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0 PREFACEThe �rst version of these lecture notes was composed for a new course on randomizedalgorithms at Chalmers University of Technology, in the spring semester 2000. The amountof material contained therein was not quite enough for an entire course, and the ideawas to use these notes together with the book \Randomized Algorithms" by Motwani &Raghavan [MR]. The current version of 2001 has now, with the addition of three morechapters (Chapters 8, 9 and 11), expanded into something more \course-sized", but [MR]is still recommended as supplementary reading.The notes are su�ciently self-contained that they can be read separately, by anyone whohas previously taken some basic course in probability or mathematical statistics, plus someintroductory course in computer programming.The core material falls naturally in two parts: Chapters 2{6 on the basic theory of Markovchains, and Chapters 7{12 on applications to a number of randomized algorithms.Markov chains are a class of random processes exhibiting a certain \memoryless property",and the study of these (sometimes referred to as Markov theory) is one of the main areasin modern probability theory. This area cannot be avoided by a student aimed at learninghow to design randomized algorithms, because Markov chains are a fundamental ingredientin the study of such algorithms. In fact, any randomized algorithm can (often fruitfully)be viewed as a Markov chain.I have chosen to restrict to discrete time Markov chains with �nite state space. One reasonfor doing so is that several of the most important ideas and concepts in Markov theoryarise already in this setting; these ideas are more digestible when they are not obscured bythe additional technicalities arising from continuous time and more general state spaces.It can also be argued that the setting with discrete time and �nite state space is the mostnatural when the ultimate goal is to construct algorithms: Discrete time is natural becausecomputer programs operate in discrete steps. Finite state space is natural because of themere fact that a computer has a �nite amount of memory, and therefore can only be in a�nite number of distinct \states". Hence, the Markov chain corresponding to a randomizedalgorithm implemented on a real computer has �nite state space.However, I do not claim that more general Markov chains are irrelevant to the study ofrandomized algorithms. For instance, an in�nite state space is sometimes useful as anapproximation to (and easier to analyze than) a �nite but very large state space. Forstudents wishing to dig into the more general Markov theory, the �nal chapter providesseveral suggestions for further reading.Randomized algorithms are simply algorithms that make use of random number generators.3



In Chapters 7{12, the Markov theory developed in previous chapters is applied to somespeci�c randomized algorithms. The Markov chain Monte Carlo (MCMC) method, studiedin Chapters 7 and 8, is a class of algorithms which provides one of the currently mostpopular methods for simulation of complicated stochastic systems. In Chapter 9, MCMCis applied to the problem of counting the number of objects in a complicated combinatorialset. Then, in Chapters 10 and 11, we study a recent improvement of standard MCMC,known as the Propp{Wilson algorithm. Finally, Chapter 12 deals with simulated annealing,which is a widely used randomized algorithm for various optimization problems.It should be noted that the set of algorithms studied in Chapters 7{12 constitutes onlya small (and not particularly representative) fraction of all randomized algorithms. For abroader view of the wide variety of applications of randomization in algorithms, the readeris advised to consult the above mentioned book by Motwani and Raghavan.The following diagram shows the structure of (essential) interdependence between Chapters2{12.
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Figure 0: How the chapters depend on each other.Regarding exercises: Most chapters end with a number of problems. These are of greatlyvarying di�culty. To guide the student in the choice of problems to work on, and theamount of time to invest into solving the problems, each problem has been equipped witha parenthesized number between (1) and (10) to rank the approximate size and di�cultyof the problem. (1) means that the problem amounts simply to checking some de�nitionin the chapter (or something similar), and should be doable in a couple of minutes. Atthe other end of the scale, (10) means that the problem requires a deep understandingof the material presented in the chapter, and at least several hours of work. Some of theproblems require a bit of programming; this is indicated by an asterisk, as in (7*).2 2 2 2I am grateful to Sven Erick Alm, Nisse Dohrn�er, Dan Mattsson, Jesper M�ller and Je�Steif, who all provided corrections and constructive criticism on earlier versions of thismanuscript. 4



1 BASICS OF PROBABILITY THEORYMost readers will probably be best o� by taking the following piece of advice:Skip this chapter!Those readers who have previously taken a basic course in probability or mathematicalstatistics will already know everything in this chapter, and should move right on to Chapter2. On the other hand, those readers who lack such background will have little or no use forthe telegraphic exposition given here, and should instead consult some introductory texton probability. Rather than being read, the present chapter is intended to be a collectionof (mostly) de�nitions, that can be consulted if anything that looks unfamiliar happens toappear in the coming chapters. 2 2 2 2Let 
 be any set, and let � be some appropriate class of subsets of 
, satisfying certainassumptions that we do not go further into (closedness under certain basic set operations).Elements of � are called events. For A � 
, we write Ac for the complement of A in 
,meaning that Ac = fs 2 
 : s 62 Ag :A probability measure on 
 is a function P : �! [0; 1], satisfying(i) P(;) = 0,(ii) P(Ac) = 1� P (A) for every event A, and(iii) if A and B are disjoint events (meaning that A \ B = ;), then P(A [ B) =P(A) +P(B).Note that (i) and (ii) together imply that P(
) = 1.If A and B are events, and P(B) > 0, then we de�ne the conditional probability of Agiven B, denoted P (A jB), as P(A jB) = P (A \ B)P (B) :5



The intuitive interpretation of P (A jB) is as how likely we consider the event A to be,given that we know that the event B has happened.Two events A and B are said to be independent if P(A \ B) = P(A)P(B). Moregenerally, the events A1; : : : ; Ak are said to be independent if for any any l � k and anyi1; : : : ; il 2 f1; : : : ; kg with i1 < i2 < � � � < il we haveP (Ai1 \ Ai2 \ : : : \ Ail) = lYn=1P(Ain) :For an in�nite sequence of events (A1; A2; : : :), we say that A1; A2; : : : are independent ifA1; : : : ; Ak are independent for any k.Note that if P(B) > 0, then independence between A and B is equivalent to havingP(A jB) = P(A), meaning intuitively that the occurrence of B does not a�ect the likeli-hood of A.A random variable should be thought of as some random quantity which depends onchance. Usually a random variable is real-valued, in which case it is a function X : 
! R.We will, however, also consider random variables in a more general sense, allowing themto be functions X : 
! S, where S can be any set.An event A is said to be de�ned in terms of the random variable X if we can reado� whether or not A has happened from the value of X. Examples of events de�ned interms of the random variable X areA = fX � 4:7g = f! 2 
 : X(!) � 4:7gand B = fX is an even integerg :Two random variables are said to be independent if it is the case that whenever the eventA is de�ned in terms of X, and the event B is de�ned in terms of Y , then A and B areindependent. If X1; : : :Xk are random variables, then they are said to be independent ifA1; : : : ; Ak are independent whenever each Ai is de�ned in terms of Xi. The extension toin�nite sequences is similar: The random variables X1; X2; : : : are said to be independentif for any sequence A1; A2 : : : of events such that for each i, Ai is de�ned in terms of Xi,we have that A1; A2 : : : are independent.A distribution is the same thing as a probability measure. If X is a real-valued ran-dom variable, then the distribution �X of X is the probability measure on R satisfying�X(A) = P(X 2 A) for all (appropriate) A � R. The distribution of a real-valued randomvariable is characterized in terms of its distribution function FX : R ! [0; 1] de�nedby FX(x) = P(X � x) for all x 2 R. 6



A distribution � on a �nite set S = fs1; : : : ; skg is often represented as a vector (�1; : : : ; �k),where �i = �(si). By the de�nition of a probability measure, we then have that �i 2 [0; 1]for each i, and that Pki=1 �i = 1.A sequence of random variables X1; X2; : : : is said to be i.i.d., which is short for indepen-dent and identically distributed, if the random variables(i) are independent, and(ii) have the same distribution function, i.e., P(Xi � x) = P(Xj � x) for all i, j and x.Very often, a sequence (X1; X2; : : :) is interpreted as the evolution in time of some randomquantity: Xn is the quantity at time n. Such a sequence is then called a random process(or, sometimes, stochastic process). Markov chains, to be introduced in the next chapter,are a special class of random processes.We shall only be dealing with two kinds of real-valued random variables: discrete andcontinuous random variables. The discrete ones take their values in some �nite or count-able subset of R; in all our applications this subset is (or is contained in) f0; 1; 2; : : :g, inwhich case we say that they are nonnegative integer-valued discrete random variables.A continuous random variable X is a random variable for which there exists a so-calleddensity function fX : R! [0;1) such thatZ x�1 fX(x)dx = FX(x) = P(X � x)for all x 2 R. A very well-known example of a continuous random variable X arises byletting X have the Gaussian density function fX(x) = 1p2��2 e�((x��)2)=2�2 with parameters� and � > 0. However, the only continuous random variables that will be considered inthis text are the uniform [0; 1] ones, which have density functionfX(x) = � 1 if x 2 [0; 1]0 otherwiseand distribution functionFX(x) = Z x�1 fX(x)dx = 8<: 0 if x � 0x if x 2 [0; 1]1 if x � 1 :Intuitively, if X is a uniform [0; 1] random variable, then X is equally likely to take itsvalue anywhere in the unit interval [0; 1]. More precisely, for every interval I of length ainside [0; 1], we have P(X 2 I) = a. 7



The expectation (or expected value, or mean) E[X] of a real-valued random variableX is, in some sense, the \average" value we expect from x. If X is a continuous randomvariable with density function fX(x), then its expectation is de�ned asE[X] = Z 1�1 xfX(x)dxwhich in the case where X is uniform [0,1] reduces toE[X] = Z 10 x dx = 12 :For the case where X is a non-negative integer-valued random variable, the expectation isde�ned as E[X] = 1Xk=1 kP(X = k) :This can be shown to be equivalent to the alternative formulaE[X] = 1Xk=1 P(X � k) : (1)It is important to understand that the expectation E[X] of a random variable can bein�nite, even if X itself only takes �nite values. A famous example is the following.Example 1.1: The S:t Petersburg paradox. Consider the following game. A fair coin istossed repeatedly until the �srt time that it comes up tails. Let X be the (random) numberof heads that come up before the �rst occurrence of tails. Suppose that the bank pays 2Xroubles depending on X . How much would you be willing to pay to enter this game?According to the classical theory of hazard games, you should agree to pay up to E[Y ],where Y = 2X is the amount that you receive from the bank at the end of the game. So let'scalculate E[Y ]. We haveP(X = n) = P(n heads followed by 1 tails) = �12�n+1for each n, so that E[Y ] = 1Xk=1 kP(Y = k) = 1Xn=0 2nP(Y = 2n)= 1Xn=0 2nP(X = n) = 1Xn=0 2n�12�n+1= 1Xn=0 12 = 1 :Hence, there is obviously something wrong with the classical theory of hazard games in thiscase. 8



Another important characteristic, besides E[X], of a random variable X, is the varianceVar[X], de�ned by Var[X] = E[(X � �)2] where � = E[X] : (2)The variance is, thus, the mean square deviation of X from its expectation. It can becomputed either using the de�ning formula (2), or by the identityVar[X] = E[X2]� (E[X])2 (3)known as Steiner's formula.There are various linear-like rules for working with expectations and variances. For expec-tations, we have E[X1 + � � �+Xn] = E[X1] + � � �+E[Xn] (4)and, if c is a constant, E[cX] = cE[X] : (5)For variances, we have Var[cX] = c2Var[X] (6)and, when X1; : : : ; Xn are independent1,Var[X1 + � � �+Xn] = Var[X1] + � � �+Var[Xn] : (7)Let us compute expectations and variances in some simple cases.Example 1.2: Fix p 2 [0; 1], and letX = � 1 with probability p;0 with probability 1� p :Such an X is called a Bernoulli (p) random variable. The expectation of X becomesE[X ] = 0 � P(X = 0) + 1 � P(X = 1) = p. Furthermore, since X only takes values 0 and 1,we have X2 = X , so that E[X2] = E[X ], andVar[X ] = E[X2]� (E[X ])2= p� p2 = p(1� p)using Steiner's formula (3).Example 1.3: Let Y be the sum of n independent Bernoulli (p) random variablesX1; : : : ; Xn.(For instance, Y may be the number of heads in n tosses of a coin with heads-probability p.)Such a Y is said to be a binomial (n; p) random variable. Then, using (4) and (7), weget E[Y ] = E[X1] + : : :+E[Xn] = npand Var[Y ] = Var[X1] + : : :+Var[Xn] = np(1� p) :1Without this requirement, (7) fails in general. 9



Variances are useful, e.g., for bounding the probability that a random variable deviates bya large amount from its mean. We have, for instance, the following well-known result.Theorem 1.1 (Chebyshev's inequality) Let X be a random variable with mean � andvariance �2. For any a > 0, we have that the probability P[jX � �j � a] of a deviationfrom the mean of at least a, satis�esP(jX � �j � a) � �2a2 :Proof: De�ne another random variable Y by settingY = � a2 if jX � �j � a0 otherwise.Then we always have Y � (X � �)2, so that E[Y ] � E[(X � �)2]. Furthermore, E[Y ] =a2P(jX � �j � a), so thatP(jX � �j � a) = E[Y ]a2� E[(X � �)2]a2= Var[X]a2 = �2a2 : 2Chebyshev's inequality will be used to prove a key result in Chapter 9 (Lemma 9.3). Amore famous application of Chebyshev's inequality is in the proof of the following veryfamous and important result.Theorem 1.2 (The Law of Large Numbers) Let X1; X2; : : : be i.i.d. random variableswith �nite mean � and �nite variance �2. Let Mn denote the average of the �rst n Xi's,i.e., Sn = 1n(X1 + � � �+Xn). Then, for any " > 0, we havelimn!1P(jMn � �j � ") = 0 :
10



Proof: Using (4) and (5) we getE[Mn] = 1n(�+ � � �+ �) = � :Similarly, (6) and (7) apply to show thatVar[Mn] = 1n2 (�2 + � � �+ �2) = �2n :Hence, Chebyshev's inequality givesP(jMn � �j � ") � �2n"2which tends to 0 as n!1. 2
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2 MARKOV CHAINSLet us begin with a simple example. We consider a \random walker" in a very small townconsisting of four streets, and four street-corners v1; v2; v3 and v4 arranged as in Figure 1.At time 0, the random walker stands in corner v1. At time 1, he 
ips a fair coin and movesimmediately to v2 or v4 according to whether the coin comes up heads or tails. At time2, he 
ips the coin again to decide which of the two adjacent corners to move to, withthe decision rule that if the coin comes up heads, then he moves one step clockwise inFigure 1, while if it comes up tails, he moves one step counterclockwise. This procedure isthen iterated at times 3, 4, : : :.
v4

v1

v

v2

3Figure 1: A random walker in a very small town.For each n, let Xn denote the index of the street-corner at which the walker stands at timen. Hence, (X0; X1; : : :) is a random process taking values in f1; 2; 3; 4g. Since the walkerstarts at time 0 in v1, we have P(X0 = 1) = 1 : (8)Next, he will move to v2 or v4 with probability 12 each, so thatP(X1 = 2) = 12 (9)and P(X1 = 4) = 12 : (10)To compute the distribution of Xn for n � 2 requires a little more thought; you will beasked to do this in Problem 2.1 below. To this end, it is useful to consider conditionalprobabilities. Suppose that at time n, the walker stands at, say, v2. Then we get theconditional probabilities P(Xn+1 = v1 jXn = v2) = 12and P(Xn+1 = v3 jXn = v2) = 12 ;12



because of the coin-
ipping mechanism for deciding where to go next. In fact, we get thesame conditional probabilities if we condition further on the full history of the process upto time n, i.e.,P(Xn+1 = v1 jX0 = i0; X1 = i1; : : : ; Xn�1 = in�1; Xn = v2) = 12and P(Xn+1 = v3 jX0 = i0; X1 = i1; : : : ; Xn�1 = in�1; Xn = v2) = 12for any choice of i0; : : : ; in�1. (This is because the coin-
ip at time n + 1 is independentof all previous coin-
ips, and hence also independent of X0; : : : ; Xn.) This phenomenon iscalled the memoryless property, also known as theMarkov property: the conditionaldistribution of Xn+1 given (X0; : : : ; Xn) depends only on Xn. Or in other words: to makethe best possible prediction of what happens \tomorrow" (time n + 1), we only needto consider what happens \today" (time n), as the \past" (times 0; : : : ; n � 1) gives noadditional useful information2.Another interesting feature of this random process is that the conditional distribution ofXn+1 given that Xn = v2 (say) is the same for all n. (This is because the mechanism thatthe walker uses to decide where to go next is the same at all times.) This property isknown as time homogeneity, or simply homogeneity.These observations call for a general de�nition:De�nition 2.1 Let P be a (k�k)-matrix with elements fPi;j : i; j = 1; : : : ; kg. A randomprocess (X0; X1; : : :) with �nite state space S = fs1; : : : ; skg is said to be a (homogeneous)Markov chain with transition matrix P , if for all n, all i; j 2 f1; : : : ; kg and alli0; : : : ; in�1 2 f1; : : : kg we haveP(Xn+1 = sj jX0 = si0 ; X1 = si1 ; : : : ; Xn�1 = sin�1 ; Xn = si)= P(Xn+1 = sj jXn = si)= Pi;j :The elements of the transition matrix P are called transition probabilities. The transitionprobability Pi;j is the conditional probability of being in state sj \tomorrow" given that weare in state si \today". The term \homogeneous" is often dropped, and taken for grantedwhen talking about \Markov chains".2Please note that this is just a property of this particular mathematical model. It is not intended as ageneral advice that we should \never worry about the past". Of course, we have every reason, in daily lifeas well as in politics, to try to learn as much as we can from history in order to make better decisions forthe future! 13



For instance, the random walk example above is a Markov chain, with state space f1; : : : ; 4gand transition matrix P = 2664 0 12 0 1212 0 12 00 12 0 1212 0 12 0 3775 : (11)Every transition matrix satis�esPi;j � 0 for all i; j 2 f1; : : : ; kg ; (12)and kXj=1 Pi;j = 1 for all i 2 f1; : : : ; kg : (13)Property (12) is just the fact that conditional probabilities are always nonnegative, andproperty (13) is that they sum to 1, i.e.,P(Xn+1 = s1 jXn = si) +P(Xn+1 = s2 jXn = si) + � � �+P(Xn+1 = sk jXn = si) = 1 :We next consider another important characteristic (besides the transition matrix) of aMarkov chain (X0; X1; : : :), namely the initial distribution, which tells us how theMarkov chain starts. The initial distribution is represented as a row vector �(0) givenby �(0) = (�(0)1 ; �(0)2 ; : : : ; �(0)k )= (P(X0 = s1);P(X0 = s2); : : : ;P(X0 = sk)) :Since �(0) represents a probability distribution, we havekXi=1 �(0)i = 1 :In the random walk example above, we have�(0) = (1; 0; 0; 0) (14)because of (8).Similarly, we let the row vectors �(1); �(2); : : : denote the distributions of the Markov chainat times 1; 2; : : :, so that�(n) = (�(n)1 ; �(n)2 ; : : : ; �(n)k )= (P(Xn = s1);P(Xn = s2); : : : ;P(Xn = sk)) :14



