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1 IntroductionThe problem of the restoration of spiky sequences distorted by a linear system and additivenoise arises in areas such as seismic exploration [1], non-destructive evaluation and biomedicalengineering [2].When the �lter is assumed known, the ill-posed nature of the induced deconvolutionproblem may be coped in a Bayesian framework using prior information about the expectedstructure of the input in the form of prior probability models. To allow for a better 
exibility,a family of parametered priors is used instead of a unique one, and the set of those parametersas well as those of the noise distribution are often referred as to hyperparameters. Theproblem of the estimation of the input given hyperparameters is often referred as to simpledeconvolution.A recurrent problem in the context of Bayesian estimation is the practical problem ofhyperparameter identi�cation. A rather general methodology for this identi�cation task relieson maximization of the likelihood of the parameters, i.e. the probability of the data giventhe parameters. In many circumstances, a maximum likelihood (ML) approach guaranteesconsistency and asymptotic e�ciency of the related estimators [3].In many contexts such a scheme cannot be implemented, due to the fact that the like-lihood cannot be computed nor maximized in practice, and alternative schemes are to beseeked for. The aim of this correspondence is to assess, in a special case, the asymptoticproperties of one alternative methodology based on a Generalized Likelihood (GL), i.e. theprobability of the data and the input given the hyperparameters, to be maximized relativelyeither to the input and hyperparameters. Such methods and variants have been successfullyimplemented in the various areas of control [4] and image processing [5]. Despite their ques-tionable theoretical properties [6] [7], maximum GL (MGL) techniques are backed by theirempirical e�ciency.More speci�cally, the study presented here is restricted to the case of Bernoulli-Gaussianprior models for the input, and Gaussian white stationary process for the noise. The useof a BG process corresponds to an explicit model of the spiky nature of the input. BGmodels may be seen as discrete-time composite processes, the �rst part which is denotedq, modeling the time location for a spike, and the second, denoted r, its amplitude. Up tonow, GL maximization has been the dominant method in BG deconvolution problems [8][9] mainly because of its practicability. Let z denote the observed data, then GL estimationcorresponds to the maximization of the joint likelihood p(z; r; q; �) in r, q and �. Gassiat etal. [10] presented a theoretical study of that estimator when the �lter is reduced to identity.Their results established the poor behavior of such a criterion, and the inability to ensurethe existence and the stability of corresponding estimates. Conversely, when estimates existthey may exhibit a small bias.Based on the remark that joint criterions are not used anymore in the practice of BGsimple deconvolution, the following study considers the �nite sample and asymptotic behav-ior associated to a Generalized Marginal Likelihood (GML) criterion p(z; q; �) in q and �,where amplitudes of the spikes have been \integrated out". Compared to marginal likelihood1



