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tWe present a method for the sparse greedyapproximation of Bayesian Gaussian pro
essregression, featuring a novel heuristi
 for veryfast forward sele
tion. Our method is es-sentially as fast as an equivalent one whi
hsele
ts the \support" patterns at random,yet it 
an outperform random sele
tion onhard 
urve �tting tasks. More importantly,it leads to a suÆ
iently stable approximationof the log marginal likelihood of the train-ing data, whi
h 
an be optimised to adjusta large number of hyperparameters automat-i
ally. We demonstrate the model sele
tion
apabilities of the algorithm in a range ofexperiments. In line with the developmentof our method, we present a simple view onsparse approximations for GP models andtheir underlying assumptions and show rela-tions to other methods.1 Introdu
tionGaussian pro
ess (GP) models are powerful non-parametri
 tools for Bayesian supervised learning. In
omparison with ar
hite
tures su
h as multi-layer per-
eptrons, they are 
on
eptually simpler to understandand handle in pra
ti
e. In 
ontrast to other kernelma
hines su
h as support ve
tor ma
hines (e.g., Vap-nik, 1995), GPs are probabilisti
 models, whi
h meansthat they yield \error bars" on predi
tions and allowstandard Bayesian approa
hes to model sele
tion tobe used. A more widespread use has probably beenhindered by their unfavourable s
aling: O(n3) time,O(n2) memory for training, and at least O(n) time forpredi
tion on a test point, where n is the number oftraining points. A range of sparse GP inferen
e ap-proximations have addressed this problem (see Smolaand Bartlett, 2001, Williams and Seeger, 2001, Csat�o

and Opper, 2002, Tresp, 2000, Tipping, 2001). Whilethese s
hemes are quite di�erent, a 
ommon theme isthe 
on
entration of e�orts on a subset of size d of thefull dataset, referred to as a
tive set I in this paper.This allows for predi
tions in time O(d) or O(d2), andtypi
ally leads to a more favourable training s
aling aswell, su
h as O(n d2) time, O(n d) memory. Perhapsthe most 
ru
ial step in these sparse methods is the se-le
tion of I , for whi
h strategies like exhaustive sear
hare of 
ourse out of the question. One may simplysele
t I at random, yet several experimental studies(e.g., Lawren
e et al., 2002) show that this 
an leadto poor results. Greedy strategies whi
h in
lude newpoints one at a time into I , sele
ting them as maxi-mizers of some heuristi
 amongst all points not in I ,are promising tra
table alternatives.The method proposed here is 
losely related to thesparse bat
h ADATAP method of Csat�o et al. (2002).The latter resembles an on-line s
heme, in that thetraining data is pro
essed in random order, and up-dates of I and the parameters are done sequentially.While this method does not rely on sele
tion heuristi
s,it typi
ally requires several passes over the data andexhibits some dynami
s w.r.t. I , whi
h may lead toinstabilities. We fo
us on greedy forward sele
tion in-stead, advo
ating the use of 
heap sele
tion heuristi
s(in 
ontrast to other greedy proposals su
h as, Smolaand Bartlett, 2001). These allow us to do full greedysear
hes for all in
lusions into I , yet ending up with as
heme whi
h is essentially as fast as using random se-le
tions. We also show how hyperparameter adaption
an be done by maximizing an approximation to themarginal likelihood of the data.The stru
ture of the paper is as follows. In the remain-der of this se
tion we introdu
e the Gaussian pro
essregression (GPR) setting. In Se
tion 2, we des
ribeour sparse approximation to GPR, show how an a
-tive set 
an be sele
ted eÆ
iently and how hyperpa-rameters 
an be adjusted by maximizing the marginallikelihood. Relations to other sparse approximations