For the random walk example, equations (9) and (10) tell us that�(1) = (0; 12 ; 0; 12) :It turns out that once we know the initial distribution �(0) and the transition matrix P , wecan compute all the distributions �(1); �(2); : : : of the Markov chain. The following resulttells us that this is simply a matter of matrix multiplication. We write P n for the nthpower of the matrix P .Theorem 2.1 For a Markov chain (X0; X1; : : :) with state space fs1; : : : ; skg, initial dis-tribution �(0) and transition matrix P , we have for any n that the distribution �(n) at timen satis�es �(n) = �(0)P n : (15)Proof: Consider �rst the case n = 1. We get, for j = 1; : : : ; k, that�(1)j = P(X1 = sj) = kXi=1 P(X0 = si; X1 = sj)= kXi=1 P(X0 = si)P(X1 = sj jX0 = si)= kXi=1 �(0)i Pi;j = (�(0)P )jwhere (�(0)P )j denotes the jth element of the row vector �(0)P . Hence �(1) = �(0)P .To prove (15) for the general case, we use induction. Fix m, and suppose that (15) holdsfor n = m. For n = m + 1, we get�(m+1)j = P(Xm+1 = sj) = kXi=1 P(Xm = si; Xm+1 = sj)= kXi=1 P(Xm = si)P(Xm+1 = sj jXm = si)= kXi=1 �(m)i Pi;j = (�(m)P )jso that �(m+1) = �(m)P . But �(m) = �(0)Pm by the induction hypothesis, so that�(m+1) = �(m)P = �(0)PmP = �(0)Pm+115



and the proof is complete. 2Let us consider some more examples:Example 2.1: The Gothenburg weather. It is sometimes claimed that the best wayto predict tomorrow's weather3 is simply to guess that it will be the same tomorrow as itis today. If we assume that this claim is correct4, then it is natural to model the weatheras a Markov chain. For simplicity, we assume that there are only two kinds of weather:rain and sunshine. If the above predictor is correct 75% of the time (regardless of whethertoday's weather is rain or sunshine), then the weather forms a Markov chain with state spaceS = fs1; s2g (with s1 =\rain" and s2 =\sunshine") and transition matrixP = � 0:75 0:250:25 0:75 � :Example 2.2: The Los Angeles weather. Note that in Example 2.1, there is a perfectsymmetry between \rain" and \sunshine", in the sense that the probability that today'sweather will persist tomorrow, is the same regardless of today's weather. This may bereasonably realistic in Gothenburg, but not in Los Angeles where sunshine is much morecommon than rain. A more reasonable transition matrix for the Los Angeles weather mighttherefore be (still with s1 =\rain" and s2 =\sunshine")P = � 0:5 0:50:1 0:9 � : (16)A useful way to picture a Markov chain is its so-called transition graph. The transitiongraph consists of nodes representing the states of the Markov chain, and arrows betweenthe nodes, representing transition probabilities. This is explained easiest by just showingthe transition graphs of the examples considered so far.
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4 3Figure 2: Transition graphs for the random walker in Figure 1, and for Examples 2.1 and 2.2.In all examples above, as well as in De�nition 2.1, the \rule" for obtaining Xn+1 from Xndid not change with time. In some situations, it is more realistic, or for other reasons more3Better than watching the weather forecast on TV.4I doubt it. 16



desirable5, to let this rule change with time. This brings us to the topic of inhomogeneousMarkov chains, and the following de�nition, which generalizes De�nition 2.1.De�nition 2.2 Let P (1); P (2); : : : be a sequence (k � k)-matrices, each of which satis�es(12) and (13). A random process (X0; X1; : : :) with �nite state space S = fs1; : : : ; skg issaid to be an inhomogeneous Markov chain with transition matrices P (1); P (2); : : :,if for all n, all i; j 2 f1; : : : ; kg and all i0; : : : ; in�1 2 f1; : : : kg we haveP(Xn+1 = sj jX0 = si0 ; X1 = si1 ; : : : ; Xn�1 = sin�1 ; Xn = si)= P(Xn+1 = sj jXn = si)= P (n+1)i;j :Example 2.3: A re�ned model for the Gothenburg weather. There are of coursemany ways in which the crude model in Example 2.1 can be made more realistic. One wayis to take into account seasonal changes: it does not seem reasonable to disregard whetherthe calendar says \January" or \July" when predicting tomorrow's weather. To this end, weextend the state space to fs1; s2; s3g, where s1 =\rain" and s2 =\sunshine" as before, ands3 =\snow". LetPsummer = 24 0:75 0:25 00:25 0:75 00:5 0:5 0 35 and Pwinter = 24 0:5 0:3 0:20:15 0:7 0:150:2 0:3 0:5 35 ;and assume that the weather evolves according to Psummer in May{September, and accord-ing to Pwinter in October{April. This is an inhomogeneous Markov chain model for theGothenburg weather. Note that in May{September, the model behaves exactly as the one inExample 2.1, except for some possible residual snowy weather on May 1.The following result, which is a generalization of Theorem 2.1, tells us how to compute thedistributions �(1); �(2); : : : at times 1; 2; : : : of an inhomogeneous Markov chain with initialdistribution �(0) and transition matrices P (1); P (2); : : :.Theorem 2.2 Suppose that (X0; X1; : : :) is an inhomogeneous Markov chain with statespace fs1; : : : ; skg, initial distribution �(0) and transition matrices P (1); P (2); : : :. For anyn, we then have that �(n) = �(0)P (1)P (2) � � �P (n) :Proof: Follows by a similar calculation as in the proof of Theorem 2.1. 25Such as in the simulated annealing algorithms of Chapter 12.17



Problems2.1 (5) Consider the Markov chain corresponding to the random walker in Figure 1, with transitionmatrix P and initial distribution �(0) given by (11) and (14).(a) Compute the square P 2 of the transition matrix P . How can we interpret P 2 ? (See Theorem2.1, or glance ahead at Problem 2.5.)(b) Prove by induction that �(n) = � (0; 12 ; 0; 12 ) for n = 1; 3; 5; : : :( 12 ; 0; 12 ; 0) for n = 2; 4; 6; : : :2.2 (2) Suppose that we modify the random walk example in Figure 1 as follows. At each integer time,the random walker tosses two coins. The �rst coin is to decide whether to stay or go. If it comes upheads, he stays where he is, whereas if it comes up tails, he lets the second coin decide whether heshould move one step clockwise, or one step counterclockwise. Write down the transition matrix,and draw the transition graph, for this new Markov chain.2.3 (5) Consider Example 2.1 (the Gothenburg weather), and suppose that the Markov chain starts ona rainy day, so that �(0) = (1; 0).(a) Prove by induction that �(n) = ( 12 (1 + 2�n); 12 (1� 2�n))for every n.(b) What happens with �(n) in the limit as n tends to in�nity?2.4 (6)(a) Consider Example 2.2 (the Los Angeles weather), and suppose that the Markov chain startswith initial distribution ( 16 ; 56 ). Show that �(n) = �(0) for any n, so that in other words thedistribution remains the same at all times6.(b) Can you �nd an initial distribution for the Markov chain in Example 2.1 for which we getsimilar behavior as in (a)? Compare this result to the one in Problem 2.3 (b).2.5 (6) Let (X0; X1; : : :) be a Markov chain with state space fs1; : : : ; skg and transition matrix P .Show, by arguing as in the proof of Theorem 2.1, that for any m;n � 0 we haveP(Xm+n = sj jXm = si) = (Pn)i;j :
6Such a Markov chain is said to be in equilibrium, and its distribution is said to be stationary. Thisis a very important topic, which will be treated carefully in Chapter 5.18



3 COMPUTER SIMULATION OFMARKOV CHAINSA key matter in many (most?) practical applications of Markov theory, is the ability tosimulate Markov chains on a computer. This chapter deals with how that can be done.We begin by stating a lie:In most high-level programming languages, we have access to some randomnumber generator producing a sequence U0; U1; : : : of i.i.d. random variables,uniformly distributed on the unit interval [0; 1].This is a lie for at least two reasons:(A) The numbers U0; U1; : : : obtained from random number generators are not uniformlydistributed on [0; 1]. Typically, they have a �nite binary (or decimal) expansion, andare therefore rational. In contrast, it can be shown that a random variable which(truly) is uniformly distributed on [0; 1] (or in fact any continuous random variable)is irrational with probability 1.(B) U0; U1; : : : are not even random! Rather, they are obtained by some deterministicprocedure. For this reason, random number generators are sometimes (and moreaccurately) called pseudo-random number generators7.The most important of these objections is (B), because (A) tends not to be a very bigproblem when the number of binary or decimal digits is reasonably large (say, 32 bits).Over the decades, a lot of e�ort has been put into constructing (pseudo-)random numbergenerators whose output is as indistinguishable as possible from a true i.i.d. sequence ofuniform [0; 1] random variables. Today, there exist generators which appear to do thisvery well (passing all of a number of standard statistical tests for such generators), andfor this reason, we shall simply make the (incorrect) assumption that we have access toan i.i.d. sequence of uniform [0; 1] random variables U0; U1; : : :. Although we shall notdeal any further with the pseudorandomness issue in the remainder of these notes (exceptfor providing a couple of relevant references in the �nal chapter), we should remember toalways keep in mind that it is a potential source of errors in computer simulation.7There are also various physically generated sequences of random-looking numbers (see, e.g., the websites http://lavarand.sgi.com/ and http://www.fourmilab.ch/hotbits/) that may be used insteadof the usual pseudo-random number generators. I recommend, however, a healthy dose of skepticismtowards claims that these sequences are in some sense \truly" random.19



Let us move on to the heart of the matter: How do we simulate a Markov chain (X0; X1; : : :)with given state space S = fs1; : : : ; skg, initial distribution �(0) and transition matrix P ?As the reader probably has guessed by now, the random numbers U0; U1; : : : form a mainingredient. The other main ingredients are two functions, which we call the initiationfunction and the update function.The initiation function  : [0; 1]! S is a function from the unit interval to the state spaceS, which we use to generate the starting value X0. We assume(i) that  is piecewise constant (i.e., that [0; 1] can be split into �nitely many subintervalsin such a way that  is constant on each interval), and(ii) that for each s 2 S, the total length of the intervals on which  (x) = s, equals �(0)(s).Another way to state property (ii) is thatZ 10 If (x)=sg(x) dx = �(0)(s) (17)for each s 2 S; here If (x)=sg is the so-called indicator function of f (x) = sg, meaningthat If (x)=sg(x) = � 1 if  (x) = s0 otherwise.Provided that we have such a function  , we can generate X0 from the �rst random numberU0 by setting X0 =  (U0). This gives the correct distribution of X0, because for any s 2 Swe get P(X0 = s) = P( (U0) = s) = Z 10 If (x)=sg(x) dx = �(0)(s)using (17). Hence, we call  a valid initiation function for the Markov chain (X0; X1; : : :)if (17) holds for all s 2 S.Valid initiation functions are easy to construct: With S = fs1; : : : ; skg and initial distri-bution �(0), we can set
 (x) = 8>>>>>>>>><>>>>>>>>>:

s1 for x 2 [0; �(0)(s1))s2 for x 2 [�(0)(s1); �(0)(s1) + �(0)(s2))... ...si for x 2 hPi�1j=1 �(0)(sj); Pij=1 �(0)(sj)�... ...sk for x 2 hPk�1j=1 �(0)(sj); 1i : (18)
20



We need to verify that this choice of  satis�es properties (i) and (ii) above. Property (i)is obvious. As to property (ii), it su�ces to check that (17) holds. It does hold, sinceZ 10 If (x)=sig(x) dx = iXj=1 �(0)(sj)� i�1Xj=1 �(0)(sj) = �(0)(si)for i = 1; : : : ; k. This means that  as de�ned in (18) is a valid initiation function for theMarkov chain (X0; X1; : : :).So now we know how to generate the starting valueX0. If we also �gure out how to generateXn+1 from Xn for any n, then we can use this procedure iteratively to get the whole chain(X0; X1; : : :). To get from Xn to Xn+1, we use the random number Un+1 and an updatefunction � : S � [0; 1]! S, which takes as input a state s 2 S and a number between 0and 1, and produces another state s0 2 S as output. Similarly as for the initiation function , we need � to obey certain properties, namely(i) that for �xed si, the function �(si; x) is piecewise constant (when viewed as a functionof x), and(ii) that for each �xed si; sj 2 S, the total length of the intervals on which �(si; x) = sj,equals Pi;j.Again, as for the initiation function, property (ii) can be rewritten asZ 10 If�(si;x)=sjg(x) dx = Pi;j (19)for all si; sj 2 S. If the update function � satis�es (19), thenP(Xn+1 = sj jXn = si) = P(�(si; Un+1) = sj jXn = si) (20)= P(�(si; Un+1) = sj)= Z 10 If�(si;x)=sjg(x) dx = Pi;j :The reason that the conditioning in (20) can be dropped, is that Un+1 is independentof (U0; : : : ; Un), and hence also of Xn. The same argument shows that the conditionalprobability remains the same if we condition further on the values (X0; X1; : : : ; Xn�1).Hence, this gives a correct simulation of the Markov chain. A function � satisfying (19) istherefore said to be a valid update function for the Markov chain (X0; X1; : : :).
21



It remains to construct such a valid update function, but this is no harder than the con-struction of a valid initiation function: Set, for each si 2 S,
�(si; x) = 8>>>>>>>>><>>>>>>>>>:

s1 for x 2 [0; Pi;1)s2 for x 2 [Pi;1; Pi;1 + Pi;2)... ...sj for x 2 hPj�1l=1 Pi;l; Pjl=1 Pi;l�... ...sk for x 2 hPk�1l=1 Pi;l; 1i : (21)
To see that this is a valid update function, note that for any si; sj 2 S, we haveZ 10 If�(si;x)=sjg(x) dx = jXl=1 Pi;l � j�1Xl=1 Pi;l = Pi;j :Thus, we have a complete recipe for simulating a Markov chain: First construct validinitiation and update functions  and � (for instance as in (18) and (21)), and then setX0 =  (U0)X1 = �(X0; U1)X2 = �(X1; U2)X3 = �(X2; U3)and so on.Let us now see how the above works for a simple example.Example 3.1: Simulating the Gothenburg weather. Consider the Markov chain inExample 2.1, whose state space is S = fs1; s2g where s1 =\rain" and s2 =\sunshine", andwhose transition matrix is given byP = � 0:75 0:250:25 0:75 � :Suppose we start the Markov chain on a rainy day (as in Problem 2.3), so that �(0) = (1; 0).To simulate this Markov chain using the above scheme, we apply (18) and (21) to get initiationfunction  (x) = s1 for all x ;and update function given by�(s1; x) = � s1 for x 2 [0; 0:75)s2 for x 2 [0:75; 1]and �(s2; x) = � s1 for x 2 [0; 0:25)s2 for x 2 [0:25; 1] : (22)22



Before closing this chapter, let us �nally point out how the above method can be gener-alized to cope with simulation of inhomogeneous Markov chains. Let (X0; X1; : : :) be aninhomogeneous Markov chain with state space S = fs1; : : : ; skg, initial distribution �(0),and transition matrices P (0); P (1); : : :. We can then obtain the initiation function  andthe starting value X0 as in the homogeneous case. The updating is done similarly as in thehomogeneous case, except that since the chain is inhomogeneous, we need several di�erentupdating functions �(1); �(2); : : :, and for these we need to haveZ 10 If�(n)(si;x)=sjg(x) dx = P (n)i;jfor each n and each si; sj 2 S. Such functions can be obtained by the obvious generalizationof (21): Set
�(n)(si; x) =

8>>>>>>>>>><>>>>>>>>>>:
s1 for x 2 [0; P (n)i;1 )s2 for x 2 [P (n)i;1 ; P (n)i;1 + P (n)i;2 )... ...sj for x 2 hPj�1l=1 P (n)i;l ; Pjl=1 P (n)i;l �... ...sk for x 2 hPk�1l=1 P (n)i;l ; 1i :The inhomogeneous Markov chain is then simulated by settingX0 =  (U0)X1 = �(1)(X0; U1)X2 = �(2)(X1; U2)X3 = �(3)(X2; U3)and so on.
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Problems3.1 (7*)(a) Find valid initiation and update functions for the Markov chain in Example 2.2 (the LosAngeles weather), with starting distribution �(0) = ( 12 ; 12 ).(b) Write a computer program for simulating the Markov chain, using the initiation and updatefunctions in (a).(c) For n � 1, de�ne Yn to be the proportion of rainy days up to time n, i.e.,Yn = 1n+ 1 nXi=0 IfXi=s1g :Simulate the Markov chain for (say) 1000 steps, and plot how Yn evolves with time. Whatseems to happen to Yn when n gets large? (Compare with Problem 2.4 (a).)3.2 (3) The choice of update function is not necessarily unique. Consider Example 3.1 (simu-lating the Gothenburg weather). Show that we get another valid update function if we replace (22)by �(s2; x) = � s2 for x 2 [0; 0:75)s1 for x 2 [0:75; 1] :
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4 IRREDUCIBLE AND APERIODICMARKOV CHAINSFor several of the most interesting results in Markov theory, we need to put certain as-sumptions on the Markov chains we are considering. It is an important task, in Markovtheory just like in all other branches of mathematics, to �nd conditions that on one handare strong enough to have useful consequences, but on the other hand are weak enoughto hold (and be easy to check) for many interesting examples. In this chapter, we willdiscuss two such conditions on Markov chains: irreducibility and aperiodicity. Theseconditions are of central importance in Markov theory, and in particular they play a keyrole in the study of stationary distributions, which is the topic of Chapter 5. We shall, forsimplicity, discuss these notions in the setting of homogeneous Markov chains, althoughthey do have natural extensions to the more general setting of inhomogeneous Markovchains.We begin with irreducibility, which, loosely speaking, is the property that \all states ofthe Markov chain can be reached from all others". To make this more precise, considera Markov chain (X0; X1; : : :) with state space S = fs1; : : : ; skg and transition matrix P .We say that a state si communicates with another state sj, writing si ! sj, if the chainhas positive probability8 of ever reaching sj when we start from si. In other words, sicommunicates with sj if there exists an n such thatP(Xm+n = sj jXm = si) > 0 :By Problem 2.5, this probability is independent of m (due to the homogeneity of theMarkov chain), and equals (P n)i;j.If si ! sj and sj ! si, then we say that the states si and sj intercommunicate, andwrite si $ sj. This takes us directly to the de�nition of irreducibility.De�nition 4.1 A Markov chain (X0; X1; : : :) with state space S = fs1; : : : ; skg and transi-tion matrix P is said to be irreducible if for all si; sj 2 S we have that si $ sj. Otherwisethe chain is said to be reducible.Another way of phrasing the de�nition would be to say that the chain is irreducible if forany si; sj 2 S we can �nd an n such that (P n)i;j > 0.An easy way to verify that a Markov chain is irreducible, is to look at its transition graph,and check that from each state there is a sequence of arrows leading to any other state. A8Here and henceforth, by \positive probability", we always mean strictly positive probability.25



quick glance at Figure 2 thus reveals that the Markov chains in Examples 2.1 and 2.2, aswell as the random walk example in Figure 1, are all irreducible. Let us also have a lookat an example which is not irreducible:
3 4

0.8

0.8

0.20.2

0.5

1 2
0.3

0.5 0.7

Figure 3: Transition graph for the Markov chain in Example 4.1.Example 4.1: A reducible Markov chain. Consider a Markov chain (X0; X1; : : :) withstate space S = f1; 2; 3; 4g and transition matrixP = 2664 0:5 0:5 0 00:3 0:7 0 00 0 0:2 0:80 0 0:8 0:2 3775 :By taking a look at its transition graph (see Figure 3), we immediately see that if the chainstarts in state 1 or state 2, then it is restricted to states 1 and 2 forever. Similarly, if it startsin state 3 or state 4, then it can never leave the subset f3; 4g of the state space. Hence, thechain is reducible.Note that if the chain starts in state 1 or state 2, then it behaves exactly as if it were aMarkov chain with state space f1; 2g and transition matrix� 0:5 0:50:3 0:7 � :If it starts in state 3 or state 4, then it behaves like a Markov chain with state space f3; 4gand transition matrix � 0:2 0:80:8 0:2 � :This illustrates a characteristic feature of reducible Markov chains, which also explains theterm \reducible": If a Markov chain is reducible, then the analysis of its long-term behaviorcan be reduced to the analysis of the long-term behavior of one or more Markov chains withsmaller state space.We move on to consider the concept of aperiodicity. For a �nite or in�nite set fa1; a2; : : :gof positive integers, we write gcdfa1; a2; : : :g for the greatest common divisor of a1; a2; : : :.The period d(si) of a state si 2 S is de�ned asd(si) = gcdfn � 1 : (P n)i;i > 0g :26



In words, the period of si is the greatest common divisor of the set of times that thechain can return (i.e., has positive probability of returning) to si, given that we start withX0 = si. If d(si) = 1, then we say that the state si is aperiodic.De�nition 4.2 A Markov chain is said to be aperiodic if all its states are aperiodic.Otherwise the chain is said to be periodic.Consider for instance Example 2.1 (the Gothenburg weather). It is easy to check thatregardless whether the weather today is rain or sunshine, we have for any n that theprobability of having the same weather n days later, is strictly positive. Or, expressedmore compactly: (P n)i;i > 0 for all n and all states si.9 This obviously implies thatthe Markov chain in Example 2.1 is aperiodic. Of course, the same reasoning applies toExample 2.2 (the Los Angeles weather).On the other hand, let us consider the random walk example in Figure 1, where the randomwalker stands in corner v1 at time 0. Clearly, he has to take an even number of steps inorder to get back to v1. This means that (P n)1;1 > 0 only for n = 2; 4; 6; : : :. Hence,gcdfn � 1 : (P n)i;i > 0g = gcdf2; 4; 6; : : :g = 2 ;and the chain is therefore periodic.One reason for the usefulness of aperiodicity is the following result.Theorem 4.1 Suppose that we have an aperiodic Markov chain (X0; X1; : : :) with statespace S = fs1; : : : ; skg and transition matrix P . Then there exists an N <1 such that(P n)i;i > 0for all i 2 f1; : : : ; kg and all n � N .To prove this result, we shall borrow the following lemma from number theory.Lemma 4.1 Let A = fa1; a2; : : :g be a set of positive integers which is(i) non-lattice, meaning that gcdfa1; a2; : : :g = 1, and(ii) closed under addition, meaning that if a 2 A and a0 2 A, then a+ a0 2 A.9By a variant of Problem 2.3 (a), we in fact have that (Pn)i;i = 12 (1 + 2�n).27