methods, joint likelihood detection and estimation demonstrate too many false alarms unlessthese are penalized in an ad-hoc manner (e.g. see [8] on the Chi-t deconvolution method).In order to be able to carry out mathematical derivations, we had to limit ourselves,following [10], to the case with no distortion. Then the output signal is reduced to themixture of two zero-mean univariate Gaussian distributions. The estimation of the param-eters governing a Gaussian mixture is a yet well documented area [11][12], for which manyconsistent estimators as ML are already available [13][14]. Our purpose is not to proposeanother competing estimator in that area but to assess, in a particular case some propertiesof GML methods. Moreover, such techniques are readily implemented in the general case ofa �ltered mixture , and may be competitive with more sophisticated ones based on stochasticapproximations of ML approaches [15, Chapter 4].The conclusions of this study are more balanced than those drawn by Gassiat et al.on GL criterion: �rst, we prove the existence of a global maximum for the GML bothin the �nite sample and asymptotic case. Second, the corresponding estimates possess ascale invariance property, and they asymptotically recover the true power of the signal.We prove the convergence of �nite sample estimates toward the global maximum of theasymptotic GML under the reasonable assumption of uniqueness of this maximum. Finitesample and asymtotic maximumGML (MGML) estimates cannot be derived in closed-form.However computation of �nite sample MGML estimates can be performed exactly in ane�cient manner. A presented Monte Carlo experiment shows that MGML estimation canexhibit smaller bias and mean square error than ML estimation. Furthermore, the associatedcomputationnal load can be neglected compared to ML estimation. The price paid is theloss of consitency for the MGML estimator and a further numerical experiment shows thatthe asymtotic bias ranges from moderate to large, depending on the amount of noise andthe intensity of the pulse process.2 Problem statement-Finite sample propertiesIn this section we study the case of a N -sized sample, then corresponding asymptotic ex-pressions will be derived in Section 3.2.1 Problem formulationIn the absence of distortion, the input-output equation reduces to a spike process corruptedby an additive noise z = r + n. The noise n is assumed to be zero-mean white stationaryof variance rn, and independent from r. The latter is modeled as a sample of a BG processX = (Q;R) of the parameters �, rx and de�ned as follows: Q and R consist of independentrandom variables (RV) Qk and Rk (1 � k � N) ;Qk is a Bernoulli RV: P (Qk = 1) = � (1)(Rk j Qk = q) is a zero-mean Gaussian RV of variance qrx:2



Let � = (�; rx; rn) denote the vector of hyperparameters that control the di�erent prob-ability distributions, and �� = (��; r�x; r�n) denote the \true" parameters assumed to belongto � �=]0; 1[�]0;+1[2. Then the joint maximization of p(z;q; �) with respect to (w.r.t.) qand � amounts to minimization of:LN (q; �; rx; rn) �= L(1)N (q; rx; rn)� 2L(2)N (q; �);where L(1)N (q; rx; rn) �= Ne ln (rx + rn) + (N �Ne) ln rn + �1rx + rn + �0rn ;and: L(2)N (q; �) �= Ne ln� + (N �Ne) ln (1� �) :Finally Ne, �0 and �1 are de�ned by:Ne = NXk=1 q(k) , �0 = NXk=1(1 � q(k))z2(k) and �1 = NXk=1 q(k)z2(k):For further notationnal convenience we introduce the quantity r̂z �= PNk=1 z2(k)=N .We seek a minimum of this function as q spans f0; 1gN , and � spans �. First, we keep q�xed and optimize on �. As q spans a �nite set we will conclude to the existence of a globalminimum for LN . Then we will optimize among qs having same Ne. We will thus reducethe original optimization problem to a minimization among at most N distinct values. Thisresult is the basis for an exact numerical optimization scheme for LN that consists merelyin N evaluation of a simple function.Before proceeding on the optimization of LN we underline the connections between theMGML and ML methodologies.2.2 Connections with ML estimationThe GML estimate (�̂; q̂) is de�ned by:(�̂; q̂) = argmax�;q p(z;q; �);then �̂ can be put in the form: �̂ = arg max� �maxq p(z;q; �)� :Let f(z; r) denote the density of a univariate zero-mean Gaussian RV of variance r, then itcan be easily shown that:�̂ = arg max� ( NYi=1maxf�f(zi; rx + rn); (1� �)f(zi; rn)g) ;3



