraico-logarithmic scheme

Next, let us consider generating functions of the form

1 1 s
P.2) = ¥ pue™s" = g (8 g (GO =0)

n,m>0

13



where § € N, a > 0, and o + 8 > 0. Define a random variable {2,, by its moment generating function

[2"]P(e, 2)

P(L7) (29)

Mn<8> = Z Pr{Qn — m} eMmS —

m>0
Definition. (1-regular function [16]) A generating function G(z) # 29 (¢ = 0,1,2,...) analytic at
z = 0 is called I-regular if (7) its Taylor expansion at z = 0 involves only non-negative coefficients; (i7)

there exists a positive number p’ < p, p being the radius of convergence of G(z), such that G(p) = 1.

Assume that G(z) is 1-regular and, without loss of generality, that G(z) is aperiodic, i.e., G(z) #
2% >0 2™ for some integers e and d > 2.

Let p(w) be the smallest positive real solution of the equation 1 = wG(z) for w ~ 1 and p = p(1).
Then we showed in [20], by singularity analysis, that the formula

_(ep(e?)G (p(e®)\ " ple”) "
M"(S)_< pG'(p) ) p"

(1 +¢a,8(n)), (30)

holds, where

(n) = O (n71), if (@a>0&B=0)or (a=0& [=1);
Faf =9 0 ((logn)™Y), if (a=0& B>2)or (a>0& 8> 0),
uniformly for small |s|. Define two constants

1 1 G"(p) 1

oq and a9

~ G (p)’ T 2GR pGE oG )

We state without proof the following simple lemma.

Lemma 1 For any function a(z) satisfying a(0) = 0, the coefficient

(7] <1_:m(z))a <log Hta(z))k (@eRk=0,1,2,..),

formally defines a polynomial in w of degree at most n, forn > £k, where £ is the least integer satisfying

a®(0) # 0.

From this lemma, we infer, by partial summation, that a1 = p~'G’(p)~! < 1 for any generating
function G(z) satisfying G(0) = 0. Obviously, G'(p) # 0.

From (30) and Theorem 1, we readily obtain

Theorem 4 Let F,(z) = Pr{Q, < acun + z\/aan}. Then for x > 0, xey g(n) = o(1), we have

%(;((5)) — Q) (140 (zeqp(n))),
and

Fn(_$> _ nQ(—

o — "Q(=9) (1+ 0 (zeqp(n))),

14



where £ = 1‘(0&2’0)_% and Q(§) = 3,53 qmé™ whose coefficients g, are given by

__1[sm—2] PP (e%)e? — p(e®)p'(e%)e® — p(e*)p" (e*)e? (—pr'(es)pl(es)es + pp’(1)>m ’

= () s(02(1) — /(1) = pp" (1)

form=3,4,....

Remark. The expression above for ¢, is written in terms of p(e®) and its derivatives; we can also
express it in terms of p(1) and the derivatives of G(z). The following recursive formula is useful for

this purpose (cf. [33, p. 135])

m k.
p Yy) = - Py DRI AN )
O =Gt~ aoen = W) 1L 5 G
for m = 1,2,..., where the sum extends over all non-negative integers (k1, k2, ..., km—1) such that

k14 2k + -+ (m — Dkpoy = m; ki+ke+ -+ ko1 =1L

For example,
3pp? + 3pp1p2 — 3p°p2 — p*p1 — pPp3 — 2}
6p°
—3pG3 + 3pG1Ga + p>GY — 3p°G3Go — p2G3Gy + 3p°G3 + 2G2
603G
where we put p = p(1) and p; = pU)(1) and G; = GU)(p) for j = 1,2,3.

q3 =

5 Examples

Let us indicate some typical examples.

Example 1. Sums of independent random wvariables. Let X1, Xa,..., Xy,... be a sequence of in-
dependent random variables with a common discrete distribution. Suppose that the moment gen-
erating function M (s) of X,, is analytic at 0. Then there exists an € > 0 such that log M(s) # 0
for |s| < ¢, since M(0) = 1. In this case, Theorem 1 reduces to Cramér’s theorem [7], since
M, (s) = BEesXitXet+Xn) — Nm(s). For other generalizations, cf. [33, Ch. VIII] [35]. An in-
teresting special case is when M(s) = (1 — p) + pe® (0 < p < 1), namely, X; is a Bernoulli random

variable. Then we have in this case u(s) =log(1 — p + pe®) and

P =p) g e’s™ (1 —ptpe’)
dm = = [S ] s m
m (es—1)
1— 1 sg(1 — s\ym—2
B N PR P
m 275 J|s|=r (es —1)m
which, by the change variable w = (e®* — 1)/(1 — p + pe®), becomes
pl—p) 1 ]{ “my 1+ w(d—p) / ool -1
m = TP 2 log — TPy (1
g o wmies s 0<f <min™ (1= )1