Then there exists an integer N <1 such that n 2 A for all n � N .Proof: See, e.g., the appendix of Br�emaud [B]. 2Proof of Theorem 4.1: For si 2 S, let Ai = fn � 1 : (P n)i;i > 0g, so that in otherwords Ai is the set of possible return times to state si starting from si. We assumed thatthe Markov chain is aperiodic, and therefore the state si is aperiodic, so that Ai is non-lattice. Furthermore, Ai is closed under addition, for the following reason: If a; a0 2 Ai,then P(Xa = si jX0 = si) > 0 and P(Xa+a0 = si jXa = si) > 0. This implies thatP(Xa+a0 = si jX0 = si) � P(Xa = si; Xa+a0 = sijX0 = si)= P(Xa = si jX0 = si)P(Xa+a0 = si jXa = si)> 0so that a+ a0 2 Ai.In summary, Ai satis�es assumptions (i) and (ii) of Lemma 4.1, which therefore impliesthat there exists an integer Ni <1 such that (P n)i;i > 0 for all n � Ni.Theorem 4.1 now follows with N = maxfN1; : : : ; Nkg. 2By combining aperiodicity and irreducibility, we get the following important result, whichwill be used in the next chapter to prove the so-called Markov chain convergence theorem(Theorem 5.2).Corollary 4.1 Let (X0; X1; : : :) be an irreducible and aperiodic Markov chain with statespace S = fs1; : : : ; skg and transition matrix P . Then there exists an M < 1 such that(P n)i;j > 0 for all i; j 2 f1; : : : ; kg and all n �M .Proof: By the assumed aperiodicity and Theorem 4.1, there exists an integer N < 1such that (P n)i;i > 0 for all i 2 f1; : : : ; kg and all n � N . Fix two states si; sj 2 S. By theassumed irreducibility, we can �nd some ni;j such that (P ni;j)i;j > 0. Let Mi;j = N + ni;j.For any m �Mi;j, we haveP(Xm = sj jX0 = si) � P(Xm�ni;j = si; Xm = sj jX0 = si)= P(Xm�ni;j = si jX0 = si)P(Xm = sj jXm�ni;j = si) (23)> 0(the �rst factor in (23) is positive because m� ni;j � N , and the second is positive by thechoice of ni;j). Hence, we have shown that (Pm)i;j > 0 for all m �Mi;j. The corollary nowfollows with M = maxfM1;1;M1;2 : : : ;M1;k;M2;1; : : : ;Mk;kg : 228



Problems4.1 (3) Show that if a Markov chain is irreducible and has a state si such that Pii > 0, then it is alsoaperiodic.4.2 (4) Random chess moves.(a) Consider a chessboard with a lonely white king making random moves, meaning that ateach move, he picks one of the possible squares to move to, uniformly at random. Is thecorresponding Markov chain irreducible and/or aperiodic?(b) Same question, but with the king replaced by a bishop.(c) Same question, but instead with a knight.4.3 (6) Oriented random walk on a torus. Let a and b be positive integers, and consider theMarkov chain with state spacef(x; y) : x 2 f0; : : : ; a� 1g; y 2 f0; : : : ; b� 1gg ;and the following transition mechanism: If the chain is in state (x; y) at time n, then at time n+1it moves to ((x+ 1)mod a; y) or (x; (y + 1)mod b) with probability 12 each.(a) Show that this Markov chain is irreducible.(b) Show that it is aperiodic if and only if gcd(a; b) = 1.
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5 STATIONARY DISTRIBUTIONSIn this chapter, we consider one of the central issues in Markov theory: asymptotics forthe long-term behavior of Markov chains. What can we say about a Markov chain thathas been running for a long time? Can we �nd interesting limit theorems?If (X0; X1; : : :) is any nontrivial Markov chain, then the value of Xn will keep 
uctuatingin�nitely many times as n ! 1, and therefore we cannot hope to get results about Xnconverging to a limit. However, we may hope that the distribution of Xn settles down toa limit. This is indeed the case if the Markov chain is irreducible and aperiodic, whichis what the main result of this chapter, the so called Markov chain convergence theorem(Theorem 5.2), says.Let us for a moment go back to the Markov chain in Example 2.2 (the Los Angeles weather),with state space fs1; s2g and transition matrix given by (16). We saw in Problem 2.4 (a)that if we let the initial distribution �(0) be given by �(0) = (16 ; 56), then this distributionis preserved for all times, i.e., �(n) = �(0) for all n. By some experimentation, we caneasily convince ourselves that no other choice of initial distribution �(0) for this chain hasthe same property (try it!). Apparently, the distribution (16 ; 56) plays a special role for thisMarkov chain, and we call it a stationary distribution10. The general de�nition is asfollows.De�nition 5.1 Let (X0; X1; : : :) be a Markov chain with state space fs1; : : : ; skg and tran-sition matrix P . A row vector � = (�1; : : : ; �k) is said to be a stationary distributionfor the Markov chain, if it satis�es(i) �i � 0 for i = 1; : : : ; k, and Pki=1 �i = 1, and(ii) �P = �, meaning that Pki=1 �iPi;j = �j for j = 1; : : : ; k.Property (i) simply means that � should describe a probability distribution on fs1; : : : ; skg.Property (ii) implies that if the initial distribution �(0) equals �, then the distribution �(1)of the chain at time 1 satis�es �(1) = �(0)P = �P = � ;and by iterating we see that �(n) = � for every n.10Another term which is used by many authors for the same thing, is invariant distribution. Yetanother term is equilibrium distribution 30



Since the de�nition of a stationary distribution really only depends on the transition matrixP , we also sometimes say that a distribution � satisfying the assumptions (i) and (ii) inDe�nition 5.1, is stationary for the matrix P (rather than for the Markov chain).The rest of this chapter will deal with three issues: the existence of stationary distribu-tions, the uniqueness of stationary distributions, and the convergence to stationaritystarting from any initial distribution. We shall work under the conditions introduced in theprevious chapter (irreducibility and aperiodicity), although for some of the results theseconditions can be relaxed somewhat11. We begin with the existence issue.Theorem 5.1 (Existence of stationary distributions) For any irreducible and aperi-odic Markov chain, there exists at least one stationary distribution.To prove this existence theorem, we �rst need to prove a lemma concerning hitting timesfor Markov chains. If a Markov chain (X0; X1; : : :) with state space fs1; : : : ; skg and tran-sition matrix P starts in state si, then we can de�ne the hitting timeTi;j = minfn � 1 : Xn = sjgwith the convention that Ti;j =1 if the Markov chain never visits sj. We also de�ne themean hitting time �i;j = E[Ti;j] :This means that �i;j is the expected time taken until we come to state sj, starting fromstate si. For the case i = j, we call �i;i the mean return time for state si. We emphasizethat when delaing with the hitting time Ti;j, there is always the implicit assumption thatX0 = si.Lemma 5.1 For any irreducible aperiodic Markov chain with state space S = fs1; : : : ; skgand transition matrix P , we have for any two states si; sj 2 S that if the chain starts instate si, then P(Ti;j <1) = 1 : (24)Moreover, the mean hitting time �i;j is �nite12, i.e.,E[Ti;j] <1 : (25)11By careful modi�cation of our proofs, it is possible to show that Theorem 5.1 holds for arbitraryMarkov chains, and that Theorem 5.3 holds without the aperiodicity assumption. That irreducibility andaperiodicity are needed for Theorem 5.2, and irreducibility is needed for Theorem 5.3, will be establishedby means of counterexamples in Problems 5.2 and 5.3.12If you think that this should follow immediately from (24), then take a look at Example 1.1 to seethat things are not always quite that simple. 31



Proof: By Corollary 4.1, we can �nd an M < 1 such that (PM)i;j > 0 for all i; j 2f1; : : : ; kg. Fix such an M , set � = minf(PM)i;j : i; j 2 f1; : : : ; kgg, and note that � > 0.Fix two states si and sj as in the lemma, and suppose that the chain starts in si. Clearly,P(Ti;j > M) � P(XM 6= sj) � 1� � :Furthermore, given everything that has happened up to time M , we have conditionalprobability at least � of hitting state sj at time 2M , so thatP(Ti;j > 2M) = P(Ti;j > M)P(Ti;j > 2M jTi;j > M)� P(Ti;j > M)P(X2M 6= sj jTi;j > M)� (1� �)2 :Iterating this argument, we get for any l thatP(Ti;j > lM) = P(Ti;j > M)P(Ti;j > 2M jTi;j > M) � � �P(Ti;j > lM jTi;j > (l � 1)M)� (1� �)l ;which tends to 0 as l!1. Hence P(Ti;j =1) = 0, so (24) is established.To prove (25), we use the formula (1) for expectation, and getE[Ti;j] = 1Xn=1P(Ti;j � n) = 1Xn=0P(Ti;j > n) (26)= 1Xl=0 (l+1)M�1Xn=lM P(Ti;j > n)� 1Xl=0 (l+1)M�1Xn=lM P(Ti;j > lM) = M 1Xl=0 P(Ti;j > lM)� M 1Xl=0 (1� �)l = M 11� (1� �) = M� < 1 : 2Proof of Theorem 5.1: Write, as usual, (X0; X1; : : :) for the Markov chain, S =fs1; : : : ; skg for the state space, and P for the transition matrix. Suppose that the chainstarts in state s1, and de�ne, for i = 1; : : : ; k,�i = 1Xn=0P(Xn = si; T1;1 > n)so that in other words, �i is the expected number of visits to state i up to time T1;1 � 1.Since the mean return time E[T1;1] = �1;1 is �nite, and �i < �1;1, we get that �i is �nite as32



well. Our candidate for a stationary distribution is� = (�1; : : : ; �k) = � �1�1;1 ; �2�1;1 ; : : : ; �k�1;1� :We need to verify that this choice of � satis�es conditions (i) and (ii) of De�nition 5.1.We �rst show that the relationPki=1 �iPi;j = �j in condition (ii) holds for j 6= 1 (the casej = 1 will be treated separately). We get (hold on!)�j = �j�1;1 = 1�1;1 1Xn=0P(Xn = sj; T1;1 > n)= 1�1;1 1Xn=1P(Xn = sj; T1;1 > n) (27)= 1�1;1 1Xn=1P(Xn = sj; T1;1 > n� 1) (28)= 1�1;1 1Xn=1 kXi=1 P(Xn�1 = si; Xn = sj; T1;1 > n� 1)= 1�1;1 1Xn=1 kXi=1 P(Xn�1 = si; T1;1 > n� 1)P(Xn = sj jXn�1 = si) (29)= 1�1;1 1Xn=1 kXi=1 Pi;jP(Xn�1 = si; T1;1 > n� 1)= 1�1;1 kXi=1 Pi;j 1Xn=1P(Xn�1 = si; T1;1 > n� 1)= 1�1;1 kXi=1 Pi;j 1Xm=0P(Xm = si; T1;1 > m)= Pki=1 �iPi;j�1;1 = kXi=1 �iPi;j (30)where in lines (27), (28) and (29) we used the assumption that j 6= 1.Next, we verify condition (ii) also for the case j = 1. Note �rst that �1 = 1; this isimmediate from the de�nition of �i. We get�1 = 1 = P(T1;1 <1) = 1Xn=1P(T1;1 = n)= 1Xn=1 kXi=1 P(Xn�1 = si; T1;1 = n)33



= 1Xn=1 kXi=1 P(Xn�1 = si; T1;1 > n� 1)P(Xn = s1 jXn�1 = si)= 1Xn=1 kXi=1 Pi;1P(Xn�1 = si; T1;1 > n� 1)= kXi=1 Pi;1 1Xn=1P(Xn�1 = si; T1;1 > n� 1)= kXi=1 Pi;1 1Xm=0P(Xm = si; T1;1 > m)= kXi=1 �iPi;1 :Hence �1 = �1�1;1 = kXi=1 �iPi;1�1;1 = kXi=1 �iPi;1 :By combining this with (30), we have established that condition (ii) holds for our choiceof �.It remains to show that condition (i) holds as well. That �i � 0 for i = 1; : : : ; k is obvious.To see that Pki=1 �i = 1 holds as well, note that�1;1 = E[T1;1] = 1Xn=0P(T1;1 > n) (31)= 1Xn=0 kXi=1 P(Xn = si; T1;1 > n)= kXi=1 1Xn=0P(Xn = si; T1;1 > n)= kXi=1 �i(where equation (31) uses (26)) so thatkXi=1 �i = 1�1;1 kXi=1 �i = 1 ;and condition (i) is veri�ed. 2We shall go on to consider the asymptotic behavior of the distribution �(n) of a Markovchain with arbitrary initial distribution �(0). To state the main result (Theorem 5.2), we34



need to de�ne what it means for a sequence of probability distributions �(1); �(2); : : : toconverge to another probability distribution �, and to this end it is useful to have a metricon probability distributions. There are various such metrics; one which is useful here isthe so called total variation distance.De�nition 5.2 If �(1) = (�(1)1 ; : : : ; �(1)k ) and �(2) = (�(2)1 ; : : : ; �(2)k ) are probability distribu-tions on S = fs1; : : : ; skg, then we de�ne the total variation distance between �(1) and�(2) as dTV(�(1); �(2)) = 12 kXi=1 j�(1)i � �(2)i j : (32)If �(1); �(2); : : : and � are probability distributions on S, then we say that �(n) convergesto � in total variation as n!1, writing �(n) TV�! �, iflimn!1dTV(�(n); �) = 0 :The constant 12 in (32) is designed to make the total variation distance dTV take valuesbetween 0 and 1. If dTV(�(1); �(2)) = 0, then �(1) = �(2). In the other extreme casedTV(�(1); �(2)) = 1, we have that �(1) and �(2) are \disjoint" in the sense that S can bepartitioned into two disjoint subsets S 0 and S 00 such that �(1) puts all of its probabilitymass in S 0, and �(2) puts all of its in S 00. The total variation distance also has the naturalinterpretation dTV(�(1); �(2)) = maxA�S j�(1)(A)� �(2)(A)j ; (33)an identity that you will be asked to prove in Problem 5.1 below. In words, the totalvariation distance between �(1) and �(2) is the maximal di�erence between the probabilitiesthat the two distributions assign to any one event.We are now ready to state the main result about convergence to stationarity.Theorem 5.2 (The Markov chain convergence theorem) Let (X0; X1; : : :) be an ir-reducible aperiodic Markov chain with state space S = fs1; : : : ; skg, transition matrix P ,and arbitrary initial distribution �(0). Then, for any distribution � which is stationary forthe transition matrix P , we have �(n) TV�! � : (34)What the theorem says is that if we run a Markov chain for a su�ciently long time n, then,regardless of what the initial distribution was, the distribution at time n will be close tothe stationary distribution �. This is often referred to as the Markov chain approachingequilibrium as n!1. 35



For the proof, we will use a so-called coupling argument; coupling is one of the most usefuland elegant techniques in contemporary probability. Before doing the proof, however, thereader is urged to glance ahead at Theorem 5.3 and its proof, to see how easily Theorem5.2 implies that there cannot be more than one stationary distribution.Proof of Theorem 5.2: When studying the behavior of �(n), we may assume that(X0; X1; : : :) has been obtained by the simulation method outlined in Chapter 3, i.e.,X0 =  �(0)(U0)X1 = �(X0; U1)X2 = �(X1; U2)...where  �(0) is a valid initiation function for �(0), � is a valid update function for P , and(U0; U1; : : :) is an i.i.d. sequence of uniform [0; 1] random variables.Next, we introduce a second Markov chain13 (X 00; X 01; : : :) by letting  � be a valid initiationfunction for the distribution �, letting (U 00; U 01; : : :) be another i.i.d. sequence (independentof (U0; U1; : : :)) of uniform [0; 1] random variables, and settingX 00 =  �(U0)X 01 = �(X 00; U 01)X 02 = �(X 01; U 02)...Since � is a stationary distribution, we have that X 0n has distribution � for any n. Also,the chains (X0; X1; : : :) and X 00; X 01; : : :) are independent of each other, by the assumptionthat the sequences (U0; U1; : : :) and (U 00; U 01; : : :) are independent of each other.A key step in the proof is now to show that, with probability 1, the two chains will \meet",meaning that there exists an n such that Xn = X 0n. To show this, de�ne the \�rst meetingtime" T = minfn : Xn = X 0ngwith the convention that T = 1 if the chains never meet. Since the Markov chain(X0; X1; : : :) is irreducible and aperiodic, we can �nd, using Corollary 4.1, an M < 1such that (PM)i;j > 0 for all i; j 2 f1; : : : ; kg :Set � = minf(PM)i;j : i 2 f1; : : : ; kgg ;13This is what characterizes the coupling method: to construct two or more processes on the sameprobability space, in order to draw conclusions about their respective distributions.36



and note that � > 0. We get thatP(T �M)� P(XM = X 0M)� P(XM = s1; X 0M = s1)= P(XM = s1)P(X 0M = s1)=  kXi=1 P(X0 = si; XM = s1)! kXi=1 P(X 00 = si; X 0M = s1)!=  kXi=1 P(X0 = si)P(XM = s1 jX0 = si)! kXi=1 P(X 00 = si)P(X 0M = s1 jX 00 = si)!�  � kXi=1 P(X0 = si)! � kXi=1 P(X 00 = si)! = �2so that P(T > M) � 1� �2 :Similarly, given everything that has happened up to time M , we have conditional proba-bility at least �2 of having X2M = X 02M = s1, so thatP(T > 2M) � P(T > M)P(T > 2M jT > M)� (1� �2)P(T > 2M jT > M)� (1� �2)P(X2M 6= X 02M jT > M)= (1� �2)(1�P(X2M = X 02M jT > M))� (1� �2)2 :By iterating this argument, we get for any l thatP(T > lM) � (1� �2)lwhich tends to 0 as l!1. Hence, limn!1P(T > n) = 0 (35)so that in other words, we have shown that the two chains will meet with probability 1.The next step of the proof is to construct a third Markov chain (X 000 ; X 001 ; : : :), by settingX 000 = X0 (36)and, for each n, X 00n+1 = � �(X 00n; Un+1) if X 00n 6= X 0n�(X 00n; U 0n+1) if X 00n = X 0n37



In other words, the chain (X 000 ; X 001 ; : : :) evolves exactly like the chain (X0; X1; : : :) until thetime T when it �rst meets the chain (X 00; X 01; : : :). It then switches to evolving exactly likethe chain (X 00; X 01; : : :). It is important to realize that (X 000 ; X 001 ; : : :) really is a Markov chainwith transition matrix P ; this may require a pause for thought, but the basic reason whyit is true is that at each update, the update function is exposed to a \fresh" new uniform[0; 1] variable, i.e., one which is independent of all previous random variables.Because of (36), we have that X 000 has distribution �(0). Hence, for any n, X 00n has distribu-tion �(n). Now, for any i 2 f1; : : : ; kg we get,�(n)i � �i = P(X 00n = si)�P(X 0n = si)� P(X 00n = si; X 0n 6= si)� P(X 00n 6= X 0n)= P(T > n)which tends to 0 as n!1, due to (35). Using the same argument (with the roles of X 00nand X 0n interchanged), we see that�i � �(n)i � P(T > n)as well, again tending to 0 as n!1. Hence,limn!1 j�(n)i � �ij = 0 :This implies that limn!1dTV(�(n); �) = limn!1�12Pki=1 j�(n)i � �ij� (37)= 0since each term in the right hand side of (37) tends to 0. Hence, (34) is established. 2Theorem 5.3 (Uniqueness of the stationary distribution) Any irreducible and ape-riodic Markov chain has exactly one stationary distribution.Proof: Let (X0; X1; : : :) be an irreducible and aperiodic Markov chain with transitionmatrix P . By Theorem 5.1, there exists at least one stationary distribution for P , so weonly need to show that there is at most one stationary distribution. Let � and �0 be two(a priori possibly di�erent) stationary distributions for P ; our task is to show that � = �0.Suppose that the Markov chain starts with initial distribution �(0) = �0. Then �(n) = �0for all n, by the assumption that �0 is stationary. On the other hand, Theorem 5.2 tells usthat �(n) TV�! �, meaning that limn!1dTV(�(n); �) = 0 :38