whereas ML estimation yields:~� = arg max� ( NYi=1 (�f(zi; rx + rn) + (1� �)f(zi; rn))) :Thus, the GML criterion may be viewed as an approximation of the likelihood. In the nextsections, it will be shown that this approximation yields much algebraic simpli�cations atthe expense of the loss of consistency. However, the Monte Carlo experiments of Section 4.1demonstrate that the MGML estimator can yield smaller bias and MSE than ML in the�nite sample case.2.3 Minimization of LN (q; �) w.r.t. �First, we treat the boundary cases q = 0 and q = 1. q = 0 leads to the estimates �̂(0) = 0(at the boundary of the domain), r̂n(0) = r̂z andLN(0; �̂(0); rx; r̂n(0)) = N +N ln r̂z:The dual case q = 1 leads to �̂(1) = 1: signal and noise are indistinguishable, rx + rn isestimated through r̂z and LN (1; �̂(1); rx; r̂z � rx) = N +N ln r̂z:These criterions are not sensitive to rx. This means that whenever q = 0 or q = 1, theoutput is white stationary Gaussian and we cannot tell what is signal or what is noise nor ifthere is a signal indeed.We will now discuss the general case. The maximization of L(2)N w.r.t. � is straightforward:�̂(q) = NeN and L(2)N (q; �̂(q)) = Ne lnNe + (N �Ne) ln (N �Ne)�N lnN: (2)Before proceeding we had rather de�ne � = (rx + rn)=rn and swap dependent variables(rx; rn)$ (�; rn) in L(1)N . Then � spans ]1;+1[. Let us hold � �xed and optimize w.r.t. rn:r̂n(q; �) = 1N ���1�1 + �0� (3)and L(1)N (q; �; r̂n(q; �)) = N ln ���1�1 + �0�+Ne ln�+ N �N lnN:Finally, let us optimize w.r.t. � on ]1;+1[:�̂(q) = max( (N �Ne)�1Ne�0 ; 1) (4)L(1)N (q) = 8><>: N ln (r̂z) +N if (N �Ne)�1 � Ne�0Ne ln (�1=Ne) + (N �Ne) ln (�0= (N �Ne)) +N otherwise (5)4



Thus we reduced the minimization of LN (q; �) to the minimization of LN (q; �̂(q)), whichspans a set of at most 2N distinct values. This result ensures the existence of a �niteminimum for LN , possibly at the boundaries of the set spanned by the hyperparameters.This property is not shared by the joint criterion studied in [10].2.4 Minimization of LN (q; �̂(q)) w.r.t. q2.4.1 Ne held �xedWe proceed the optimization among the set fq;10q = Neg (Ne held �xed). This will enableus to devise an optimization scheme for LN that can be implemented in a simple way inorder to compute the corresponding parameters.To see this, let us sort the data z(k); k = 1::N in descending order of z2(k). At �rstglance, �1 spans a �nite set of values between smin =PNN�Ne+1 z2(k) and smax = PNe1 z2(k),and the function Ne ln s+ (N �Ne) ln(z0z� s) is strictly increasing from smin to ŝ = Ner̂z,then strictly decreasing from ŝ to smax. It seems that we have to choose between twopotential minima unless we recall that the expression for L(1)N is valid for the qs such that(N �Ne)�1 > Ne�0, or equivalently �1 > ŝ. Therefore, when Ne is held �xed, the minimumis obtained while setting to 1 variables q(k) corresponding to the Ne largest values z2(k).This conclusion is tightly linked to the well known following fact: when � is held �xed, theoptimization of LN is a mere threshold test depending on �.2.4.2 Optimization w.r.t. NeFinally, let L0N be a function de�ned on f0; 1; : : : ; Ng byL0N (Ne) = Ne lnPNek=1 z2(k)N3e + (N �Ne) lnPNk=Ne+1 z2(k)(N �Ne)3 ; (6)because L0N (Ne) = LN([1 : : : 10 : : : 0]) � N � 2N lnN , the global minimization of LN isequivalent to the minimization of L0N w.r.t. Ne.A closed form expression for the minimum of this function could not be derived. Nev-ertheless, the computation of MGML hyperparameter estimates associated to one signalsample is extremely simple: it mainly requires the numerical evaluation of L0N (Ne) forNe 2 f0; 1; : : : ; N � 1g. The Monte Carlo study of Section 4.1 makes use of repeatedminimizations of L0N in order to e�ciently compute the MGML estimates.The next section is devoted to an asymptotic study for the estimator.3 Asymptotic behaviorFor each N , we are guaranteed at least a GML estimate denoted �̂N . This section is devotedto the limiting behavior of the series (�̂N ). By the means of a slight modi�cation of Theorem1 and Lemma found in [10], we prove that the convergence of (�̂N ) is linked to the existence5