(1_ ) m— m—
_ %(p L_(p—1) 1) (m=3,4,5,...),
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cf. [22].
Example 2. Ezp-log scheme. The number of cycles in permutations in which no two cycles are
order-isomorphic has the bivariate generating function [15]:

ny\ (n—1)!
P(z,w) = H (1 i ) = exp (w log

n>1

s -SEw) (el <D,

where w marks the number of cycles and

(_w)k an
S(z,w) = Z L Z n (nl)k—1

k>2 n>1

is an entire function of z for any finite w. Theorem 3 applies with a = 1.

We list some examples belonging to the same class the description of which can be found in the
cited reference. Many other examples to which Theorem 3 applies can be found in [36, §6.2.6.3] [24]
[18, Ch. 5].

1. The number of connected components in a random mapping, a = % [15];

2. The number of monic irreducible factors in a random monic polynomial of Fy[z], a finite field

with ¢ elements, a = 1 [15];
3. The number of connected components in a random mapping pattern, a = % [15];

4. The number of successful (or un-successful) searches in a random binary search tree [29, §2.4

and 2.5], a = 2;

5. The depth of a random node in a random increasing tree in a polynomial variety of degree d,

d>2,a=d/(d—-1) [2];
6. “Prime-divisor” functions in (additive) arithmetical semigroups under Axiom A% [24].

Example 3. Algebraico-logarithmic scheme. Let G(z) be the generating function of a subset of
positive integers. If G(z) is aperiodic and not of the form c¢- 29, ¢ = 1,2,3,..., then we can apply
Theorem 4 to the bivariate generating functions for integer compositions and cyclic compositions:

o(k)
and Z 3 logl_
E>1

1
1 —wG(2)

wkG(2F)’

since all such G(z) are 1-regular; where ¢(n) denotes Euler’s totient function, namely, the number
of integers > 1 and < n relative prime to n. For example, if G(z) = z/(1 — z), we obtain u(s) =
—log(2/(e® + 1)) and so
1 z \ 2k
Q(&):ZQk5k2—2m<ﬁ> (€ :=2z/v/n).

k>3 k>2
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Since, by (8), we have

-1 2] e? wh (e + 1)k
= — [w
dk L (e + 1)2 wh—12k(ew — 1)k

_ L ok l1+2
= g P 1log (1 - z)

0, k=3,5,7,...;
T —(k(k—-1)2MNH71 kE=4.6,8,....

This example is interesting since the zone of normal convergence contains the interval 0 < z < X (n),
1
where X (n) = o(n3).

Other examples include:

1. the number of blocks in a random ordered set-partition and cyclic set-partition [16, 17]:

1 q 1 1
—————— an og——;
1—w(e*—1) g1—w(ez—1)7

2. the number of connected components (or cycles) in a random alignment [14, §2.3] and its cyclic

counterpart:

1 1
and log ;
1+ wlog(1l — 2) 1+ wlog(1l — 2)

3. other “ordered” and “cyclic” structures of partitional complex constructions in exp-log class,

like random mappings, 2-regular graphs, children’s yards, etc. [15];
4. nodes of given out-degree in a random increasing tree in the polynomial variety [2];
5. nodes of given out-degree in a random tree in the simply generated family of trees [30, 31];
6. “factorisatio numerorum” in (additive) arithmetical semigroups under Axiom A¥ [23];

7. branching compositions of integers introduced in [18, Ch. §].

Example 4. Arithmetical functions. Let f,  denote the number of factorizations of n into k integer
factors greater than 1, n > 2, k > 1, where the multiplicity of each factor is counted. Define f; j, = 0o k.,
where 0, is Kronecker’s symbol. Consider the Dirichlet series:
P(w,s) =1+ Z n_°® Z famw™,
n>2 m>1
where w marks the number of integral factors. It is easily shown that P satisfies
w1
P(w,s) = H (1 - E) (Rs > 1, |w| <2).
n>2
Define a polynomial P, (w) := 321 <<, [k~°] P(w, s). From which we can associate a random variable

&, with distribution:
_ _ [wm] Pa(w)
Pr{gn - m} - Pn(l) ’

17



&, being the number of integral factors (> 1) of a randomly chosen factorization among those of