Since �(n) = �0, this is the same as limn!1dTV(�0; �) = 0 :But dTV(�0; �) does not depend on n, and hence equals 0. This implies that � = �0, so theproof is complete. 2To summarize Theorems 5.2 and 5.3: If a Markov chain is irreducible and aperiodic, thenit has a unique stationary distribution �, and the distribution �(n) of the chain at time napproaches � as n!1, regardless of the initial distribution �(0).
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Problems5.1 (7) Prove the formula (33) for total variation distance. Hint: consider the eventA = fs 2 S : �(1)(s) � �(2)(s)g :5.2 (4) Theorems 5.2 and 5.3 fail for reducible Markov chains. Consider the reducible Markovchain in Example 4.1.(a) Show that both � = (0:375; 0:625; 0; 0) and �0 = (0; 0; 0:5; 0:5) are stationary distributions forthis Markov chain.(b) Use (a) to show that the conclusions of Theorem 5.2 and 5.3 fail for this Markov chain.5.3 (6) Theorem 5.2 fails for periodic Markov chains. Consider the Markov chain (X0; X1; : : :)describing a knight making random moves on a chessboard, as in Problem 4.2 (c). Show that �(n)does not converge in total variation, if the chain is started in a �xed state (such as the square a1 ofthe chessboard).5.4 (7) If there are two di�erent stationary distributions, then there are in�nitely many.Suppose that (X0; X1; : : :) is a reducible Markov chain with two di�erent stationary distributions �and �0. Show that, for any p 2 (0; 1), we get yet another stationary distribution as p� + (1� p)�0.5.5 (6) Show that the stationary distribution obtained in the proof of Theorem 5.1, can be written as� = � 1�1;1 ; 1�2;2 ; : : : ; 1�k;k� :
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6 REVERSIBLE MARKOV CHAINSIn this chapter we introduce a special class of Markov chains known as the reversible ones.They are called so because they, in a certain sense, look the same regardless of whethertime runs backwards or forwards; this is made precise in Problem 6.2 below. Such chainsarise naturally in the algorithmic applications of Chapters 7{12, as well as in several otherapplied contexts. We jump right on to the de�nition:De�nition 6.1 Let (X0; X1; : : :) be a Markov chain with state space S = fs1; : : : ; skg andtransition matrix P . A probability distribution � on S is said to be reversible for thechain (or for the transition matrix P ) if for all i; j 2 f1; : : : ; kg we have�iPi;j = �jPj;i : (38)The Markov chain is said to be reversible if there exists a reversible distribution for it.If the chain is started with the reversible distribution �, then the left-hand side of (38) canbe thought of as the amount of probability mass 
owing at time 1 from state si to statesj. Similarly, the right hand side is the probability mass 
owing from sj to si. This seemslike (and is!) a strong form of equilibrium, and the following result suggests itself.Theorem 6.1 Let (X0; X1; : : :) be a Markov chain with state space S = fs1; : : : ; skg andtransition matrix P . If � is a reversible distribution for the chain, then it is also a station-ary distribution for the chain.Proof: Property (i) of De�nition 5.1 is immediate, so it only remains to show that for anyj 2 f1; : : : ; kg, we have �j = kXi=1 �iPi;j :We get �j = �j kXi=1 Pj;i = kXi=1 �jPj;i = kXi=1 �iPi;j ;where the last equality uses (38). 2We go on to consider some examples.
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7 8Figure 4: A graph.Example 6.1: Random walks on graphs. This example is a generalization of the randomwalk example in Figure 1. A graph G = (V;E) consists of a vertex set V = fv1; : : : ; vkg,together with an edge set E = fe1; : : : ; elg. Each edge connects two of the vertices; an edgeconnecting the vertices vi and vj is denoted hvi; vji. No two edges are allowed to connect thesame pair of vertices. Two vertices are said to be neighbours if they share an edge.For instance, the graph in Figure 4 has vertex set V = fv1; : : : ; v8g and edge setE = fhv1; v3i; hv1; v4i; hv2; v3i; hv2; v5i; hv2; v6i; hv3; v4i;hv3; v7i; hv3; v8i; hv4; v8i; hv5; v6i; hv6; v7i; hv7; v8igA random walk on a graph G = (V;E) is a Markov chain with state space V = fv1; : : : ; vkgand the following transition mechanism: If the random walker stands at a vertex vi at timen, then it moves at time n+ 1 to one of the neighbours of vi chosen at random, with equalprobability for each of the neighbours. Thus, if we denote the number of neighbours of avertex vi by di, then the elements of the transition matrix are given byPi;j = � 1di if vi and vj are neighbours0 otherwise.It turns out that random walks on graphs are reversible Markov chains, with reversibledistribution � given by � = �d1d ; d2d ; : : : ; dkd � (39)where d =Pki=1 di. To see that (38) holds for this choice of �, we calculate�iPi;j = ( did 1di = 1d = djd 1dj = �jPj;i if vi and vj are neighbours0 = �jPj;i otherwise.For the case of the graph in Figure 4, (39) becomes� = � 224 ; 324 ; 524 ; 324 ; 224 ; 324 ; 324 ; 324�so that in equilibrium, v3 is the most likely vertex for the random walker to be at, whereasv1 and v5 are the least likely ones. 42
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Figure 5: Transition graph of a Markov chain of the kind discussed in Example 6.2.Example 6.2. Let (X0; X1; : : :) be a Markov chain with state space S = fs1; : : : ; skg andtransition matrix P , and suppose that the transition matrix has the properties that(i) Pi;j > 0 whenever ji� jj = 1, and(ii) Pi;j = 0 whenever ji� jj � 2.Such a Markov chain is often called a birth-and-death process, and its transition graph hasthe form outlined in Figure 5 (with some or all of the Pi;i-\loops" possibly being absent). Weclaim that any Markov chain of this kind is reversible. To construct a reversible distribution� for the chain, we begin by setting ��1 equal to some arbitrary strictly positive number a.The condition (38) with i = 1 and j = 2 forces us to take��2 = aP1;2P2;1 :Applying (38) again, now with i = 2 and j = 3, we get��3 = ��2P2;3P3;2 = aP1;2P2;3P2;1P3;2We can continue in this way, and get��i = aQi�1l=1 Pl;l+1Qi�1l=1 Pl+1;lfor each i. Then �� = (��1 ; : : : ; ��k) satis�es the requirements of a reversible distribution,except possibly that the entries do not sum to one, as is required for any probability dis-tribution. But this is easily taken care of by dividing all entries by their sum. It is readilychecked that � = (�1; �2; : : : ; �k) =  ��1Pki=1 ��i ; ��2Pki=1 ��i ; : : : ; ��kPki=1 ��i !is a reversible distribution.Having come this far, one might perhaps get the impression that most Markov chains arereversible. This is not really true, however, and to make up for this false impression, letus also consider an example of a Markov chain which is not reversible.
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Figure 6: Transition graph of the Markov chain in Example 6.3.Example 6.3: A nonreversible Markov chain. Let us consider a modi�ed version ofthe random walk in Figure 1. Suppose that the coin tosses used by the random walker inFigure 1 are biased, in such a way that at each integer time, he moves one step clockwise withprobability 34 , and one step counterclockwise with probability just 14 . This yields a Markovchain with the transition graph in Figure 6. It is clear that � = ( 14 ; 14 ; 14 ; 14 ) is a stationarydistribution for this chain (right?). Furthermore, since the chain is irreducible, we have byTheorem 5.3 and the �rst footnote on p. 31 that this is the only stationary distribution.Because of Theorem 6.1 we therefore need � to be reversible in order for the Markov chainto be reversible. But if we, e.g., try (38) with i = 1 and j = 2, we get�1P1;2 = 14 � 34 = 316 > 116 = 14 � 14 = �2P2;1so that �1P1;2 6= �2P2;1, and reversibility fails. Intuitively, the reason why this chain is notreversible is that the walker has a tendency to move clockwise. If we �lmed the walker andwatched the movie backwards, it would look as if he preferred to move counterclockwise, sothat in other words the chain behaves di�erently in \backwards time" compared to \forwardstime".Let us close this chapter by mentioning the existence of a simple and beautiful equivalencebetween reversible Markov chains on one hand, and resistor networks on the other. Thismakes electrical arguments (such as the series and parallel laws) useful for analyzing Markovchains, and conversely, probabilistic argument available in the study of electrical networks.Unfortunately, a discussion of this topic would take us too far, considering the modestformat of these notes. Suggestions for further reading can be found in Chapter 13.
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Problems6.1 (6)The king on the chess board. Recall from Problem 4.2 (a) the king making random moves ona chess board. If you solved that problem correctly, then you know that the corresponding Markovchain is irreducible and aperiodic. By Theorem 5.3, the chain therefore has a unique stationarydistribution �. Compute �. Hint: the chain is reversible, and can be handled as in Example 6.1.6.2 (7) Time reversal. Let (X0; X1; : : :) be a reversible Markov chain with state space S, transitionmatrix P , and reversible distribution �. Show that if the chain is started with initial distribution�(0) = �, then for any n and any si0 ; si1 ; : : : ; sin 2 S, we haveP(X0 = si0 ; X1 = si1 ; : : : ; Xn = sin) = P(X0 = sin ; X1 = sin�1 ; : : : ; Xn = si0) :In other words, the chain is equally likely to make a tour through the states si0 ; : : : sin in forwardsas in backwards order.
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7 MARKOV CHAIN MONTE CARLOIn this chapter and the next, we consider the following problem: Given a probabilitydistribution � on S = fs1; : : : ; skg, how do we simulate a random object with distribution�? To motivate the problem, we begin with an example.Example 7.1: The hard-core model. Let G = (V;E) be a graph (recall Example 6.1 forthe de�nition of a graph) with vertex set V = fv1; : : : ; vkg and edge set E = fe1; : : : ; elg. Inthe so called hard-core model on G, we randomly assign value 0 or 1 to each of the vertices, insuch a way that no two adjacent vertices (i.e., no two vertices that share an edge) both takevalue 1. Assignments of 0's and 1's to the vertices are called con�gurations, and can bethought of as elements of the set f0; 1gV . Con�gurations in which no two 1's occupy adjacentvertices are called feasible. The precise way in which we pick a random con�guration is totake each of the feasible con�gurations with equal probability. We write �G for the resultingprobability measure on f0; 1gV . Hence, for � 2 f0; 1gV , we have�G(�) = � 1ZG if � is feasible0 otherwise, (40)where ZG is the total number of feasible con�gurations for G. See Figure 7 for a randomcon�guration chosen according to �G in the case where G is a square grid of size 8� 8.This model (with the graph G being a three-dimensional grid) was introduced in statisticalphysics to capture some of the behavior of a gas whose particles have non-negligible radii andcannot overlap; here 1's represent particles and 0's represent empty locations. (The modelhas also been used in telecommunications for modelling situations where an occupied nodedisables all its neighbouring nodes.)A very natural question is now: What is the expected number of 1's in a random con�gurationchosen according to �G? If we write n(�) for the number on 1's in the con�guration �, andX for a random con�guration chosen according to �G, then this expected value is given byE[n(X)] = X�2f0;1gV n(�)�G(�) = 1ZG X�2f0;1gV n(�)If� is feasibleg ; (41)where ZG is the total number of feasible con�gurations for the graph G. To evaluate thissum may be infeasible unless the graph is very small, since the number of con�gurations(and hence the number of terms in the sum) grows exponentially in the size of the graph (forinstance, we get 264 � 1:8 � 1019 di�erent con�gurations for the moderately-sized graph inFigure 7; in physical applications one is usually interested in much bigger graphs). It mayhelp somewhat that most of the terms take value 0, but the number of nonzero terms growsexponentially as well. Note also that the calculation of ZG is computationally nontrivial.When the exact expression in (41) is beyond what our computational resources can dealwith, a good idea may be to revert to simulations. If we know how to simulate a randomcon�guration X with distribution �G, then we can do this many times, and estimate E[n(X)]by the average number of 1's in our simulations. By the Law of Large Numbers (Theorem1.2), this estimate converges to the true value of E[n(X)], as the number of simulations tendsto in�nity, and we can make con�dence intervals etc, using standard statistical procedures.46



Figure 7: A feasible con�guration (chosen at random according to the probability measure �G), whereG is a square grid of size 8� 8. Black (resp. white) circles represent 1's (resp. 0's). Note that no two 1'soccupy adjacent vertices.With this example in mind, let us discuss how we can simulate a random variable Xdistributed according to a given probability distribution � on a state space S. In principleit is very simple: just enumerate the elements of S as s1; : : : ; sk, and then letX =  (U)where U is a uniform [0; 1] random variable, and the function  : [0; 1]! S is given by
 (x) = 8>>>>>>>>><>>>>>>>>>:

s1 for x 2 [0; �(s1))s2 for x 2 [�(s1); �(s1) + �(s2))... ...si for x 2 hPi�1j=1 �(sj); Pij=1 �(sj)�... ...sk for x 2 hPk�1j=1 �(sj); 1i (42)
as in (18). By arguing as in Chapter 3, we see that this gives X the desired distribution �.In practice, however, this approach is infeasible unless the state space S is small. For thehard-core model on a square grid the size of a chessboard or bigger, the evaluation of thefunction  in (42) becomes too time consuming for this method to be of any practical use.It is precisely in this kind of situation that the Markov chain Monte Carlo (MCMC)method is useful. The method originates in physics, where the earliest uses go back tothe 1950's. It later enjoyed huge booms in other areas, especially in image analysis in the1980's, and in so-called Bayesian statistics in the 1990's.The idea is the following: Suppose we can construct an irreducible and aperiodic Markovchain (X0; X1; : : :), whose (unique) stationary distribution is �. If we run the chain witharbitrary initial distribution (for instance, starting in a �xed state), then the Markov chainconvergence theorem (Theorem 5.2) guarantees that the distribution of the chain at time47



n converges to �, as n!1. Hence, if we run the chain for a su�ciently long time n, thenthe distribution of Xn will be very close to �. Of course this is just an approximation, butthe point is that the approximation can be made arbitrarily good by picking the runningtime n large.A natural objection at this stage is: How can it possibly be any easier to construct aMarkov chain with the desired property, compared to constructing a random variable withdistribution � directly? To answer this, we move straight on to an example.Example 7.2: An MCMC algorithm for the hard-core model. Let us consider thehard-core model in Example 7.1 on a graph G = (V;E) (which for concreteness may be takento be the one in Figure 7) with V = fv1; : : : ; vkg. In order to get an MCMC algorithm forthis model, we want to construct a Markov chain with state space S being the set of feasiblecon�gurations for G, i.e., S = f� 2 f0; 1gV : � is feasibleg :In addition, we want the Markov chain to be irreducible and aperiodic, and have stationarydistribution �G given by (40).A Markov chain (X0; X1; : : :) with the desired properties can be obtained using the followingtransition mechanism. At each integer time n+ 1, we do as follows:1. Pick a vertex v 2 V at random (uniformly).2. Toss a fair coin.3. If the coin comes up heads, and all neighbours of v take value 0 in Xn, then letXn+1(v) = 1; otherwise let Xn+1(v) = 0.4. For all vertices w other than v, leave the value at w unchanged, i.e., let Xn+1(w) =Xn(w).It is not di�cult to verify that this Markov chain is irreducible and aperiodic; see Problem7.1. Hence, it just remains to show that �G is a stationary distribution for the chain. ByTheorem 6.1, it is enough to show that �G is reversible. Letting P�;�0 denote the transitionprobability from state � to state �0 (with transition mechanism as above), we thus need tocheck that �G(�)P�;�0 = �G(�0)P�0;� (43)for any two feasible con�gurations � and �0. Let us write d = d(�; �0) for the number ofvertices in which � and �0 di�er, and treat the three cases d = 0, d = 1 and d � 2 separately.Firstly, the case d = 0 means that � = �0, in which case the relation (43) is completely trivial.Secondly, the case d � 2 is almost as trivial, because the chain never changes the values atmore than one vertex at a time, making both sides of (43) equal to 0. Finally, consider thecase d = 1 where � and �0 di�er at exactly one vertex v. Then all neighbours of v must takevalue 0 in � as well as �0, since otherwise one of the con�gurations would not be feasible. Wetherefore get �G(�)P�;�0 = 1ZG 12k = �G(�0)P�0;�and (43) is veri�ed (recall that k is the number of vertices). Hence the chain has �G as areversible (and therefore stationary) distribution.48



We can now simulate this Markov chain using the methods of Chapter 3. A convenient choiceof update function � is to split the unit interval [0; 1] into 2k subintervals of equal length 12k ,representing the choices(v1; heads); (v1; tails); (v2; heads); : : : ; (vk; tails)in the above description of the transition mechanism. If we now run the chain for a long timen, starting with an arbitrary feasible initial con�guration such as the \all 0's" con�guration,and output Xn, then we get a random con�guration whose distribution is approximately �G.The above is a typical MCMC algorithm in several respects. Firstly, note that althoughit is only required that the chain has the desired distribution as a stationary distribution,we found a chain with the stronger property that the distribution is reversible. This isthe case for the vast majority of known MCMC algorithms. The reason for this is thatin most nontrivial situations, the easiest way to construct a chain with a given stationarydistribution �, is to make sure that the reversibility condition (38) holds.Secondly, the algorithm in Example 7.2 is an example of a commonly used special class ofMCMC algorithms known as Gibbs samplers. These are useful to simulate probabilitydistributions � on state spaces of the form SV , where S and V are �nite sets. In otherwords, we have a �nite set V of vertices, a �nite set S of attainable values at each vertex,and � is the distribution of some random assignment of values in S to the vertices in V (inthe hard-core model example, we have S = f0; 1g). The Gibbs sampler is a Markov chainwhich at each integer time n + 1 does the following.1. Pick a vertex v 2 V at random (uniformly).2. Pick Xn+1(v) according to the conditional �-distribution of the value at v given thatall other vertices take values according to Xn.3. Let Xn+1(w) = Xn(w) for all vertices w 2 V except v.It is not hard to show that this Markov chain is aperiodic, and that it has � as a reversible(hence stationary) distribution. If in addition the chain is irreducible (which may or maynot be the case depending on which elements of SV have nonzero �-probability), thenthis Markov chain is a correct MCMC algorithm for simulating random variables withdistribution �. We give another example:
49



Example 7.3: An MCMC algorithm for random q-colourings. Let G = (V;E) bea graph, and let q � 2 be an integer. A q-colouring of the graph G is an assignment ofvalues from f1; : : : ; qg (thought of as q di�erent \colours") with the property that no twoadjacent vertices have the same value (colour). By a random q-colouring for G, we mean aq-colouring chosen uniformly from the set of possible q-colourings for G, and write �G;q forthe corresponding probability distribution14 on SV .For a vertex v 2 V and an assignment � of colours to the vertices other than v, the conditional�G;q-distribution of the colour at v is uniform over the set of all colours that are not attainedin � at some neighbour of v (right?). A Gibbs sampler for random q-colourings is thereforean SV -valued Markov chain where at each time n+ 1, transitions take place as follows.1. Pick a vertex v 2 V at random (uniformly).2. Pick Xn+1(v) according to uniform distribution over the set of colours that are notattained at any neighbour of v.3. Leave the colour unchanged at all other vertices, i.e., let Xn+1(w) = Xn(w) for allvertices w 2 V except v.This chain is aperiodic and has �G;q as a stationary distribution; see Problem 7.3. Whetheror not the chain is irreducible depends on G and q, and it is a nontrivial problem in generalto determine this15. In case we can show that it is irreducible, this Gibbs sampler becomesa useful MCMC algorithm.Let us also mention that a commonly used variant of the Gibbs sampler is the following.Instead of picking the vertices to update at random, we can cycle systematically throughthe vertex set. For instance, if V = fv1; : : : ; vkg, we may decide to update vertex8>>>>>>><>>>>>>>:
v1 at times 1; k + 1; 2k + 1; : : :v2 at times 2; k + 2; 2k + 2; : : :... ...vi at times i; k + i; 2k + i; : : :... ...vk at times k; 2k; 3k; : : : (44)