are 
lari�ed in Se
tion 3. Experimental results arepresented in Se
tion 4.Ve
tors g = (gi)i and matri
es G = (gi;j)i;j are bold-fa
e1. If I; J are sets of indi
es, we denote the 
or-responding sub-matrix of G 2 Rp;q by GI;J . Weabbreviate GI;1:::q to GI;�, GI;fjg to GI;j , GI;I toGI , GI;f1;:::;qgnJ by GI;nJ , et
. The Gaussian densitywith mean m and 
ovarian
e matrix � is denoted byN(�jm;�).1.1 Gaussian Pro
ess RegressionIn this paper we fo
us on regression estimation. Givena sample S = f(x1; y1); : : : ; (xn; yn)g; yi 2 R, drawnindependently and identi
ally distributed (i.i.d.) froman unknown distribution, our goal is to estimate the
onditional distribution P (yjx) for typi
al x. Tomodel this situation, we introdu
e a latent variableu 2 R and make the assumption that P (yju;x) =P (yju). Thus, y is a noisy realisation of u, and wemodel the noise as P (yju) = N(yju; �2), where �2 isa hyperparameter. The relationship x ! u is a ran-dom pro
ess u(�), whi
h in a Gaussian pro
ess (GP)model is given a GP prior with mean fun
tion 0 and
ovarian
e kernel K(�; �), where the latter is typi
allyde�ned in terms of further hyperparameters. Thispro
ess prior 
an be understood (and visualised) bynoting that its joint evaluation at a �nite number ofinput points is a zero-mean Gaussian variable withthe Gram matrix indu
ed by K as 
ovarian
e ma-trix. We denote the sequen
e of latent outputs atthe training points by u = (u(x1); : : : ; u(xn))T 2 Rnand the 
orresponding 
ovarian
e or kernel matrix byK = (K(xi;xj))i;j 2 Rn;n , i.e., P (u) = N(uj0;K ).If we 
ondition on the hyperparameters, the posteriorpro
ess P (u�jx�; S) 
an be determined analyti
ally.First, P (ujS) / P (u)N(y ju; �2I)/ N(ujK(K + �2I)�1y ; �2K(K + �2I)�1);furthermore P (u�jx�; S) = R P (u�ju)P (ujS) du =N(u�j��; �2�), where�� = yT (K + �2I)�1k�; k� = (K(x�;xi))i;�2� = K(x�;x�)� kT� (K + �2I)�1k�:The hyperparameters 
an be adjusted by maximisingthe marginal likelihood P (y) = N(y j0;K + �2I), orif priors are pla
ed on the hyperparameters one 
ansample from the hyperposterior using MCMC meth-ods. However, in general these methods have time and1Whenever we use a bold symbol g or G for a ve
toror matrix, we denote its 
omponents by the 
orrespondingnormal symbols gi and gi;j .

memory requirements whi
h are 
learly superlinear inn, and predi
tions are at least O(n) per test point.2 Sparse Gaussian Pro
ess RegressionWe �rst introdu
e in Se
tion 2.1 the likelihood approx-imation leading to the sparse Gaussian pro
ess regres-sion (GPR) method we are interested in. In Se
tion2.2 we dis
uss our method for sele
ting the a
tive setI . In Se
tion 2.3 we motivate model sele
tion by opti-misation of the approximate log marginal likelihood.2.1 Sparse Likelihood ApproximationOur sparse GPR approximation 
an be understood aslikelihood approximation. Let I � f1; : : : ; ng denotethe a
tive set, and write R = f1; : : : ; ng n I for theindexes of the remaining points. Our approximationis obtained by repla
ing the likelihood P (y ju) byQ(y juI) = N(y jP TI uI ; �2I); P I =K�1I KI;�:Here, P TI is a matrix whi
h maps uI to the prior 
on-ditional mean E[ujuI ℄. A strong motivation for thisapproximation is given by Csat�o (2002), showing thatthe minimisation of the relative entropy2 D[� kP (ujy)℄over all distributions of the form / P (u)R(uI), Rpositive and dependent on uI only, is attained byR(uI) = Q(y juI). Note that the 
hoi
e 
orresponds tothe following \non-standard" sampling model. In or-der to generate y , we �rst sample uI � P (uI). Whilethe full GPR sampling model would 
ontinue samplinguR � P (uRjuI), we require a likelihood term whi
hdoes not depend on uR. The 
onditional distributionP (uRjuI) has mean ûR = (P TI uI)R, thus in order toapproximate the full likelihood P (y ju), it seems sen-sible to use P (y jû) = N(y jû; �2I), where û = P TI uI(note that ûI = uI). Thus, y � N(y jû; �2I). Inthe following, instead of dealing with the true pos-terior P (�jy), we will use an approximation Q(�jy)obtained by repla
ing the true likelihood P (y ju) byQ(y juI) = N(y jû; �2I). For �xed I of size k, letKI = LLT be de
omposed in Cholesky fa
tors andlet V = L�1KI;�; M = �2I + V V T . The exa
tposterior distribution for uI is given by P (uI jy) /P (y juI)P (uI). Repla
ing P (y juI) with Q(y juI) and
arrying out some manipulations we obtainQ(uI jy) = N(uI jLM�1V y ; �2LM�1LT ):Below we will frequently omit the 
onditioning ony and write Q(�) = Q(�jy). Let M = LMLTM bethe Cholesky de
omposition of M , and de�ne � =L�1M V y . The predi
tive distribution at a test point2Also known as Kullba
k-Leibler divergen
e.