and the uniqueness of a global minimum of an auxiliary function depending on a uniquethreshold variable. Then we prove the existence of such a minimum and we supply numericalexperiments in order to support the conjecture of uniqueness and to study the bias of relatedGML estimates.3.1 Limiting expressionsWe �rst derive an asymptotic expression for equation (6). A straightforward derivation is notobvious and, following [10], we tackle this di�culty through the introduction of an auxiliaryfunction of an explicit threshold variable T 2 [0;+1[ de�ned by:L00N (T ) = �N (T ) ln �N(T )�3N (T ) + ��N (T ) ln ��N(T )��3N (T ) (7)where �N (T ) = 1N NXk=1 1fz2(k)�Tg; �N(T ) = 1N NXk=1 z2(k)1fz2(k)�Tg; (8)�N (T ) + ��N (T ) = 1 and �N (T ) + ��N(T ) = r̂z:Because NL00N (T ) = L0N (N�N (T )) + 2N lnN , the optimization of L00N w.r.t. T is equivalentto the optimization of L0N w.r.t. Ne, but an asymptotic expression for L00N is more easilyderived.Let Z denote a random variable distributed as Z(1) for instance, after the strong law oflarge numbers, we obtain almost surely (a.s.):limN!1�N (T ) a:s:= E h1fZ2�Tgi (9)limN!1�N(T ) a:s:= E hZ21fZ2�Tgi : (10)Thus L00N converges a.s. toward L001(T ) = �1(T ) ln �1(T )�31(T ) + ��1(T ) ln ��1(T )��31(T ) (11)where the quantities subscripted by 1 are limiting values corresponding to the quantitiessubscripted by N .TheoremLet (�̂N) be any series of GML estimates and (T̂N) denote the associated threshold series.Assume L001 has a unique minimum T̂ , then limN!1 T̂N a:s:= T̂ and limN!1 �̂N a:s:= �̂ where:�̂ = �1(T̂ ) , r̂n = ��1(T̂ )��1(T̂ ) , r̂x = �1(T̂ )�1(T̂ ) � ��1(T̂ )��1(T̂ ) and �̂ 2 �: (12)This theorem relies on the following lemma:LemmaLet (fn) be a series of real monotonous random equations de�ned on [0;+1] and assumethat fn(s) converges a.s. towards a function f(s) continuous on [0;+1]. Then let (sn) beany series such that limn!1 sn = s1 exists in [0;+1], fn(sn) converges a.s. toward f(s1).6



Proof of the lemma will not be given here, for it consists in a minor adaptation of thesimilar lemma in [10] required to handle in�nity. Let T̂+ �= lim sup T̂N , possibly in�nite,then there is a strictly increasing function  on IN such that limN!1 T̂ (N) = T̂+. We haveL00 (N)(T̂ (N)) � L00 (N)(T ) ;8T 2 [0;+1], applying the lemma to series (T̂ (N)) and to themonotonous random functions � (N)(:), �� (N)(:), � (N)(:) and �� (N)(:) we obtain L001(T̂+) �L001(T ); 8T 2 [0;+1]. Because L001 is assumed to have a unique global minimum, T̂+ = T̂ .It can be proved similarly that lim infN T̂N = T̂ , so that limN!1 T̂N = T̂ . Associatedexpressions for �̂ follow from the limiting form of �nite sample estimates (2)(3)(4).3.2 Existence of a global minimum in �As L001 is a function of ��, we may write L001(T; ��). L001 is easily expressed in terms of errorfunctions. Careful computations show that:L001(T; ��) = ln r�z � (1� ��)r�x(r�x + r�n)r�z �1(T )(1 + o(1)) when T ! +1 ; (13)limT!0L001(T; ��) = ln r�z where r�z = ��r�x + r�n: (14)�1(T ) is positive strictly decreasing from r�z to zero, then limT!+1 L001(T; ��) = ln r�z . AsL001(T; ��) is a continuous function of T , and admits �nite limits on its boundaries L001(T; ��)is a bounded function of T . Moreover Equation (13) means that L001(T; ��) < ln r�z for T largeenough. This inequality guarantees the existence of a global minimum T̂ 2]0;+1[. Up todate, no proof for the uniqueness has been found because of the tedious analytical expressionfor the derivative of L001. However, practical studies of L001 for values of �� scattered over �support the assumption of uniqueness.Further study of the asymptotic bias can be performed numerically only. Nevertheless,some properties valid for all �� may be shown that are useful for the numerical study. First,it may be easily checked that �̂r̂x + r̂n = ��r�x + r�n = E [Z2]. Moreover we have a kind ofhomogeneity relationship:L001(T; ��; r�x; r�n) = L001(�T; ��; �r�x; �r�n)� ln� ;8� > 0which enables us to assess a scale invariance property for the estimators:�̂(��; �r�x; �r�n) = �̂(��; r�x; r�n)r̂x(��; �r�x; �r�n) = �r̂x(��; r�x; r�n)r̂n(��; �r�x; �r�n) = �r̂n(��; r�x; r�n)The estimates obtained in [10] do not satisfy these properties.7