This gives an inhomogeneous Markov chain (because there are k di�erent update rulesused at di�erent times) which is aperiodic and has the desired distribution as a reversibledistribution. Furthermore, it is irreducible if and only if the original \random vertex"Gibbs sampler is irreducible. To prove these claims is reasonably straightforward, but14We are here making the implicit assumption that there exists at least one q-colouring for G. Thisis not always the case. For instance, if q = 2 and G consists of three vertices connected in a triangle,then no q-colouring can be found. In general it is a di�cult combinatorial problem to determine whetherq-colourings exist for a given choice of G and q. The famous four-colour theorem states that if G is aplanar graph, then q = 4 is enough.15Compare with the previous footnote. One thing which is not terribly hard, is to show that for anygiven graph G, the chain is irreducible for all su�ciently large q.50



requires a notationally somewhat inconvenient extension of the theory in Chapters 4{6 tothe case of inhomogeneous Markov chains. We therefore omit the details.Another important general procedure for designing a reversible Markov chain for MCMCalgorithms, is the construction of a so-called Metropolis chain16. Let us describe a way(not the most general possible) to construct a Metropolis chain for simulation of a givenprobability distribution � = (�1; : : : ; �k) on a set S = fs1; : : : ; skg. The �rst step is toconstruct some graph G with vertex set S. The edge set of this graph may be arbitrary,except that(i) the graph must be connected in order to assure irreducibility of the resulting chain,and(ii) each vertex should not be the endpoint of too many edges, since otherwise the chainbecomes computationally too heavy to simulate in practice.As usual, we say that two states si and sj are neighbours if the graph contains an edgehsi; sji linking them. We also write di for the number of neighbours of state si. TheMetropolis chain corresponding to a given choice of G has transition matrixPi;j = 8>>><>>>: 1di minf�jdi�idj ; 1g if si and sj are neighbours0 if si 6= sj are not neighbours1� Xlsl�si 1di minf�ldi�idl ; 1g if i = j ; (45)where the sum is over all states sl that are neighbours of si. This transition matrixcorresponds to the following transition mechanism: Suppose that Xn = si. First picka state sj according to uniform distribution on the set of neighbours of si (so that eachneighbour is chosen with probability 1di ). Then we setXn+1 = ( sj with probability minf�jdi�idj ; 1gsi with probability 1�minf�jdi�idj ; 1g :To show that this Markov chain has � as its stationary distribution, it is enough to verifythat the reversibility condition �iPi;j = �jPj;i (46)holds for all i and j. We proceed as in Example 7.2, by �rst noting that (46) is trivial fori = j. For the case where i 6= j and si and sj are not neighbours, (46) holds because both16A more general (and widely used) class of Markov chains for MCMC simulation are the so-calledMetropolis{Hastings chains; see the book [GRS] mentioned in Chapter 13.51



sides are 0. Finally, we split the case where si and sj are neighbours into two subcasesaccording to whether or not �jdi�idj � 1. If �jdi�idj � 1, then( �iPi;j = �i 1di�jPj;i = �j 1dj �idj�jdi = �idiso that (46) holds. Similarly, if �jdi�idj < 1, then( �iPi;j = �i 1di �jdi�idj = �jdj�jPj;i = �j 1djand again (46) holds. So � is a reversible (hence stationary) distribution for the Metropolischain, which therefore can be used for MCMC simulation of �.
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Problems7.1 (5) Show that the Markov chain used for MCMC simulation of the hard-core model in Example7.2 is(a) irreducible17, and(b) aperiodic18.7.2 (8*) Write a computer program, using the algorithm in Example 7.2, for simulating the hard-coremodel on a general k � k square grid. Then do some simulation experiments.7.3 (7) Show, by arguing as in Example 7.2 and Problem 7.1 (b), that the Gibbs sampler for randomq-colorings in Example 7.3(a) has �G;q as a stationary distribution, and(b) is aperiodic.7.4 (6) A generalized hard-core model. A natural generalization of the hard-core model is to allowfor di�erent \packing intensities" of 1's in the graph. This is done by introducing a parameter� > 0, and changing the probability measure �G de�ned in (40) into a modi�ed probability measure�G;� in which each con�guration � 2 f0; 1gV gets probability�G;�(�) = ( �n(�)ZG;� if � is feasible0 otherwise, (47)where n(�) is the number of 1's in �, and ZG;� = P�2f0;1gV �n(�)If� is feasibleg is a normalizingconstant. As follows from a direct calculation, this means that for any vertex v 2 V , the conditionalprobability that v takes value 1 given the values at all other vertices, equals� ��+1 if all neighbours of v take value 00 otherwise.The model's \desire" to put a 1 at v therefore increases gradually as � increases from 0 to 1. Thecase � = 1 reduces to the standard hard-core model in Example 7.1.Construct an MCMC algorithm for this generalized hard-core model.
17Hint: We need to show that for any two feasible con�gurations � and �0, the chain can go from � to�0 in a �nite number of steps. The easiest way to show this is to demonstrate that it can go from � to the\all 0's" con�guration in a �nite number of steps, and then from the \all 0's" con�guration to �0 in a �nitenumber of steps.18Hint: To show that the period of a state � is 1, it is enough to show that the Markov chain can gofrom � to � in one step (see also Problem 4.1). 53



8 FAST CONVERGENCE OFMCMC ALGORITHMSAlthough the MCMC approach to simulation, described in the previous chapter, is highlyuseful, let us note two drawbacks of the method:(A) The main theoretical basis for the MCMC method is Theorem 5.2, which guaranteesthat the distribution �(n) at time n of an irreducible and aperiodic Markov chainstarted in a �xed state, converges to the stationary distribution � as n ! 1. Butthis doesn't imply that �(n) ever becomes equal to �, only that it comes very close.As a matter of fact, in the vast majority of examples, we have �(n) 6= � for all n(see, e.g., Problem 2.3). Hence, no matter how large n is taken to be in the MCMCalgorithm, there will still be some discrepancy between the distribution of the outputand the desired distribution �.(B) In order to make the error due to (A) small, we need to �gure out how large n needs tobe taken in order to make sure that the discrepancy between �(n) and � (measured inthe total variation distance dTV(�(n); �)) is smaller than some given " > 0. In manysituations, it has turned out to be very di�cult to obtain upper bounds on how largen needs to be taken, that are small enough to be of any practical use19.Problem (A) above is in itself not a particularly serious obstacle. In most situations, we cantolerate a small error in the distribution of the output, as long as we have an idea abouthow small it is. It is only in combination with (B) that it becomes really bothersome.Due to di�culties in determining the rate of convergence to stationarity in Markov chains,much of today's MCMC practice has the following character: A Markov chain (X0; X1; : : :)whose distribution �(n) converges to the desired distribution �, as the running time n tendsto 1, is constructed. The chain is then run for a fairly long time n (say, 104 or 105), andXn is output, hoping that the chain has come close to equilibrium by then. But this isoften just a matter of faith, or perhaps some vague handwaving arguments.This situation is clearly unsatisfactory, and much e�ort has in recent years been put intoattempts at rectifying it. In this chapter and in Chapter 10, we shall take a look at twodi�erent approaches. The one we consider in this chapter is to try to overcome the moreserious problem (B) by establishing useful bounds for convergence rates of Markov chains.19In general, it is possible to extract an explicit upper bound (depending on " and on the chain) bya careful analysis of the proof of Theorem 5.2. However, this often leads to bounds of astronomicalmagnitude, such as \dTV(�(n); �) < 0:01 whenever n � 10100 ". This is of course totally useless, becausethe simulation of 10100 steps of a Markov chain is unlikely to terminate during our lifetimes. In suchsituations, one can often suspect that the convergence is much faster (so that perhaps n = 105 wouldsu�ce), but to actually prove this often turns out to be prohibitively di�cult.54



In general, this remains a di�cult open problem, but in a number of speci�c situations,very good results have been obtained.To illustrate the type of convergence rate results that can be obtained, and some of the prooftechniques, we will consider one example where the MCMC chain has been successfullyanalyzed, namely the random q-colorings in Example 7.3.Fix a graph G = (V;E) and an integer q, and recall that �G;q is the probability distributionon f1; : : : ; qgV which is uniform over all � 2 f1; : : : ; qgV that are valid q-colorings, i.e., overall assignments of colors 1; : : : ; q to the vertices of G with the property that no two verticessharing an edge have the same color. We consider the Gibbs sampler described in Example7.3, with the following modi�cation of the way of picking vertices to update. Insteadof picking a vertex at random uniformly from V = fv1; : : : ; vkg, we scan systematicallythrough the vertex set by updating vertex v1 at time 1, v2 at time 2, ... , vk at time k,v1 again at time k + 1, and so on as in (44). We call this the systematic sweep Gibbssampler for random q-colorings on G.The question about convergence rates for this MCMC algorithm (or others) is natural tophrase as follows: Given " > 0 (such as for instance " = 0:01), how many iterations n ofthe algorithm do we need in order to make the total variation distance dTV (�(n); �G;q) lessthan "? Here �(n) is the distribution of the chain after n iterations.Theorem 8.1 Let G = (V;E) be a graph. Let k be the number of vertices in G, andsuppose that any vertex v 2 V has at most q neighbors. Suppose furthermore that q > 2d2.Then, for any �xed " > 0, the number of iterations needed for the systematic sweep Gibbssampler described above (starting from any �xed q-coloring �) to come within total variationdistance " of the target distribution �G;q, is at mostk log(k) + log("�1)� log(d)log � q2d2 � + 1! : (48)Before going to the proof of this result, some comments are in order:1. The most important aspect of the bound in (48) is that it is bounded byCk(log(k) + log("�1))for some constant C < 1 that does not depend on k or on ". This means that thenumber of iterations needed to come within total variation distance " from the targetdistribution �G;q, does not grow terribly quickly as k ! 1 or as " ! 0. It is easyto see that any algorithm for generating random q-colorings must have a running55



time that grows at least linearly in k (because it takes about time k even to printthe result). The extra factor log(k) that we get here is not a particularly seriousslowdown.2. Our bound q > 2d2 for when we get fast convergence, is a fairly crude estimate. Infact, Jerrum [J] showed, by means of a re�ned version of the proof below, that aconvergence rate of the same order of magnitude as in Theorem 8.1 takes place assoon as q > 2d, and it is quite likely that this bound can be improved even further.3. If G is part of the square lattice (such as, for example, the graph in Figure 7), thend = 4, so that Theorem 8.1 gives fast convergence of the MCMC algorithm for q � 33.Jerrum's better bound gives fast convergence for q � 9.4. It may seem odd that we obtain fast convergence for large q only, as one mightintuitively think that it would be more di�cult to simulate the larger q gets, dueto the fact that the number of q-colorings on G is increasing in q. This is, however,misleading, and the correct intuition to have is instead the following. The larger qgets, the less dependent does the coloring of a vertex v become on its neighbors. If qis very large, we might pick the color at v uniformly at random, and have very littlerisk that this color is already taken by one of its neighbors. Hence, the di�erencebetween �G;q and uniform distribution over all elements of f1; : : : ; qgV becomes verysmall in the limit as q !1, and the latter distribution is of course easy to simulate:just assign i.i.d. colors (uniformly from f1; : : : ; qg) to the vertices.Enough chat for now|it is time to do the �ve-page proof of the convergence rate result!Proof of Theorem 8.1: As in the proof of Theorem 5.2, we will use a coupling argu-ment: We shall run two f1; : : : ; qgV -valued Markov chains (X0; X1; : : :) and (X 00; X 01; : : :)simultaneously. They will have the same transition matrices (namely, the ones given bythe systematic sweep Gibbs sampler for random q-colorings of G, as described above). Thedi�erence will be that the �rst chain is started in the �xed state X0 = �, whereas thesecond is started in a random state X 00 chosen according to the stationary distribution�G;q. Then X 0n has distribution �G;q for all n, by the de�nition of stationarity. Also write�(n) for the distribution of the �rst chain (X0; X1; : : :) at time n; this is the chain that weare primarily interested in. We want to bound the total variation distance dTV(�(n); �G;q)between �(n) and the stationary distribution, and we shall see that dTV(�(n); �G;q) is closeto 0 if P(Xn = X 0n) is close to 1.Recall from Example 7.3 that whenever a vertex v is chosen to be updated, we shouldpick a new color for v according to uniform distribution on the set of colors that are notattained by any neighbor of v. One way to implement this concretely is to pick a randompermutation R = (R1; : : : ; Rq)56



of the set f1; : : : ; qg, chosen uniformly from the q! di�erent possible permutations (this isfairly easy; see Problem 8.1) and then let v get the �rst color of the permutation that isnot attained by any neighbor of v.Of course we need to pick a new (and independent) permutation at each update of a chain.However, nothing prevents us from using the same permutations for the chain (X 00; X 01; : : :)as for (X0; X1; : : :), and this is indeed what we shall do. Let R0; R1; : : : be an i.i.d. sequenceof random permutations, each of them uniformly distributed on the set of permutations off1; : : : ; qg. At each time n, the updates of the two chains use the permutationRn = (R1n; : : : ; Rqn) ;and the vertex v to be updated is assigned the new valueXn+1(v) = Rinwhere i = minfj : Xn(w) 6= Rjn for all neighbors w of vgin the �rst chain. In the second chain, we similarly setX 0n+1(v) = Ri0nwhere i0 = minfj 0 : X 0n(w) 6= Rj0n for all neighbors w of vg :This de�nes our coupling of (X0; X1; : : :) and (X 00; X 01; : : :). What we hope for is to haveXT = X 0T at some (random, but not too large) time T , in which case we will also haveXn = X 0n for all n � T (because the coupling is de�ned in such a way that once the twochains coincide, they stay together forever). In order to estimate the probability that thecon�gurations Xn and X 0n agree, let us �rst consider the probability that they agree at aparticular vertex, i.e., that Xn(v) = X 0n(v) for a given vertex v.Consider the update of the two chains at a vertex v at time n, where we take n � k, sothat in other words we are in the �rst sweep of the Gibbs sampler through the vertex set.We call the update successful if it results in having Xn+1(v) = X 0n+1(v); otherwise we saythat the update is failed. The probability of a succesful update depends on the number ofcolors that are attained in the neighborhood of v in both con�gurations Xn and X 0n, andon the number of colors that are attained in each of them. De�neB2 = the number of colors r 2 f1; : : : ; qg that are attained in theneighborhood of v in both Xn and X 0n,B1 = the number of colors r 2 f1; : : : ; qg that are attained in theneighborhood of v in exactly one of Xn and X 0n,57



and B0 = the number of colors r 2 f1; : : : ; qg that are attained in theneighborhood of v in neither of Xn and X 0n,and note that B0+B1+B2 = q. Note also that if the �rst color R1n in the permutation Rnis among the B2 colors attained in the neighborhood of v in both con�gurations, then theGibbs samplers just discard R1n and look at R2n instead, and so on. Therefore, the updateis succesful if and only if the �rst color in Rn that is attained in the neighborhood of vin neither of Xn and X 0n, appears earlier in the permutation than the �rst color that isattained in the neighborhood of v in exactly one of Xn and X 0n. This event (of having asuccesful update) therefore has probability B0B0 +B1conditional on B0, B1 and B2. In other words, we have20P(failed update) = B1B0 +B1 : (49)We go on to estimate the right hand side in (49). Clearly, 0 � B2 � 2d. Furthermore,B1 � 2d� 2B2 ; (50)because counting the neighbors in both con�gurations, there are in all at most 2d of them,and each color contributing to B2 uses up two of them. We getP(failed update) = B1B0 +B1 = B1q � B2� 2d� 2B2q �B2 � 2d� B2q �B2= 2d(1� B22d )q(1� B2q ) � 2dq (51)where the �rst inequality is just (50), while the �nal inequality is due to the assumptionq > 2d2, which implies q > 2d, which in turn implies (1� B2q ) � (1� B22d ).Hence, we have, after k steps of the Markov chains (i.e., after the �rst sweep of the Gibbssamplers through the vertex set), that, for each vertex v,P(Xk(v) 6= X 0k(v)) � 2dq : (52)20Our notation here is a bit sloppy, since it is really a conditional probability we are dealing with, becausewe are conditioning on B0, B1 and B2. 58



Now consider updates during the second sweep of the Gibbs sampler, i.e., between timesk and 2k. For an update at time n during the second sweep to fail, the con�gurations Xnand X 0n need to di�er in at least one neighbor of v. Each neighbor w has Xn(w) 6= X 0n(w)with probability at most 2dq (due to (52)), and summing over the at most d neighbors, weget that P(discrepancy) � 2d2q (53)where \discrepancy" is short for the event that there exists a neighbor w of v with Xn(w) 6=X 0n(w). Given the event in (53), we have, by repeating the arguments in (49) and (51), thatthe conditional probability P(failed update j discrepancy) of a failed update, is bounded by2dq . Hence, P(failed update) = P(discrepancy)P(failed update j discrepancy)� 4d3q2 = 2dq �2d2q � :Hence, after 2k steps of the Markov chains, each vertex v 2 V has di�erent colors in thetwo chains with probability at mostP(X2k(v) 6= X 02k(v)) � 2dq �2d2q � :By arguing in the same way for the third sweep as for the second sweep, we get thatP(X3k(v) 6= X 03k(v)) � 2dq �2d2q �2 ;and continuing in the obvious way, we get for m = 4; 5; : : : thatP(Xmk(v) 6= X 0mk(v)) � 2dq �2d2q �m�1 : (54)After this analysis of the probability that Xmk and X 0mk di�er at a given vertex, we nextwant to estimate the probability P(Xmk 6= X 0mk) that the �rst chain fails to have exactlythe same con�guration as the second chain, at time mk. Since the event Xmk 6= X 0mkimplies that Xmk(v) 6= X 0mk(v) for at least one vertex v 2 V , we haveP(Xmk 6= X 0mk) � Xv2V P(Xmk(v) 6= X 0mk(v))� k2dq �2d2q �m�1 (55)= kd �2d2q �m (56)59



where the inequality in (55) is due to (54) and the assumption that the graph has k vertices.Now let A � f1; : : : ; qgV be any subset of f1; : : : ; qgV . By (33) and Problem 5.1, we havethat dTV(�(mk); �G;q) = maxA�f1;:::;qgV ���(mk)(A)� �G;q(A)��= maxA�f1;:::;qgV jP(Xmk 2 A)�P(X 0mk 2 A)j : (57)For any such A, we haveP(Xmk 2 A)�P(X 0mk 2 A) = P(Xmk 2 A;X 0mk 2 A) +P(Xmk 2 A;X 0mk 62 A)� (P(X 0mk 2 A;Xmk 2 A) +P(X 0mk 2 A;Xmk 62 A))= P(Xmk 2 A;X 0mk 62 A)�P(X 0mk 2 A;Xmk 62 A)� P(Xmk 2 A;X 0mk 62 A)� P(Xmk 6= X 0mk)� kd �2d2q �m (58)where the last inequality uses (56). Similarly, we getP(X 0mk 2 A)�P(Xmk 2 A) � kd �2d2q �m : (59)Combining (58) and (59), we obtainjP(Xmk 2 A)�P(X 0mk 2 A)j � kd �2d2q �m : (60)By taking maximum over all A � f1; : : : ; qgV , and inserting into (57), we get thatdTV(�(mk); �G;q) � kd �2d2q �m ; (61)which tends to 0 as m!1. Having established this bound, our next and �nal issue is:How large does m need to be taken in order to make the right hand side of (61)less than "?By setting kd �2d2q �m = "60



and solving for m, we �nd thatm = log(k) + log("�1)� log(d)log � q2d2 �so that running the Gibbs sampler long enough to get at least this many scans through thevertex set, gives dTV(�(mk); �G;q) � ". To go from the number of scans m to the number ofsteps n of the Markov chain, we have to multiply by k, giving thatn = k(log(k) + log("�1)� log(d))log � q2d2 � (62)should be enough. However, by taking n as in (62), we do not necessarily get an integervalue for m = nk , so to be on the safe side we should take n to be at least the smallestnumber which is greater than the right hand side of (62) and which makes nk an integer.This means increasing n by at most k compared to (62), so that our �nal answer is thattaking n = k log(k) + log("�1)� log(d)log � q2d2 � + 1!su�ces, and Theorem 8.1 is (at last!) established. 2
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Problems8.1 (4) Describe a simple and e�cient way to generate a random (uniform distribution!) permutationof the set f1; : : : ; qg.8.2 (6) Bounding total variation distance using coupling. Let �1 and �2 be probability distri-butions on some �nite set S. Suppose that we can construct two random variables Y1 and Y2 suchthat(i) Y1 has distribution �1,(ii) Y2 has distribution �2, and(iii) P(Y1 6= Y2) � ",for some given " 2 [0; 1]. Show that the total variation distance dTV(�1; �2) is at most ". Hint:argue as in equations (58), (59) and (60) in the proof of Theorem 8.1.8.3 (8) Explain where and why the assumption that q > 2d2 is needed in the proof of Theorem 8.1.8.4 (10) Fast convergence for the random site Gibbs sampler. Consider (instead of the system-atic scan Gibbs sampler) the random site Gibbs sampler for random q-colorings, as in Example 7.3.Suppose that the graph G = (V;E) has k vertices, and each vertex has at most d neighbors. Alsosuppose that q > 2d2.(a) Show that for any given v 2 V , the probability that v is chosen to be updated at some stepduring the �rst k iterations of the Markov chain, is at least 1� e�1. (Here e � 2:7183 is, ofcourse, the base for the natural logarithm.)(b) Suppose that we run two copies of this Gibbs sampler, one starting in a �xed con�guration,and one in equilibrium, similarly as in the proof of Theorem 8.1. Show that the coupling canbe carried out in such a way that for any v 2 V and any m, the probability that the twochains have di�erent colors at the vertex v at time mk, is at most�e�1 + (1� e�1)2dq ��e�1 + (1� e�1)2d2q � :(c) Use the result in (b) to prove an analogue of Theorem 8.1 for the random site Gibbs sampler.
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9 APPROXIMATE COUNTINGCombinatorics is the branch of mathematics which deals with �nite objects or sets, andthe ways in which these can be combined. Basic objects that often arise in combinatoricsare, e.g., graphs and permutations. Much of combinatorics deals with the following sort ofproblem:Given some set S, what is the number of elements of S?Let us give a few examples of such counting problems; the reader will probably be ableto think of several interesting variations of these.Example 9.1: What is the number of permutations r = (r1; : : : ; rq) of the set f1; : : : ; qg withthe property that no two numbers that di�er by exactly 1, are adjacent in the permutation?Example 9.2: Imagine a chessboard, and a set of 32 domino tiles, such that one tile isexactly large enough to cover two adjacent squares of the chessboard. In how many di�erentways can the 32 tiles be arranged in order to cover the entire chessboard?Example 9.3: Given a graph G = (V;E), in how many ways can we pick a subset W of thevertex set V , with the property that no two vertices in W are adjacent in G? In other words,how many di�erent feasible con�gurations exist for the hard-core model (see Example 7.1)on G?Example 9.4: Given an integer q and a graph G = (V;E), how many di�erent q-colorings(Example 7.3) are there for G?In this chapter, we are interested in algorithms for solving counting problems. For thepurpose of illustrating some general techniques, we shall focus on the one in Example 9.4:the number of q-colorings of a graph. In particular, we shall see how (perhaps surprisingly!)the MCMC technique turns out to be useful in the context of counting problems.The following algorithm springs immediately to mind.Example 9.5: A naive algorithm for counting q-colorings. If there were no restrictionon the colorings, i.e., if all con�gurations in f1; : : : ; qgV were allowed, then the countingproblem would be trivial: there are qk of them, where k is the number of vertices in the63