x� is given by Q(u�jy) = N(u�j�(x�); �2(x�)) with�(x�) = lTM;��;�2(x�) = K(x�;x�)� kl�k2 + �2klM;�k2;where l� = L�1(K(x�;xi))i2I ; lM;� = L�1M l�. If only�(x�) is required, L�TL�TM � should be pre
omputed,after whi
h the mean 
an be 
omputed in O(d) pertest pattern.The likelihood approximation de�ned above has been
onsidered by a number of authors (e.g., Smola andBartlett, 2001, Csat�o et al., 2002, Luo and Wahba,1997), although with di�erent motivations. Lawren
eet al. (2002) use a simpler approximation, leading toa very eÆ
ient method for GP 
lassi�
ation.2.2 Algorithm for Subset Sele
tionWe have to approa
h three questions:� How to in
lude a new point into the a
tive set?� How to 
onstru
t a sele
tion s
ore for the greedysele
tion of in
lusion 
andidates, whi
h 
an beevaluated in O(1) per point?� How to 
ompute a sparse approximation to thelog marginal likelihood and its gradient to doBayesian model sele
tion?We dis
uss the �rst two issues here and the thirdone in Subse
tion 2.3. With some hindsight, we de-�ne p = diagV TV ; q = diagV TM�1V . We alsomaintain the mean � of the posterior approximationQ(u). In order to in
lude i 62 I into I , we have toupdate L ! L0 2 Rd+1;d+1 ; V ! V 0 2 Rd+1;n ; p !p0; LM ! L0M 2 Rd+1;d+1 ; � ! �0 2 Rd+1 and� ! �0, as shown in Appendix A.1. The time for anin
lusion is dominated by three n�d operations and the
omputation of K�;i, and we require one n � d bu�erfor V .In Lawren
e et al. (2002), the use of greedy sele
tionheuristi
s is motivated, of a kind originally proposedfor a
tive learning3, a related yet somewhat harderproblem in whi
h one has to sele
t (amongst a pool ofunlabeled data) points whose labels may prove mostvalueable w.r.t. learning progress (e.g., Seung et al.,1998). The \informativeness" of an input point ximay be s
ored by the information gainD[Qnew(u) kQ(u)℄; (1)3A
tive learning is applied to support ve
tor ma
hinesin Tong and Koller (2001), however in a quite restri
ted
lassi�
ation 
ontext and without underlying probabilisti
model.

where Qnew is the posterior approximation after in-
lusion of i into I . To understand this s
ore, imag-ine en
oding samples from Qnew(u). If we swit
hedour 
oding s
heme from being based on Q to usingthe true distribution, the s
ore value would be theamount of nats per sample point we 
ould save. How-ever, in order to 
ompute this s
ore we require timeO(d n) and the evaluation of the kernel matrix 
ol-umn i, a s
aling whi
h we 
onsider prohibitive in the
ontext of sparse approximation methods. Note thatother s
ores 
ould be 
onsidered as well, su
h as theentropy di�eren
e H[Q℄ � H[Qnew℄, the expe
ted loglikelihood EQ[logP (yijui)℄ or the value of logQnew(u)at its mode, yet all of them su�er from the same un-favourable s
aling. If I 0 = I [fig and R0 = Rnfig, we
an obtain an approximation to the information gainby simply repla
ing Q(y juI0) in the de�nition of Qnewby N(ynij(V �;ni)TL�1uI ; �2I)N(yijui; �2) (2)(re
all that V �;ni is obtained from V by removing thei-th 
olumn). One 
an view the ûi = (P TI uI)i as\pseudo-variables", in whi
h 
ase we simply repla
ethe \pseudo-site" N(yijûi; �2) in the likelihood by thetrue site N(yijui; �2) (see also Csat�o et al., 2002). Bydoing so, we ignore that upon proper in
lusion, uiwould be 
oupled with the targets of all remainingpoints in the likelihood, not just with yi, yet it is ex-a
tly this 
oupling whi
h 
auses the high evaluation
osts. It is 
lear how this method 
an be generalisedto allow 
ouplings between ui and some of the targets,although we do not pursue this here for simpli
ity4.Now, the information gain (1) 
an be approximated as�i =� log �li � 12�log �i + �i(1� �i)��2(yi � �i)2� �i + 2�; �i = �i �1 + 2(�=li)2� ; (3)where li = (K(xi;xi)�pi)1=2; �i = ((�=li)2+1�qi)�1.The rather lengthy derivation 
an be found in (Seeger,2002). Note that �i 
an be evaluated in O(1), givenpi; qi; �i, and requires the evaluation of K(xi;xi)only. Also note that the repla
ement of Q(y juI0)against (2) is used only to 
ompute the �i; i 2 R.On
e an in
lusion 
andidate has been 
hosen, it is in-
luded into I by properly updating the likelihood ap-proximation to Q(y juI0) (see Appendix A.1).Our s
heme for �rst-level inferen
e 
onditioned on thehyperparameters in
ludes points one at a time into4For example, it may be a