{1,2,...,n}, each being assigned with the same probability. We show in [18, Ch. 10] that

win e2Vwlogn 1
Palt) = 5 oo (P@=w)+0((logn)~2)),

the error term being uniform with respect to |w| <2 — ¢, |argw| < 7 — 4, €,6 > 0. Thus we obtain
M,(2) := Eefn® = g2Vlogn (/2 —1)+2/4 (F(2 —e*)+0 ((log n)_%)) ;

uniformly for |z| small. Writing F,(z) = Pr{¢, < vlogn+z{/1logn}, Theorem 1 gives, for example,

1—F,(z)
1—®(x)

= exp (—2\/@/\(3//2)) (1 +0 (

for all x > 0, x = o(+/logn), where A is as in Theorem 2.
For many other examples, cf. [18, Chs. 9,10 | [8, 26].

o))

Example 5. Meromorphic functions. The Eulerian numbers A(n, k) are defined by the generating

function
2" w(l—w)

P(z,w) = Z A(n, k)w®

n,k>0

)

T e
and they enumerate the number of permutations of size n having k rises. Let €2, denote the number
of rises in a random permutation of size n, where each permutation of size n has probability 1/n!.
Then EQ, = 1(n+1) and VarQ,, = 5(n+1) for n > 2. And M,(s) = Ee®»® = [z"] P(z,¢e®) can be

expressed in the form

(n>1,]s| < 2m),

es—1 n+1 (65 _ 1)n+1
> iz (s + 2kmi)ntl

by standard techniques for expanding meromorphic functions. When n gets large, the sum on the right-
hand side gives only exponentially smaller terms. Theorem 1 applies with u(s) = —log(s/(e® — 1))
and ¢(n) = n + 1. Local limit theorems for €2,, can be found in [1].

Another example of the same class is the level number sequence of Flajolet and Prodinger [13].
There they consider the number h,, of level number sequences for binary trees which is equivalent to

the cardinality of the set H,, = J;, Hpx, where
an:{(nl,ng,...,nk) T :1;1 §le §2nj_1 (QSJ Sk:);nl—kng—i-”-—i-nk:n}.

k is called the height of the level number sequence. We can consider the distribution of the height.
Let hp, = #Hp with generating function P(w, z) = donk hpez"w®. Then similar derivations as in
[13] lead to P(w,z) = a(w, z)/(1 — b(w, z)), where

_1)k+1 2k+1_f_2
(=1)" 2 wk’

W)= L a7

k>1
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and .
)k 2R k=2
(-1 'z wk’

M) = 2 i

k>1
the two functions being analytic for |2| < 1 and all w. Following similar arguments used in [13], it is
not hard to show that our Theorem 1 is applicable to 3", hpre®*/ 3"k hyi. In particular, the height of
a random level number sequence is asymptotically normally distributed.
Example 6. Orthogonal polynomials. Many interesting combinatorial interpretations have been
proposed for classical orthogonal polynomials. For example, the number of fixed points (cycles of
length 1), marked by w, in the involutions is enumerated by

2
exp <wz n ZQ) _ Z hn(w) Zn’

|
=0 M

where the h, (w) are Hermite polynomials. The asymptotic behaviour of h,(w) is well-known [38, p.
200]:

_9—1/2 _n/2 —n/24+v/n+Tw—w?/4 1))
b (w) =2 n"'“e <1+O<\/ﬁ (n — o00),

uniformly for all finite w. Defining €),, as the number of fixed points in a random involution of size n,
where each involution of size n has the same probability, we obtain

M,(s) = E s = eV/nHI (e =1 =5(e—1) (1 +0 (%)) :
uniformly for small |s|. Theorem 2 applies with ¢(n) = v/n + 1. Note that €, is of maximal span 2
for n > 2.

In this way, we can study distributional aspects of the coefficients of classical polynomials (not
necessarily orthogonal), like Laguerre, Gegenbauer (which includes Chebyshev and Legendre), Char-
lier, Meixner (first kind), Lerch, and Humbert polynomials, cf. [38]. Our theorems apply to all these
polynomials which also appear in the combinatorial study of histories of a number of data structures:
stacks, priority queues, dictionaries, etc., [11]. In the other direction, probabilistic methods have been

used to derive classical asymptotic expansions of certain orthogonal polynomials, cf. [28].

6 Concluding remarks

We have hitherto applied our Theorem 1 to discrete random variables. It might be possible that it
finds application in other fields.

It seems of some interest to replace the error terms in (5) and (6) by asymptotic expansions under
suitable conditions.

Local limit theorems for large deviations applicable to combinatorial distributions are treated in

21].
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