graph. Moreover, it is trivial to make a list of all such con�gurations, for instance in somelexicographic order. Given a con�guration � 2 f1; : : : ; qgV , the problem of determiningwhether � is a proper q-coloring ofG is yet another triviality21. Hence, the following algorithmwill work:Go through all con�gurations in f1; : : : ; qgV in lexicographic order, check for eachof them whether it is a q-coloring of G, and count the number of times the answerwas \yes".This algorithm will certainly give the right answer. However, when k is large, it will takea very long time to run the algorithm, since it has to work itself through the list of all qkcon�gurations. For instance, when q = 5 and k = 50, there are 550 � 1034 con�gurations togo through, which is practiclly impossible. Therefore, this algorithm will only be useful forrather small graphs.The feature which makes the algorithm in Example 9.5 unattractive is that the runningtime grows exponentially in the size n of the graph. The challenge in this type of situationis therefore to �nd faster algorithms. In particular, one is interested in polynomial timealgorithms, i.e., algorithms with the property that there exists a polynomial p(k) in thesize k of the problem22, such that the running time is bounded by p(k) for any k andany instance of the problem of size k. This is the same (see Problem 9.1) as asking foralgorithms with a running time bounded by Ck� for some constants C and �.A polynomial time algorithm which solves a counting problem is called a polynomialtime counting scheme for the problem. Sometimes, however, such an algorithm is notavailable, and we have to settle for something less, namely to approximate (rather thancalculate exactly) the number of elements of the set. Suppose that we have an algorithmwhich, in addition to the instance of the counting problem, also takes a number " > 0, asinput. Suppose furthermore that the algorithm has the properties that(i) it always outputs an answer between (1 � ")N and (1 + ")N , where N is the trueanswer to the counting problem, and(ii) for any " > 0, there exists a polynomial p"(k) in the size k of the problem23, suchthat for any instance of size k, the algorithm terminates in at most p"(k) steps.21We just need to check, for each edge e 2 E, that the endvertices of e have di�erent colors.22Here we measure the size of the problem in the number of vertices in the graph. This is usually themost natural choice for problems involving graphs, although sometimes there is reason take the number ofedges instead. In Example 9.1, it is natural to take q as the size of the problem, whereas in generalizationsof Example 9.2 to \chessboards" of arbitrary size, the size of the problem may be measured in the numberof squares of the chessboard (or in the number of domino tiles). Common to all these measures of sizeis that the number of elements in the set to be counted, grows (at least) exponentially in the size of theproblem, making algorithms like the one in Example 9.5 infeasible.23We allow p"(k) to depend on " in arbitrary fashion. Sometimes (although we shall not go into thissubtlety) there is reason to be restrictive about how fast p"(k) may grow as "! 0.64



We call such an algorithm a polynomial time approximation scheme. Given a pre-speci�ed allowed relative error ", the algorithm runs in polynomial time in the size ofthe problem, and produces an answer which is within a multiplicative error " of the trueanswer.Sometimes, however, even this is to ask for too much, and we have to be content withan algorithm which produces an almost correct answer most of the time, but which mayproduce a (vastly) incorrect answer with some positive probability. More precisely, supposethat we have an algorithm which takes " > 0 and the instance of the counting problem asinput, and has the properties that(i) with probability at least 23 , it outputs an answer between (1 � ")N and (1 + ")N ,where N is the true answer to the counting problem, and(ii) for any " > 0, there exists a polynomial p"(k) in the size k of the problem, such thatfor any instance of size k, the algorithm terminates in at most p"(k) steps.Such an algorithm is called a randomized polynomial time approximation scheme,and it is to the construction of such a scheme (for the q-coloring counting problem) thatthis chapter is devoted.One may (and should!) ask at this stage what is so special about the number 23 . Theanswer is that it is, in fact, not special at all, and that it could be replaced by any numberstrictly between 12 and 1. For instance, for any � > 0, if we have a randomized polynomialtime approximation scheme (with the above de�nition), then it is not di�cult to buildfurther upon it to obtain a randomized polynomial time approximation scheme with theadditional property that it outputs an answer within a multiplicative error " of the trueanswer, with probability at least 1� �. We can thus get an answer within relative error atmost " of the true answer, with probability as close to 1 as we may wish. This propertywill be proved Problem 9.3 below.Here is our main result concerning randomized polynomial time approximation schemesfor random q-colorings.Theorem 9.1 Fix integers q and d � 2 such that q > 2d2, and consider the problem ofcounting q-colorings for graphs in which each vertex has at most d neighbors. There existsa randomized polynomial time approximation scheme for this problem.Before going on with the proof of this result, some remarks are worth making:65



1. Of course, an existence result (i.e., a statement of the form \there exists an algorithmsuch that...") of this kind is rather useless without an explicit description of thealgorithm. Such a description, will, however, appear below as part of the proof.2. The requirement that q > 2d2 comes from Theorem 8.1, which will be used in theproof of Theorem 9.1. If we instead use Jerrum's better result mentioned in Remark2 on p. 56, then we obtain the same result as in Theorem 9.1 whenever q > 2d.3. The restiction to d � 2 is not a particularly severe one, since graphs with d = 1consist just of(i) isolated vertices (having no neighbors), and(ii) pairs of vertices linked to each other by an edge but with no edge leadinganywhere else,and the number of q-colorings of such graphs can be calculated directly (see Problem9.2).First part of the proof of Theorem 9.1|a general description of the algorithm:Suppose that the graph G = (V;E) has k vertices and ~k edges; by the assumption of thetheorem we have that ~k � dk. Enumerate the edge set E as fe1; : : : ; e~kg, and de�ne thesubgraphs G0; G1; : : : ; G~k as follows. Let G0 = (V; ;) be the graph with vertex set V andno edges, whereas for j = 1; : : : ; ~k, letGj = (V; fe1; : : : ; ejg) :In other words, Gj is the graph obtained from G by deleting the edges ej+1; : : : ; e~k.Next, let, for j = 0; : : : ; ~k, the number of q-colorings for the graph Gj be denoted by Zj.Since G~k = G, we have that the number we wish to compute (or approximate), is Z~k. Thisnumber can be rewritten asZ~k = Z~kZ~k�1 � Z~k�1Z~k�2 � � � � � Z2Z1 � Z1Z0 � Z0 : (63)If we can estimate each factor in the telescoped product in (63) to within su�cient accuracy,then we can multiply these estimates to get a reasonably accurate estimate of Z~k.Note �rst that the last factor Z0 is trivial to calculate: since G0 has no edges, any ass-ingnment of colors from f1; : : : ; qg to the vertices is a valid q-coloring, and since G0 has kvertices, we have Z0 = qk :Consider next one of the other factors ZjZj�1 in (63). Write xj and yj for the endvertices ofthe edge ej which is in Gj but not in Gj�1. By de�nition, Zj is the number of q-colorings66



of the graph Gj. But the q-colorings of Gj are exactly those con�gurations � 2 f1; : : : ; qgVthat are q-colorings of Gj�1 and that in addition satisfy �(xj) 6= �(yj). Hence the ratioZjZj�1 is exactly the proportion of q-colorings � of Gj that satisfy �(xj) 6= �(yj). This meansthat ZjZj�1 = �Gj�1;q(X(xj) 6= X(yj)) ; (64)i.e., ZjZj�1 equals the probability that a random coloring X of Gj�1, chosen according touniform distribution �Gj�1 ;q, satis�es X(xj) 6= X(yj).The key point now is that the probability �Gj ;q(X(xj) 6= X(yj)) in (64) can be estimatedusing the simulation algorithm for �Gj�1;q considered in Theorem 8.1. Namely, if we sim-ulate a random q-coloring X 2 f1; : : : ; qgV for Gj�1 several times (using su�ciently manysteps in the Gibbs sampler of Chapter 8), then the proportion of the simulations thatresult in a con�guration with di�erent colors at xj and yj, is very likely to be close24 to thedesired expression in (64). We use this procedure to estimate each factor in the telescopedproduct in (63), and then multiply these to get a good estimate of the Z~k. 2The second part of the proof of Theorem 9.1 consists of �guring out how many simulationswe need to do for estimating each factor ZjZj�1 , and how many steps of the Gibbs samplerthat we need to run in each simulation. For that, we �rst need three little lemmas:Lemma 9.1 Fix " 2 [0; 1], let k be a positive integers, and let a1; : : : ; ak and b1; : : : ; bk bepositive numbers satisfying �1� "2k� � ajbj � �1 + "2k�for j = 1; : : : ; k. De�ne the products a =Qkj=1 aj and b =Qkj=1 bj. We then have1� " � ab � 1 + " : (65)Proof: To prove the �rst inequality in (65), note that (1� "2k )2 � 1� 2"2k , that (1� "2k)3 �(1� "2k )(1� 2"2k) � 1� 3"2k , and so on, so that�1� "2k�k � 1� k"2k :Hence, ab = kYj=1 ajbj � kYj=1 �1� "2k� = �1� "2k�k= 1� k"2k = 1� "2 � 1� " :24This closeness is due to the Law of Large Numbers (Theorem 1.2).67



For the second inequality, we note that ex=2 � 1 + x for all x 2 [0; 1] (plot the functions tosee this!), so that ab = kYj=1 ajbj � kYj=1 �1 + "2k� � kYj=1 exp � "2k�= exp�"2� � 1 + " : 2Lemma 9.2 Fix d � 2 and q > 2d2. Let G = (V;E) be a graph in which no vertex has morethan d neighbors, and pick a random q-coloring X for G according to uniform distribution�G;q. Then, for any two distinct vertices x; y 2 V , the probability that X(x) 6= X(y)satis�es �G;q(X(x) 6= X(y)) � 12 : (66)Proof: Note �rst that when x and y are neighbors in G, then (66) is trivial, since its lefthand side equals 1. We go on to consider the case where x and y are not neighbors.Consider the following experiment, which is just a way of �nding out the random coloringX 2 f1; : : : ; qgV : �rst look at the coloring X(V n fxg) of all vertices except x, and onlythen look at the color at x. Because �G;q is uniform over all colorings, we have that theconditional distribution of the color X(x) given X(V n fxg) is uniform over all colors thatare not attained by any neighbor of x. Clearly, x has at least q � d colors to choose from,so the conditional probability of getting precisely the color that the vertex y got, is atmost 1q�d , regardless of what particular coloring X(V n fxg) we got at the other vertices.It follows that �G;q(X(x) = X(y)) � 1q�d , so that�G;q(X(x) 6= X(y)) = 1� �G;q(X(x) = X(y))� 1� 1q � d � 1� 12d2 � d� 1� 12 = 12 : 2Lemma 9.3 Fix p 2 [0; 1] and a positive integer n. Toss a coin with heads-probability pindependently n times, and let H be the number of heads. Then, for any a > 0, we haveP(jH � npj � a) � n4a2 :68



Proof: Note that H is a binomial (n; p) random variable; see Example 1.3. Therefore ithas mean E[H] = np and variance Var[H] = np(1 � p). Hence, Chebyshev's inequality(Theorem 1.1) gives P(jH � npj � a) � np(1� p)a2� n4a2using the fact that p(1� p) � 14 for all p 2 [0; 1]. 2Second part of the proof of Theorem 9.1: We need some notation. For j = 1; : : : ; ~k,write Yj for the algorithm's (random) estimator of ZjZj�1 . Also de�ne the products Y =Q~kj=1 Yj and Y � = Z0Y = qkY = qk ~kYj=1 Yj : (67)Because of (63), we take Y � as the estimator of the desired quantity Z~k, i.e., as the outputof the algorithm. First, however, we need to generate, for j = 1; : : : ; ~k, the estimator Yj ofZjZj�1 . How much error can we allow in each of these estimators Y1; : : : ; Y~k? Well, supposethat we make sure that �1� "2~k� ZjZj�1 � Yj � �1 + "2~k� ZjZj�1 (68)for each j. This is the same as1� "2~k � YjZj=Zj�1 � 1 + "2~k ;and Lemma 9.1 therefore guarantees that1� " � YQ~kj=1(Zj=Zj�1) � 1� " ;which is the same as 1� " � YZ~k=Z0 � 1� " :The de�nition (67) of our estimator Y � gives1� " � Y �Z~k � 1 + "which we can rewrite as (1� ")Z~k � Y � � (1 + ")Z~k : (69)69



This is exactly what we need. It therefore only remains to obtain Yj's that satisfy (68).We can rewrite (68) as � "2~k ZjZj�1 � Yj � ZjZj�1 � "2~k ZjZj�1 : (70)Due to (64) and Lemma 9.2, we have that ZjZj�1 � 12 . Hence, (70) and (68) follow if we canmake sure that � "4~k � Yj � ZjZj�1 � "4~k : (71)Recall that Yj is obtained by simulating random q-colorings for Gj�1 several times, bymeans of the Gibbs sampler in Chapter 8, and taking Yj to be the proportion of thesimulations that result in a q-coloring � satisfying �(xj) 6= �(yj). There are two sources oferror in this procedure, namely(i) the Gibbs sampler (which we start in some �xed but arbitrary q-coloring �) is onlyrun for a �nite number n of steps, so that the distribution �(n) of the coloring thatit produces, may di�er somewhat from the target distribution �Gj ;q, and(ii) only �nitely many simulations are done, so the proportion Yj resulting in q-colorings� with �(xj) 6= �(yj), may di�er somewhat from the expected value �(n)(X(xj) 6=X(yj)).According to (71), Yj is allowed to di�er from ZjZj�1 (i.e., from �Gj�1 ;q(X(xj) 6= X(yj)), by(64)) by at most "4~k . One way to accomplish this is to make sure that���(n)(X(xj) 6= X(yj))� �Gj�1;q(X(xj) 6= X(yj))�� � "8~k (72)and that ��Yj � �(n)(X(xj) 6= X(yj))�� � "8~k : (73)In other words, the leeway "4~k allowed by (64) is split up equally between the two errorsources in (i) and (ii).Let us �rst consider how many steps of the Gibbs sampler we need to run in order to makethe error from (i) small enough so that (72) holds. By the formula (33) for total variationdistance dTV, it is enough to run the Gibbs sampler for a su�ciently long time n to makedTV(�(n); �Gj�1;q) � "8~k :and Theorem 8.1 is exactly suited for determining such an n. Indeed, it su�ces, by Theorem8.1, to take n = k0@ log(k) + log� 8~k" �� log(d)log � q2d2 � + 11A70



� k log(k) + log �8dk" �� log(d)log � q2d2 � + 1!= k 2 log(k) + log("�1) + log(8)log � q2d2 � + 1! (74)where the inequality is because ~k � dk.Next, we consider the number of simulations of q-colorings of Gj�1 needed to make theerror from (ii) small enough so that (73) holds, with su�ciently high probability. By part(i) of the de�nition of a randomized polynomial time approximation scheme, the algorithmis allowed to fail (i.e., to produce an answer Y � that does not satisfy (69)) with probabilityat most 13 . Since there are ~k estimators Yj to compute, we can allow each one to fail (i.e.,to disobey (73)) with probability 13~k . The probability that the algorithm fails is then atmost ~k 13~k = 13 , as desired.Suppose now that we make m simulations25 when generating Yj, and write Hj for thenumber of them that result in colorings � with �(xj) 6= �(yj). ThenYj = Hjm :By multiplying both sides of (73) with m, we get that (73) is equivalent tojHj �mpj � "m8~k ;where p is de�ned by p = �(n)(X(xj) 6= X(yj)). But the distribution of Hj is preciselythe distribution of the number of heads when we toss m coins with heads-probability p.Lemma 9.3 therefore gives P �jHj �mpj > "m8~k � � m4� "m8~k �2= 16~k2"2m (75)and we need to make this probability less than 13~k . Setting the expression in (75) equal to13~k and solving for m, gives m = 48~k3"2 ;25Each time, we use the Gibbs sampler starting in the same �xed q-coloring, and run it for n steps, withn satisfying (74). 71



and this is the number of simulations we need to make for each Yj. Using ~k � dk again,we get m � 48d3k3"2 :Let us summarize: The algorithm has ~k factors Yj to compute. Each one is obtainedusing no more than 48d3k3"2 simulations, and, by (74), each simulation requires no more thank�2 log(k)+log("�1)+log(8)log( q2d2 ) + 1� steps of the Gibbs sampler. The total number of steps neededis therefore at mostdk � 48d3k3"2 � k 2 log(k) + log("�1) + log(8)log � q2d2 � + 1!which is of the order Ck5 log(k) as k !1 for some constant C that does not depend onk. This is less than Ck6, so the total number of iterations in the Gibbs sampler grows nofaster than polynomially. Since, clearly, the running times of all other parts of the algorithmare asymptotically negligible compared to these Gibbs sampler iterations, Theorem 9.1 isestablished. 2
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Problems9.1 (3) Suppose that we have an algorithm whose running time is bounded by a polynomial p(k), wherek is the \size" (see Footnote 22 on p. 64) of the input. Show that there exist constants C and �such that the running time is bounded by Ck�.9.2 (3) Suppose that G is a graph consisting of k isolated vertices (i.e., vertices that are not the endpointof any edge) plus l pairs of vertices where in each pair the two vertices are linked by an edge, buthave no other neighbors. Show that the number of q-colorings of G is qk+l(q � 1)l.9.3 (8) The de�nition of a randomized polynomial time approximation scheme allows the algorithmto produce, with probability 13 , an outprut which is incorrect, in the sense that it is not between(1� ")N and (1+ ")N , where N is the true answer to the counting problem. The error probability13 can be cut to any given � > 0 by the following method: Run the algorithm many (say m, wherem is odd) times, and take the median of the outputs (i.e., the m+12 :th largest output). Show thatthis works for m large enough, and give an explicit bound (depending on �) for determining howlarge \large enough" is.
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10 THE PROPP{WILSON ALGORITHMRecall, from the beginning of Chapter 8, the problems (A) and (B) with the MCMCmethod. In that chapter, we saw one approach to solving these problems, namely to provethat an MCMC chain converges su�ciently quickly to its equilibrium distribution.In the early 1990's, some ideas about a radically di�erent approach began to emerge. Thebreakthrough came in a 1996 paper by Jim Propp and David Wilson [PW], both working atMIT at that time, who presented a re�nement of the MCMC method, yielding an algorithmwhich simultaneously solves problems (A) and (B) above, by(A*) producing an output whose distribution is exactly the equilibrium distribution �,and(B*) determining automatically when to stop, thus removing the need to compute anyMarkov chain convergence rates beforehand.This algorithm has become known as the Propp{Wilson algorithm, and is the maintopic of this chapter. The main distinguishing feature of the Propp{Wilson algorithmcompared to ordinary MCMC algorithms is that it involves running not only one Markovchain, but several copies of it26, with di�erent initial values. Another feature which isimportant (we shall soon see why) is that the chains are not run from time 0 and onwards,but rather from some time in the (possibly distant) past, and up to time 0.Due to property (A*) above, the Propp{Wilson algorithm is sometimes said to be an exact,or perfect simulation algorithm.We go on with a more speci�c description of the algorithm. Suppose that we want tosample from a given probability distribution � on a �nite set S = fs1; : : : ; skg. As inordinary MCMC, we construct a reversible, irreducible and aperiodic Markov chain withstate space S and stationary distribution �. Let P be the transition matrix of the chain, andlet � : S� [0; 1]! S be some valid update function, as de�ned in Chapter 3. Furthermore,let N1; N2; : : : be an increasing sequence of positive integers; a common and sensible choiceis to take (N1; N2; : : :) = (1; 2; 4; 8; : : :). (The negative numbers �N1;�N2; : : : will be usedas \starting times" for the Markov chains.) Finally, suppose that U0; U�1; U�2; : : : is asequence of i.i.d. random numbers, uniformly distributed on [0; 1]. The algorithm nowruns as follows.26That is, we are working with a coupling of Markov chains; see the footnote on p. 36. For reasons thatwill become apparent, Propp and Wilson called their algorithm coupling from the past.74