4 Numerical experiments4.1 Finite sample ML and MGML estimates10000 independant samples where drawn from a single univariate Gaussian mixture of pa-rameters �� = 0:1, r�x = 100 and r�n = 1. This corresponds to a \signal-to-noise ratio" (SNR)of 10dB where the SNR is de�ned as 10 log(��r�x=r�n). The ratio and the tested values arestandard in the context of BG deconvolution. The samples were gathered by N in orderto study the statistical behavior (bias and mean square error (MSE)) of estimates based onsamples of size N . N spans f5; 6; : : : ; 70g, at N = 70 the ML and MGML estimators exibitan asymtotic behavior.MGML estimates are easily computed using N computations of function L0N (Ne); Ne =1 : : : N�1 (see Section 2). Computation of corresponding ML estimates required much moree�ort.Previous work on ML estimation for two-component Gaussian mixtures [12][16][13] re-ports to main issues: �rst, the undboundedness of the likelihood and second, the existencespurious local maximas.The �rst problem does not occur here, because we do not try to estimate the means ofthe Gaussians, they are assumed zero in this study and the likelihood considered here istruely bounded above.In order to deal with the second problem and to get more reliable ML estimates weproceed in two steps. First we compute the log-likelihood on a grid spanning the parameterspace, then we start an EM procedure [12][11] until the norm of the gradient decreases under10�8, where we may consider the gradient vanishes. A further computation of the Hessian isperformed for the obtained estimates in order to insure that at least a local maximum hasbeen attained.The �rst step of search for a maximum on a coarse grid over � has been restricted to asearch on (�; rn) 2 [0; 1]� [0; r̂z] by the means of the following identity:~�~rx + ~rn = r̂z;where tilded quqntities re�er to ML estimates. That identity derives from expressions ofthe derivative of the log-likelihood which vanishes at a maximum. To our knowledge thisidentity has neither been pointed out nor used explicitly in previous work, but it is implicitin the EM algorithm. Making use of this identity the search can be restricted to the surfacedescribed by �rx+rn = r̂z which contains the ML estimate. Then the likelihood is expressedin terms of the two dependent variables � 2 [0; 1] and rn 2 [0; r̂z].Figure 1 (resp. Figure 2) summarize the results relative to mean estimates (top �gure)and MSE (bottom �gure) for �� (resp. r�n) expressed as a function of N the size of theconsidered sample. Concerning the parameter � the MGML performs better than ML untilN = 50 in terms of bias an MSE. Then the asymtotic behaviour of ML begins to take overMGML in terms of bias. These conclusions are almost identical for parameter rn, exceptfor the MSE of very small samples (N = 5 : : : 10) where MGML is much higher than ML.8



It should be pointed out, however, that the relative MSE for parameter rn is always smallerthan for the other parameters, that means that r�n is always better estimated than �� and r�x.To a certain extend these results are consistent with previous reports of empirical success ofGeneralized Likelihood approaches.4.2 Asymptotic MGML estimatesThe domain � of �� is sampled, and for each value of �� on the grid the correspondingestimates of �� are computed using on one hand a numerical minimization of L001(T; ��), andthe identity (12) on the other hand. The scale invariance property enables us to restrict thestudy to a grid in (��; r�x) only and set r�n = 1 for instance.The numerical optimization of L001(T; ��) w.r.t. T has been performed using