1. Set m = 1.2. For each s 2 fs1; : : : ; skg, simulate the Markov chain starting at time �Nm instate s, and running up to time 0 using update function � and random numbersU�Nm+1; U�Nm+2; : : : ; U�1; U0 (these are the same for each of the k chains).3. If all k chains in Step 2 end up in the same state s0 at time 0, then output s0 andstop. Otherwise continue with Step 4.4. Increase m by 1, and continue with Step 2.It is important that at the mth time that we come to Step 2, and need to use the ran-dom numbers U�Nm+1; U�Nm+2; : : : ; U�1; U0, that we actually re-use those random numbersU�Nm�1+1; U�Nm�1+2; : : : ; U�1; U0 that we have used before. This is necessary for the al-gorithm to work correctly (i.e., to produce an unbiased sample from �; see Example 10.2below), but also somewhat cumbersome, since it means that we must store a (perhaps verylong) sequence of random numbers, for possible further use27.In Figure 8, we consider a simple example with (N1; N2; : : :) = (1; 2; 4; 8; : : :) and statespace S = fs1; s2; s3g. Since N1 = 1, we start by running the chain from time �1 to time0. Suppose (as in the top part of Figure 8) that it turns out that8<: �(s1; U0) = s1�(s2; U0) = s2�(s3; U0) = s1 :Hence the state at time 0 can take two di�erent values (s1 or s2) depending on the stateat time �1, and we therefore try again with starting time �N2 = �2. We then get8<: �(�(s1; U�1); U0) = �(s2; U0) = s2�(�(s2; U�1); U0) = �(s3; U0) = s1�(�(s3; U�1); U0) = �(s2; U0) = s2which again produces two di�erent values at time 0. We are therefore again forced to startthe chains from an earlier starting time �N3 = �4. This yields8<: �(�(�(�(s1; U�3); U�2); U�1); U0) = � � � = s2�(�(�(�(s2; U�3); U�2); U�1); U0) = � � � = s2�(�(�(�(s3; U�3); U�2); U�1); U0) = � � � = s2 :This time, we get to state s2 at time 0, regardless of the starting value at time �4. Thealgorithm therefore stops with output equal to s2. Note that if we were to continue and27An ingenious way to circumvent this problem of having to store a long sequence of random numbers,will be discussed in Chapter 11. 75



run the chains starting at times �8;�16 and so on, then we would keep getting the sameoutput (state s2) forever. Hence, the output can be thought of as the value at time 0 of achain that has been running since time �1 (whatever that means!), and which thereforehas reached equilibrium. This is the intuition for why the Propp{Wilson algorithm works;this intuition will be turned into mathematical rigor in the proof of Theorem 10.1 below.
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Note that the Propp{Wilson algorithm contains a potentially unbounded loop, and that wetherefore don't have any general guarantee that the algorithm will ever terminate. In fact,it may fail to terminate if the update function � is chosen badly; see Problem 10.1. On theother hand, it is often possible to show that the algorithm terminates with probability 1.28In that case, it outputs an unbiased sample from the desired distribution �, as stated inthe following theorem.Theorem 10.1 Let P be the transition matrix of an irreducible and aperiodic Markovchain with state space S = fs1; : : : ; skg and stationary distribution � = (�1; : : : ; �k). Let �be a valid update function for P , and consider the Propp{Wilson algorithm as above with(N1; N2; : : :) = (1; 2; 4; 8; : : :). Suppose that the algorithm terminates with probability 1,and write Y for its output. Then, for any i 2 f1; : : : ; kg, we haveP(Y = si) = �i : (76)Proof: Fix an arbitrary state si 2 S. In order to prove (76), it is enough to show that forany " > 0, we have jP(Y = si)� �ij � " : (77)So �x an arbitrary " > 0. By the assumption that the algorithm terminates with probability1, we can make sure thatP(the algorithm does not need to try starting times earlier than �NM) (78)� 1� " ;by pickingM su�ciently large. Fix such an M , and imagine running a Markov chain fromtime �NM up to time 0, with the same update function � and the same random numbersU�NM+1; : : : ; U0 as in the algorithm, but with the initial state at time �NM chosen accordingto the stationary distribution �. Write ~Y for the state at time 0 of this imaginary chain.Since � is stationary, we have that ~Y has distribution �. Furthermore, ~Y = Y if the eventin (78) happens, so that P(Y 6= ~Y ) � " :We therefore get
28To show this, it helps to know that there is a so-called 0-1 law for the termination of the Propp{Wilsonalgorithm, meaning that the probability that it terminates must be either 0 or 1. Hence, it is enough toshow that P(algorithm terminates) > 0 in order to show that P(algorithm terminates) = 1.77



P(Y = si)� �i = P(Y = si)�P( ~Y = si)� P(Y = si; ~Y 6= si)� P(Y 6= ~Y ) � " (79)and similarly �i �P(Y = si) = P( ~Y = si)�P(Y = si)� P( ~Y = si; Y 6= si)� P(Y 6= ~Y ) � " : (80)By combining (79) and (80), we obtain (77), as desired. 2At this stage, a very natural objection regarding the usefulness of the Propp{Wilson al-gorithm is the following: Suppose that the state space S is very large29, as, e.g, in thehard-core model example in Chapter 7. How on earth can we then run the chains from allpossible starting values? This will simply take too long time on a computer to be doablein practice.The answer is that various ingenious techniques have been developed for representing thechains in such a way that not all of the chains have to be simulated explicitly in order tokeep track of their values. For instance, in some situations where the state space admits anatural ordering, and where the transition matrix P (and the update function �) satis�escertain conditions relative to this ordering, it is enough to run just two Markov chains, onestarting in the \maximal" state, and the other in the \minimal" state. Chains starting inintermediate states remain \sandwiched" between the maximal and the minimal chains, sothat when the latter two chains have coalesced, then all others are forced to coincide withthem30. In these short lecture notes, we refrain from giving the details of such techniques,but hope to have triggered the reader's curiosity enough to make him or her look into thereferences mentioned in Chapter 13.Instead, we go on to discuss a couple of very tempting (but unfortunately incorrect) at-tempts at simplifying the Propp{Wilson algorithm. The fact that these close variants donot work, might possibly be an explanation for why the Propp{Wilson algorithm wasn'tdiscovered much earlier.29Otherwise there is no need for a Propp{Wilson algorithm, because if the state space S is small, thenthe very simple simulation method in (42) can be used.30It is by this technique that Propp and Wilson, in their 1996 paper, were able to simulate the so-called Ising model (which is a much-studied model for ferromagnetic phenomena in statistical physics,and which bears some resemblance with the hard-core model in Example 7.1) on a square grid of size2100� 2100. This impressive achievement is part of the explanation for the almost instant fame that theyand their algorithm received. 78



Example 10.1: \Coupling to the future". One of the most common reactions amongbright students upon having understood the Propp{Wilson algorithm is the following.OK, that's nice. But why bother with all these starting times further and furtherinto the past? Why not simply start chains in all possible states at time 0, andthen run them forwards in time until the �rst time N at which they coalesce,and then output their common value?This is indeed extremely tempting, but as it turns out, it gives biased samples in general.To see this, consider the following simple example. Let (X0; X1; : : :) be a Markov chain withstate space S = fs1; s2g and transition matrixP = � 0:5 0:51 0 � :See the transition graph in Figure 9. Clearly, the chain is reversible with stationary distri-bution � = (�1; �2) = �23 ; 13� : (81)Suppose that we run two copies of this chain starting at time 0, one in state s1 and theother in state s2. They will coalesce (take the same value) for the �rst time at some randomtime N . Consider the situation at time N � 1. By the de�nition of N , they cannot be inthe same state at time N � 1. Hence one of the chains is in state s2 at time N � 1. Butthe transition matrix tells us that this chain will with probability 1 be in state s1 at thenext instant, which is time N . Hence the chains are with probability 1 in state s1 at the�rst time of coalescence, so that this modi�ed Propp{Wilson algorithm outputs state s1 withprobability 1. This is not in agreement with the stationary distribution in (81), and hencethe algorithm is incorrect.
s1 s2

0.5

0.5

1Figure 9: Transition graph for the Markov chain used as counterexample to the modi�ed algorithms inExamples 10.1 and 10.2.Example 10.2: Here's another common suggestion for simpli�cation of the Propp{Wilsonalgorithm:The need to reuse the random variables U�Nm+1; U�Nm+2 ; : : : ; U0 when restartingthe chains at time �Nm+1 is really annoying. Why don't we simply generate somenew random numbers and use them instead?As an example to show that this modi�cation, like the one in Example 10.1, gives biasedsamples, we use again the Markov chain in Figure 9. Let us suppose that we take the Propp{Wilson algorithm for this chain, with (N1; N2; : : :) = (1; 2; 4; 8; : : :) and update function �79



given by (21), but modify it according to the suggested use of fresh new random numbersat each round. Let Y denote the output of this modi�ed algorithm, and de�ne the randomvariable M as the largest m for which the algorithm decides to simulate chains starting attime �Nm. A direct calculation givesP(Y = s1) = 1Xm=1P(M = m;Y = s1)� P(M = 1; Y = s1) +P(M = 2; Y = s1)= P(M = 1)P(Y = s1 jM = 1) +P(M = 2)P(Y = s1 jM = 2)= 12 � 1 + 38 � 23 (82)= 34 > 23(of course, some details are omitted in line (82) of the calculation; see Problem 10.2). Hence,the distribution of the output Y does not agree with the distribution � given by (81). Theproposed modi�ed algorithm is therefore incorrect.
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Problems
0.5 0.5

s1 s2

0.5

0.5Figure 10: Transition graph for the Markov chain considered in Problem 10.1.10.1 (8) The choice of update function matters. Recall from Problem 3.2 that for a given Markovchain, there may be more than one possible choice of valid update function. For ordinary MCMCsimulation, this choice is more or less inconsequential, but for the Propp{Wilson algorithm, it isoften extremely important. Consider for instance the Markov chain31 with state space S = fs1; s2g,transition matrix P = � 0:5 0:50:5 0:5 � ;and transition graph as in Figure 10. Suppose that we run a Propp{Wilson algorithm for thisMarkov chain, with (N1; N2; : : :) = (1; 2; 4; 8; : : :).(a) One possible choice of valid update function is to set�(si; x) = � s1 for x 2 [0; 0:5)s2 for x 2 [0:5; 1]for i = 1; 2. Show that with this choice of �, the algorithm terminates (with probability 1)immediately after having run the chains from time �N1 = �1 to time 0.(b) Another possible choice of valid update function is to set�(s1; x) = � s1 for x 2 [0; 0:5)s2 for x 2 [0:5; 1]and �(s2; x) = � s2 for x 2 [0; 0:5)s1 for x 2 [0:5; 1] :Show that with this choice of �, the algorithm never terminates.10.2 (6) Verify that the calculation in equation (82) of Example 10.2 is correct.
31This particular Markov chain is even more trivial than most of the other examples that we haveconsidered, because it produces an i.i.d. sequence of 0's and 1's. But that is beside the point of thisproblem. 81



11 PROPP{WILSON WITHREAD-ONCE RANDOMNESSA drawback of the Propp{Wilson algorithm introduced in the previous chapter, is the needto reuse old random numbers: Recall that Markov chains are started at times�N1;�N2; : : :(where N1 < N2 < � � �) and so on until j is large enough so that starting from time �Njgives coalescence at time 0. A crucial ingredient in the algorithm is that when the Markovchains start at time �Ni, the same random numbers as before should be used from time�Ni�1 and onwards, as in previous runs. The typical implementation of the algorithmis therefore to store all new random numbers, and to read them again when needed inlater runs. This may of course be costly in terms of computer memory, and the worst-casescenario is that one suddenly is forced to abort a simulation when the computer has runout of memory.Various approaches to coping with this problem have been tried. For instance, some prac-ticioners of the algorithm have circumvented the need for storage of random numbers bycertain manipulations of (the seeds of) the random number generator. Such manipulationsmay, however, lead to all kinds of unexpected and unpleasant problems, and we thereforeadvise the reader to avoid them.There have also been various attempts to modify the Propp{Wilson algorithm in such away that each random number only needs to be used once. For instance, one could modifythe algorithm by using new random variables each time that old ones are supposed to beused. Unfortunately, as we saw in Example 10.2, this approach leads to the output nothaving the desired distribution, and is therefore useless. Another common suggestion is torun the Markov chains not from the past until time 0, but from time 0 into the future untilcoalescence takes place. This, however, also leads in general to an output with the wrongdistribution, as seen in Example 10.1.The �rst satisfactory modi�cation of the Propp{Wilson algorithm avoiding storage andreuse of random numbers, was recently obtained by David Wilson himself, in [W1]. Hisnew scheme, which we have decided to call Wilson's modi�cation of the Propp{Wilsonalgorithm, is a kind of coupling into the future procedure, but unlike in Example 10.1, wedon't stop as soon as coalescence has been reached, but continue for a certain (random)extra amount of time. This extra amount of time is obtained in a somewhat involvedmanner. The remainder of this chapter will be devoted to an attempt at a precise descrip-tion of Wilson's modi�cation, together with an explanation of why it produces a correct(unbiased) sample from the stationary distribution of the Markov chain.
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Although Wilson's modi�cation runs into the future, it is easier to understand it if we �rstconsider some variations of the from the past procedure in Chapter 10, and this is what wewill do.To begin with, note that although in Chapter 10 we focused mainly on starting times ofthe Markov chains given by (N1; N2; : : :) = (1; 2; 4; 8; : : :), any strictly increasing sequenceof positive integers will work just as well (this is clear from the proof of Theorem 10.1).Next, let N1 < N2 < : : : be a random strictly increasing sequence of positive integers,and take it to be independent of the random variables U0; U�1; U�2; : : : used in the Propp{Wilson algorithm32. Then the Propp{Wilson algorithm with starting times �N1;�N2; : : :still produces unbiased samples from the target distribution. This is most easily seen byconditioning on the outcome of the random variables N1; N2; : : :, and then using the proofof Theorem 10.1 to see that, given (N1; N2; : : :), the conditional distribution of the outputstill has the right distribution, and since this holds for any outcome of (N1; N2; : : :), thealgorithm will produce an output with the correct distribution.Furthermore, we note that there is no harm (except for the added running time) in contin-uing with running the chains from a few more earlier starting times �Ni after coalescenceat time 0 has been observed. This is because the chains will keep producing the same valueat time 0.Our next step will be to specify more precisely how to choose the random sequence(N1; N2; : : :). Let N1 = N�1N2 = N�1 +N�2N3 = N�1 +N�2 +N�3... ...where (N�1 ; N�2 ; : : :) is an i.i.d. sequence of positive integer-valued random variables. Wetake the distribution of the N�i 's to be the same as the distribution of the time N neededto get coalescence in the coupling into the future algorithm of Example 10.1. The easiestway to generate the N�i -variables is to run chains as in Example 10.1 (independently foreach i), and to take N�i to be the time taken to coalescence.
32It is in fact even possible to dispose of this independence requirement, but we do not need this.83



Now comes a key observation: We claim thatthe probability that the Propp{Wilson algorithm starting from the �rst startingtime �N1 = �N�1 results in coalescence by time 0 (so that no earlier startingtimes are needed), is at least 12 .To see this, let M1 denote the number of steps needed to get coalescence in the Propp{Wilson algorithm starting at time �N1 (and running past time 0 if necessary). Then M1and N�1 clearly have the same distribution, and since they are also independent we get (bysymmetry) that P(M1 � N�1 ) = P(M1 � N�1 ) (83)Note also thatP(M1 � N�1 ) +P(M1 � N�1 ) = 1�P(M1 > N�1 ) + 1�P(M1 < N�1 )= 2� (P(M1 > N�1 ) +P(M1 < N�1 ))= 2�P(M1 6= N�1 )� 2� 1 = 1 : (84)Combining (83) and (84), we get that P(M1 � N�1 ) � 12 , proving the above claim.By similar reasoning, if we fail to get coalescence of the Propp{Wilson algorithm startingfrom time �N1, then we have conditional probability at least 12 for the event that thePropp{Wilson chains starting at time �N2 = �(N�1 + N�2 ) coalesce no later than time�N1. More generally, we have that given that we come as far as running the Propp{Wilson chains from time �Nj = �(N�1 + : : :+N�j ), we have conditional probability at least12 of getting coalescence before time �Nj�1. We call the j:th restart of the Propp{Wilsonalgorithm successful if it results in a coalescence no later than time �Nj�1. Then eachrestart has (conditional on the previously carried out restarts) probability at least 12 ofbeing succesful.Let Mj denote the amount of time needed to get coalescence starting from time �Nj inthe Propp{Wilson algorithm. Note that the only thing that makes the probability of asuccessful restart not equal to 12 is the possibility of getting a tie, Mj = N�j ; this is clearfrom the calculation leading to (84).Now, to simplify things, we prefer to work with a probability which is exactly 12 , ratherthan some unknown probability above 12 . To this end, we toss a fair coin (or, rather,simulate a fair coin toss) whenever a tie, Mj = N�j occurs, and declare the j:th result tobe �-successful if either Mj < N�j84



or Mj = N�j and the corresponding coin toss comes up heads(so that in other words the coin toss acts as a tie-breaker). Then, clearly, each restart hasprobability exactly 12 of being �-successful.Our preliminary (and correct, but admittedly somewhat strange) variant of the Propp{Wilson algorithm is now to generate the starting times �N1;�N2; : : : as above, and tokeep on until a restart is �-successful.The next step will be to translate this variant into an algorithmwith read-once randomness.For this, we need to understand the distribution of the number of �-failing (de�ned as theopposite of �-successful) restarts needed before getting a �-successful restart in the abovealgorithm. To do this, we pick up one of the standard items from the probabilist's (orgambler's) toolbox:Example 11.1: The geometric distribution. Fix p 2 (0; 1). An integer-valued randomvariable Y is said to be geometrically distributed with parameter p, ifP(Y = n) = p(1� p)nfor n = 0; 1; 2; : : :. Note that if we have a coin with head-probability p which we tossrepeatedly (and independently) until it comes up heads, then the number of tails we see isgeometrically distributed with parameter p.The number of �-failing restarts is clearly seen to be a geometrically distributed randomvariable with parameter 12 ; let us denote it by Y . The �nal (and �-successful) restart thustakes place at time �NY+1 (because there are Y �-failing restarts, and one �-successful).The key to Wilson's modi�cation with read-once randomness is that we will �nd a way to�rst run the chains from time �NY+1 to time �NY , then from time �NY to time �NY +1and so on up to time 0 (without any prior attempts with starting times that fail to givecoalescence at time 0).To see how this is done, imagine running two independent copies of the coupling into thefuture algorithm in Example 10.1. We run both copies for the number of steps needed togive both copies coalescence; hence one of them may continue for some more steps afterits own coalescence. Let us declare the copy which coalesces �rst to be the winner, andthe other to be the loser, with the usual fair coin-toss as the tie-breaker in case theycoalesce simultaneously. We call the procedure of running two copies of the into the futurealgorithm in this way a twin run.A crucial observation now is that the evolution of the Markov chain from time �NY +1to time �NY has exactly the same distribution as the evloution of the winner of a twin85



run as above (this probably requires a few moments33 of thought by the reader!). So theevolution of the Markov chains in the Propp{Wilson algorithm from time �NY+1 to time�NY (at which coalescence has taken place), can be simulated using a twin run.Next, we simulate a geometric (12) random variable Y to determine the number of �-failingrestarts in the Propp{Wilson algorithm.If we are lucky enough so that Y happens to be 0, then �NY = 0 (and we have coalescenceat that time) then we are done: we have our sample from the stationary distribution ofthe Markov chain.If, on the other hand, Y � 1, then we need to simulate the evolution of the Markov chainfrom time �NY to time 0. The value of X(�NY ) has already been established using the�rst twin run. To simulate the evolution from time �NY to time �NY�1, we may doanother twin run, and let the chain evolve as in the loser of this twin run, where the loserruns from time 0 until the time at which the winner gets coalescence. This gives preciselythe right distribution of the evolution (X(�NY ); X(�NY + 1); : : : ; X(�NY�1)) from time�NY to time �NY�1; to see this requires a few more moments34 of thought. We then goon to simulate the chain from time �NY�1 to time �NY�2 in the same way using anothertwin run, and so on up to time 0.The value of the chain at time 0 then has exactly the same distribution as the outputof the Propp{Wilson algorithm described above. Hence it is a correct (unbiased) samplefrom the stationary distribution, and we did not have to store or re-read any of the randomnumbers. This, dear reader, is Wilson's modi�cation!

33This is standard mathematical jargon for something that may sometimes take rather longer. In anycase, Problem 11.1 is designed to help you understand this point.34See Footnote 33. 86



Problems11.1 (5) Let 
 denote the set of all possible evolutions when running the coupling into the futurealgorithm in Example 10.1 (for some �xed Markov chain and update function). Consider runningtwo independent copies A and B of that coupling into the future algorithm, and write XA andXB for the evolutions of the two copies (so that XA and XB are independent 
-valued randomvariables). Declare the copy which coalesces �rst to be the winner, and the other copy to be theloser, with a fair coin toss as tie-breaker. Write Xwinner and Xloser for the evolutions of the winnerand the loser, respectively.(a) Show that P(XA = !;XB = !0) = P(XA = !0; XB = !)for any !; !0 2 
.(b) Show that for any ! 2 
, the events fXwinner = !g and fA is the winnerg are independent.(c) Show that the distribution of Xwinner is the same as the conditional distribution of XA giventhe event fA is the winnerg.11.2 (3) Show that a random variable X whose distribution is geometric with parameter p 2 (0; 1), hasexpectation E[X ] = 1p � 1.11.3 (9) Use the result in Problem 11.2 to compare the expected running times in the original Propp{Wilson algorithm (with (N1; N2; : : :) = (1; 2; 4; 8; : : :)), and in Wilson's modi�cation. In particular,show that the expected running times are of the same order of magnitude, in the sense that thereexists a universal constant C such that the expected running time of one of the algorithms is nomore than C times the other's.
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12 SIMULATED ANNEALINGThe general problem considered in this chapter is the following. We have a set S =fs1; : : : ; skg and a function f : S ! R. The objective is to �nd an si 2 S which minimizes(or, sometimes, maximizes) f(si).When the size k of S is small, then this problem is of course totally trivial { just computef(si) for i = 1; : : : ; k and keep track sequentially of the smallest value so far, and for whichsi it was attained. What we should have in mind is the case where k is huge, so that thissimple method becomes computationally too heavy to be useful in practice. Here are twoexamples.Example 12.1: Optimal packing. Let G be a graph with vertex set V and edge set E.Suppose that we want to pack objects at the vertices of this graph, in such a way that(i) at most one object can be placed at each vertex, and(ii) no two objects can occupy adjacent vertices,and that we want to squeeze in as many objects as possible under these constraints. If werepresent objects by 1's and empty vertices by 0's, then, in the terminology of Example7.1 (the hard-core model), the problem is to �nd (one of) the feasible35 con�guration(s)� 2 f0; 1gV which maximizes the number of 1's.36 As discussed in Example 7.1, the numberof feasible con�gurations grows very quickly (exponentially) in the size of the graph, so thatthe above method of simply computing f(�) (where in this case f(�) is the number of 1's in�) for all � is practically impossible even for moderately large graphs.Example 12.2: The traveling salesman problem. Suppose that we are given m cities,and a symmetric m �m matrix D with positive entries representing the distances betweenthe cities. Imagine a salesman living in one of the cities, needing to visit the other m � 1cities and then to return home. In which order should he visit the cities in order to minimizethe total distance travelled? This is equivalent to �nding a permutation � = (�1; : : : ; �m) ofthe set (1; : : : ;m) which minimizesf(�) = m�1Xi=1 D�i;�i+1 +D�m;�1 : (85)Again, the simple method of computing f(�) for all � is useless unless the size of the problem(measured in the number of cities m) is very small, because the number of permutations � ism!, which grows (even faster than) exponentially in m.35Recall that a con�guration � 2 f0; 1gV is said to be feasible if no two adjacent vertices are assignedvalue 1.36For the 8� 8 square grid in Figure 7, the optimal packing problem is trivial. Imagine the vertices asthe squares of a chessboard, and place 1's at each of the 32 dark squares. This is easily seen to be optimal.But for other graph structures it may not be so easy to �nd an optimal packing.88



A large number of methods for solving these kinds of optimization problems have beentried. Here we shall focus on one such method: simulated annealing.The idea of simulated annealing is the following. Suppose that we run a Markov chainwith state space S whose unique stationary distribution places most of its probability onstates s 2 S with a small value of f(s). If we run the chain for a su�ciently long time,then we are likely to end up in such a state s. Suppose now that we switch to runninganother Markov chain whose unique stationary distribution concentrates even more of itsprobability on states s that minimize f(s), so that after a while we are even more likelyto be in an f -minimizing state s. Then switch to a Markov chain with an even strongerpreference for states that minimize f , and so on. It seems reasonable to hope that if thisscheme is constructed with some care, then the probability of being in an f -minimizingstate s at time n tends to 1 as n!1.If the �rst Markov chain has transition matrix P 0 and is run for timeN1, the second Markovchain has transition matrix P 00 and is run for time N2, and so on, then the whole algorithmcan be viewed as an inhomogeneous Markov chain (recall De�nition 2.2) with transitionmatrices P (n) = 8><>: P 0 for n = 1; : : : ; N1P 00 for n = N1 + 1; : : : ; N1 +N2;... ...There is a general way to choose a probability distribution on S which puts most of itsprobability mass on states with a small value of s, namely to take a so-called Boltzmanndistribution, de�ned below. A Markov chain with the Boltzmann distribution as itsunique stationary distribution can then be constructed using the MCMC ideas in Chapter 7.De�nition 12.1 The Boltzmann distribution �f;T on the �nite set S with energyfunction f : S ! R and temperature parameter T > 0, is the probability distributionon S which to each element s 2 S assigns probability�f;T (s) = 1Zf;T exp��f(s)T � : (86)Here Zf;T =Xs2S exp��f(s)T � (87)is a normalizing constant ensuring that Ps2S �f;T (s) = 1.
89



(When the goal is to maximize rather than to minimize f , we instead take the modi�edBoltzmann distribution, in which the exponent in (86) and (87) is f(s)T instead of �f(s)T .)The following result tells us that the Boltzmann distribution with a small value of thetemperature parameter T has the desired property of placing most of its probability onelements s that minimize f(s).Theorem 12.1 Let S be a �nite set and let f : S ! R be arbitrary. For T > 0, let�(T ) denote the probability that a random element Y chosen according to the Boltzmanndistribution �f;T on S satis�es f(Y ) = mins2S f(s) :Then limT!0�(T ) = 1 :Sketch proof: We consider only the case where S has a unique f -minimizer; the case ofseveral f -minimizers is left to Problem 12.1. Write (as usual) k for the number of elementsof S. Let s be the unique f -minimizer, let a = f(s) and let b = mins02Snfsg f(s0). Notethat a < b, so that limT!0 exp�a� bT � = 0 : (88)We get �f;T (s) = 1Zf;T exp��aT � = exp ��aT �Ps02S exp ��f(s0)T �= exp ��aT �exp ��aT �+Ps02Snfsg exp ��f(s0)T �� exp ��aT �exp ��aT �+ (k � 1) exp ��bT �= 11 + (k � 1) exp �a�bT � ;which tends to 1 as T ! 0, because of (88). HencelimT!0 �f;T (s) = 1 ;as desired. 2
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The design of a simulated annealing algorithm for �nding an element s 2 S which minimizesf(s), can now be carried out as follows. First construct an MCMC chain for simulatingthe Boltzmann distribution �f;T on S, with a general choice of T . Very often, this is doneby constructing a Metropolis chain as indicated in the �nal part of Chapter 7. Then we �xa decreasing sequence of temperatures T1 > T2 > T3 > : : : with Ti tending to 0 as i!1(hence the term annealing), and a sequence of positive integers N1; N2; : : :. Starting froman arbitrary initial state in S, we run the chain at temperature T1 for N1 units of time,then at temperature T2 for N2 units of time, and so on.The choice of (T1; T2; : : :) and (N1; N2; : : :) is called the annealing (or cooling) schedule, andis of crucial importance: How fast should the temperature tend to 0 as time n!1? Thereexist theorems stating that if the temperature approaches 0 su�ciently slowly (which, e.g.,can be accomplished by letting the sequence (N1; N2; : : :) grow su�ciently fast), then theprobability of seeing an f -minimizer at time n does tend to 1 as n !137. The meaningof \su�ciently slowly" of course depends on the particular application. Unfortunately,the annealing schedules for which these theorems guarantee such convergence are in mostcases so slow that we have to wait for an astronomical amount of time before having atemperature that is low enough that we can be anywhere near certain of having found anf -minimizer. Therefore, most annealing schedules in practical applications are faster thanthose for which the desired convergence is rigorously known. The danger of this is thatif the cooling takes place too rapidly, then the Markov chain risks getting stuck in a localminimum, rather than in a global one; see Example 12.4 below. The choice of annealingschedule in practice is therefore a highly delicate balance: On one hand, we want it tobe fast enough to get convergence in reasonable time, and on the other hand, we want itto be slow enough to avoid converging to an element which is not an f -minimizer. Thisoften requires quite a bit of experimentation, giving the method more the character of\engineering" than of \mathematics".Example 12.3: Simulated annealing for the traveling salesman problem. Considerthe traveling salesman problem in Example 12.2. We wish to �nd the permutation � =(�1; : : : ; �n) of (1; : : : ;m) which minimizes the total distance f(�) de�ned in (85). In order toget a simulated annealing algorithm for this problem, let us construct a Metropolis chain (seeChapter 7) for the Boltzmann distribution �f;T at temperature T on the set of permutations of(1; : : : ;m). To this end, we �rst need to de�ne which permutations to view as \neighbours",i.e., between which permutations to allow transitions in the Metropolis chain. A sensiblechoice is to declare two permutations � and �0 to be neighbours if there exist i; j 2 f1; : : : ;mgwith i < j such that �0 arises by \reversing" the segment (�i; : : : ; �j), meaning that�0 = (�01; : : : ; �0m) = (�1; �2; : : : ; �i�1; �j ; �j�1; : : : ; �i+1; �i; �j+1; �j+2; : : : ; �m) : (89)37One such theorem was proved by Geman & Geman [GG]: If the temperature T (n) at time n convergesto 0 slowly enough so that T (n) � k(maxs2S f(s)�mins2S f(s))lognfor all su�ciently large n, then the probability of seeing an f -minimizer at time n converges to 1 as n!1.91



This corresponds to removing two edges from the tour through all the cities, and insertingtwo other edges with the same four endpoints in such a way that a di�erent tour is obtained;see Figure 11. The transition matrix for the Metropolis chain corresponding to this choice ofneighbourhood structure and the Boltzmann distribution at temperature T , is obtained byinserting (86) into (45). We getP�;�0 = 8>>>><>>>>: 2m(m�1) minnexp�f(�)�f(�0)T � ; 1o if � and �0 are neighbours0 if � 6= �0 are not neighbours1� X�00�00�� 2m(m�1) minnexp� f(�)�f(�00)T � ; 1o if � = �0 ; (90)where the sum is over all permutations �00 that are neighbours of �. This corresponds tothe following transition mechanism. First pick i; j 2 f1; : : : ;mg uniformly from the set ofall choices such that i < j. Then switch from the present permutation � to the permutation�0 de�ned in (89) with probability minnexp�f(�)�f(�0)T � ; 1o, and stay in permutation � foranother time unit with the remaining probability 1�minnexp�f(�)�f(�0)T � ; 1o. This chainhas the Boltzmann distribution �f;T as a reversible distribution, by the general Metropolischain theory discussed in Chapter 7. The chain can also be shown to be irreducible (whichis necessary in general for it to qualify as a useful MCMC chain).It then only remains to decide upon a suitable cooling schedule, i.e., a suitable choice of(T1; T2; : : :) and (N1; N2; : : :) in the simulated annealing algorithm. Unfortunately, we haveno better suggestion than to do this by trial-and-error experimentation.
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We note one very happy circumstance of the above example: When inserting the Boltz-mann distribution (86) into (45) to obtain (90), the normalizing constant Zf;T cancelledeverywhere, because all the expressions involving the Boltzmann distribution were in factratios between Boltzmann probabilities. That is very good news, because otherwise wewould have had to calculate Zf;T , which is computationally infeasible. The same thingwould happen for any Boltzmann distribution, and we therefore conclude that Metropolischains are in general very convenient tools for simulation of Boltzmann distributions.
s4 s3

s2s1

Figure 12: The graph structure chosen for the Metropolis algorithm in Example 12.4.Let us �nally give a simple example to warn against too rapid cooling schedules.Example 12.4: The hazard of using a fast annealing schedule. Let S = fs1; : : : ; s4g,let f : S ! R be given by 8>><>>: f(s1) = 1f(s2) = 2f(s3) = 0f(s4) = 2 (91)and suppose that we want to �nd the minimum of f(si) using simulated annealing38. To�nd a Metropolis chain for the Boltzmann distribution on S at temperature T , we need toimpose a graph structure on S. Let's say that we decide to opt for the square formation inFigure 12. By applying (86) and (45), the transition matrix2664 1� e�1=T 12e�1=T 0 12e�1=T12 0 12 00 12e�2=T 1� e�2=T 12e�2=T12 0 12 0 3775is obtained. Suppose now that we run the inhomogeneous Markov chain (X0; X1; : : :) on S,corresponding to some given annealing schedule, starting with X0 = s1. Write T (n) for thetemperature at time n in this annealing schedule. Let A be the event that the chain remainsin state s1 forever (so that in particular the chain never �nds the f -minimizing state s3). WegetP(A) = P(X1 = s1; X2 = s1; : : :)= limn!1P(X1 = s1; X2 = s1; : : : ; Xn = s1)38Of course, it is somewhat silly to use simulated annealing on a small problem like this one, where wecan deduce that the minimum is f(s3) = 0 by immediate inspection of (91). This example is chosen justto give the simplest possible illustration of a phenomenon that sometimes happens in simulated annealingalgorithms for larger and more interesting problems.93



= limn!1P(X1 = s1 jX0 = s1)P(X2 = s1 jX1 = s1) � � �P(Xn = s1 jXn�1 = s1)= limn!1 nYi=1 �1� e�1=T (i)� = 1Yi=1 �1� e�1=T (i)�which is equal to 0 if and only if P1i=1 e�1=T (i) = 1. Hence, if T (n) is sent to 0 rapidlyenough so that P1i=1 e�1=T (i) <1, then P(A) > 0, so that the chain may get stuck in states1 forever. This happens, e.g., if we take T (n) = 1n . The simulated annealing algorithm thenfails to �nd the true (global) f -minimizer f3. Two factors combine to create this failure,namely(i) the annealing schedule being too fast, and(ii) state s1 being a local f -minimizer (meaning that f takes a smaller value at s1 thanat any of the neighbours of s1 in the graph structure used for the Metropolis chain)without being a global one.
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Problems12.1 (8) Modify the proof of Theorem 12.1 in order to take care of the case where there are severalelements s 2 S satisfying f(s) = mins02S f(s0).12.2 (8*) Suppose that we want to solve the optimal packing problem in Example 12.1 (i.e., we wantto maximize f(�) over all feasible con�gurations � 2 f0; 1gV , where f(�) is the number of 1's in�), and decide to try simulated annealing. To �nd suitable Markov chains, we start by consideringBoltzmann distributions for the function f(�). Since we are dealing with a maximization (ratherthan minimization) problem, we consider the modi�ed Boltzmann distribution with the minus signin the exponents of (86) and (87) removed.(a) Show that this modi�ed Boltzmann distribution at temperature T is the same as the probabilitymeasure �G;� de�ned in Problem 7.4, with � = exp � 1T �.(b) Implement and run a simulated annealing algorithm for some suitable instances of this problem.(Note that due to (a), the MCMC algorithm constructed in Problem 7.4 can be used for thispurpose.)
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13 FURTHER READINGMarkov theory is a huge subject (much bigger than indicated by these notes), and conse-quently there are many books written on it. Three books that have in
uenced the presenttext are the ones by Br�emaud [B], Grimmett & Stirzaker [GS], and (the somewhat moreadvanced book by) Durrett [Du]. Another nice introduction to the topic is the book byNorris [N]. The only up-to-date Swedish texts on Markov chains that I am aware of are theones by Ryd�en & Lindgren [RL] and Enger & Grandell [EG]. The reader can �nd plentyof additional material (more general theory, as well as other directions for applications) inany of these references.Still on the Markov theory side (Chapters 2{6) of this text, there are two particular topicsthat I would warmly recommend for further study to anyone with a taste for mathematicalelegance and the power and simplicity of probabilistic arguments: The �rst one is thecoupling method, which was used to prove Theorem 5.2, and which also underlies thealgorithms in Chapter 10; see the highly readable book by Lindvall [L]. The second topic isthe relation between reversible Markov chains and electrical networks, which is mas-terly treated in the book by Doyle & Snell [DS]. H�aggstr�om [H] gives a short introductionin Swedish.Another goldmine for the ambitious student, is the collection of papers edited by Snell[Sn]. Many exciting topics in probability, several of which concern Markov chains and/orrandomized algorithms, are presented on a level accessible to advanced undergraduates.Moving on to the algorithmic side (Chapters 7{12), it is worth stressing again that thecollection of algorithms considered here in no way is representative of the entire �eld ofrandomized algorithms. A reasonable overview can be obtained by reading, in addition totheses notes, the book by Motwani & Raghavan [MR].The main standard reference for MCMC (Chapter 7) these days, seems to be the the bookedited by Gilks, Richardson & Spiegelhalter [GRS]. Another book which is worth reading isthe well-written research monograph by Sinclair [Si]. For the particular case of simulatingthe hard-core model described in Example 7.1, see, e.g., the paper by Luby & Vigoda [LV].The treatment of q-colorings in Chapters 8 and 9 is based on the paper by Jerrum [J].Moving on to Propp{Wilson algorithms (Chapters 10 and 11), this is such a recent topicthat it has not yet been treated in book form. The original 1996 paper by Propp & Wilson[PW] has already become a classic, and should be read by anyone wanting to dig deeper intothis topic. Other papers that may serve as introductions to the Propp{Wilson algorithm,are those by H�aggstr�om & Nelander [HN] and Dimakos [Di]. An annotated bibliographyon the subject, continuously maintained by Wilson, can be found at the web site [W2].The read-once variant of the Propp{Wilson algorithm that we discussed in Chapter 11,96



was introduced by Wilson [W1].Concerning simulated annealing (Chapter 12), see the contribution by B. Gidas to theaforementioned collection [Sn].Finally, let me emphasize once more that the di�cult problem of making sure that wehave access to a good (pseudo-)random number generator (as discussed very brie
y in thebeginning of Chapter 3) deserves serious attention. The classical reference for this problemis Knuth [K]. See also Goldreich [G] for an introduction to a promising new approach basedon the theory of computational complexity.References[B] Br�emaud, P. (1998) Markov Chains: Gibbs �elds, Monte Carlo Simulation, andQueues, Springer, New York.[Di] Dimakos, X.K. (2001) A guide to exact simulation, International Statistical Review,to appear.[DS] Doyle, P. & Snell, J.L. (1984) Random Walks and Electric Networks, MathematicalMonographs 22, Mathematical Association of America.[Du] Durrett, R. (1991) Probability: Theory and Examples, Wadsworth & Brooks/Cole,Paci�c Grove.[EG] Enger, J. & Grandell, J. (2000) Markovprocesser och K�oteori, Mathematical Statis-tics, KTH, Stockholm.[GG] Geman, S. & Geman, D. (1984) Stochastic relaxation, Gibbs distributions, and theBayesian restoration of images, IEEE Transactions on Pattern Analysis and MachineIntelligence 6, 721{741.[GRS] Gilks, W., Richardson, S. & Spiegelhalter, D. (1996) Markov Chain Monte Carloin Practice, Chapman & Hall, London.[G] Goldreich, O. (1999) Pseudorandomness, Notices of the American Mathematical So-ciety 46, 1209{1216.[GS] Grimmett, G. & Stirzaker, D. (1992) Probability and Random Processes, Clarendon,Oxford.[H] H�aggstr�om, O. (2000) Slumpvandringar och likstr�omskretsar, Elementa 83, 10{14.97
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