an exhaustivesearch on a grid as a �rst step. This rough optimum is then re�ned by a �xed point method.The graphs presented on Figure 3, correspond to a \signal-to-noise ratio" (SNR) of 10dB.Values of �� are regularly sampled between 0:01 and 0:4. For the sake of clarity, we havereported only the results corresponding to the estimates of � versus the true value ��.The graphs compare an asymptotically unbiased estimator like ML, the GML estimatorand the GL estimator of Gassiat et al.. Because the latter does not exhibit any scale in-variance property we represented two graphs of GL estimates corresponding to r�n = 1 andr�n = 0:1. GL and GML estimates show a systematic bias, � is always under-estimated.And it should be stressed that GL estimates do not always exist as shown on the graph forr�n = 0:1. The bias is moderate for small ��, and cannot be neglected otherwise. However,the estimates remain signi�cant, at least for the chosen SNR. Further studies reported in[15] show that increasing the SNR diminishes the bias.5 ConclusionThe question of the relevance of generalized likelihood techniques in the context of BGmyopic deconvolution led us to the detailed study of a simpler problem, namely the MGMLidenti�cation of a two-component Gaussian mixture.The results obtained on this MGML estimator relieves some of the criticism against MGLestimation that concluded a former paper. In particular, we prove the existence of �nitesample MGML estimates and propose an algorithm that computes exactly these estimates.Moreover the associated numerical cost that can be neglected compared to ML estimation.In the case of small samples, a Monte Carlo experiment shows that MGML can enjoy asmaller bias and MSE than ML.Considering asymptotic properties, the convergence of MGML estimates is assessed un-der a reasonable assumption. A further numerical experiment supports this assumptionand quanti�es the asymptotic bias of MGML estimates. This bias may indeed range frommoderate to large but corresponding estimates remain signi�cant.In the broader context of �ltered mixtures, GL-like criterions have been used mainly forpractical purposes, and showed a seemingly practical success. A common setback associated9



to GL methods is the impossibility to assess the existence of estimates because GL criterionsare not bounded above and a local maxima may not exist. We believe that the use of GMLcriterions could be a satisfactory practical answer to this problem when consistent schemescannot be implemented, provided that their �nite sample behavior has been more seriouslyinvestigated.
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Figure 1: Comparison of �nite sample estimates for parameter �. Mean � estimates (top�gure) and mean square error (bottom �gure) are represented as functions of sample size.(: : :) : True value �� = 0:1. (- -) MGML estimation. (|) ML estimation. The comparativeasymptotic behaviour of the estimators is best seen on the top �gure where ML convergestowards the true value whereas MGML converges to a slighly inferior value. Conversely,MGML performs better both in bias and MSE for sample sizes lower than 50.13
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Figure 2: Comparison of �nite sample estimates for parameter rn. Mean rn estimates (top�gure) and mean square error (bottom �gure) are represented as functions of sample size.(: : :) : True value �� = 0:1. (- -) MGML estimation. (|) ML estimation. The comparativeasymptotic behaviour of the estimators is best seen on the top �gure where ML convergestowards the true value whereas MGML converges to a slighly greater value. MGML performsbetter in bias for sample sizes lower than 40. MGML compares well in terms of MSE forsample sizes over 10, however for samples of smaller size the MSE of MGML ranges from 5times to 10 times larger than that of ML, due to variance.14
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