eptable to evaluate rowKi;�, or a part of it, after whi
h we 
ould retain 
ouplings
orresponding to the uj with the highest prior 
orrelationwith ui.



I , sele
ting the next in
lusion 
andidate among allremaining points in R as the maximizer of the ap-proximate information gain (3). The �nal size of thea
tive set 
an either be �xed in advan
e, or we 
anuse a stopping 
riterion based on monitoring the aver-age squared error 
urve of the su

essive predi
torson the remaining points in R or on a holdout set.The former requires the knowledge of the marginalsQ(uj) = N(uj j�j ; �2j ); j 2 R, where �2j = 1�pj+�2qj .2.3 Adjusting the HyperparametersOur likelihood approximation implies the following ap-proximation to the marginal likelihood:Q(y) = N(y j0; �2I + V TV ): (4)This 
an be 
ompared dire
tly to the marginal like-lihood for the full GP model whi
h is P (y) =N(y j0; �2I + K) (see Se
tion 1.1), by noting thatV TV = K�;IK�1I KT�;I . If � = � logQ(y), then the(approximate) negative log marginal posterior for hy-perparameters � is �(�)� logP (�), and we 
an try to
hoose � as (lo
al) minimiser of this 
riterion (in our
ase, � in
ludes �2 and the kernel parameters). Here,P (�) is a hyperprior whi
h 
an be used to 
on�ne �to a 
ertain range, to enfor
e sparsity amongst 
om-ponents of � , et
. To this end, we have to 
ompute� and its gradient w.r.t. hyperparameters, as statedin Appendix A.2. We then feed these into a 
ustomgradient-based optimizer su
h as Quasi-Newton. Apersistent diÆ
ulty in pra
ti
e is that the 
riterion �and its gradient will 
u
tuate with 
hanging I . It issensible to keep I �xed during line sear
hes and onlyresele
t it when 
omputing gradients for new sear
hdire
tions. Be
ause of these 
u
tuations, we 
annotexpe
t a smooth 
onvergen
e in general, and assessingwhen to stop is a tri
ky issue not yet resolved 
om-pletely.3 Related WorkThe likelihood approximation we employ here has beenused by several authors (e.g., Csat�o et al., 2002, Smolaand Bartlett, 2001). In fa
t, Csat�o et al. (2002) 
on-sider GP models with arbitrary non-Gaussian noisedistributions, employing sparse Gaussian approxima-tions to the intra
table posterior P (ujy). The ap-proximate information gain (and other approximate
riteria) 
an be derived for this framework in mu
hthe same way as shown here, and experiments withthe resulting general greedy s
heme are subje
t to fu-ture work, although it is substantially more expen-sive5 than the spe
ial 
ase we deal with here. Smola5This is due to the nature of the Gaussian approxima-tions, whi
h require the introdu
tion of site parameters for

and Bartlett (2001) and Luo and Wahba (1997) usegreedy forward sele
tion s
hemes just as we do, al-though our framework is somewhat di�erent. The ma-jor di�eren
e to our s
heme is, however, that they em-ploy very expensive 
riteria, having evaluation 
ostsof O(n d), while we use an O(1) 
riterion. In fa
t, inthese s
hemes, the s
oring of a point is about as ex-pensive as its in
lusion into I . While we 
an s
ore allremaining points for every in
lusion in O(n), Smolaand Bartlett (2001) have to resort to randomizations.After transforming to � =K�1u, they minimise�(�) = 12�T (�2K +KTK)� � yTK�= �(V y)TL�1uI + 12uTI (LM�1LT )�1uI ;where � is sparse in the sense that �R = 0. Notethat �(�) is proportional to � logP (�jy). For �xedI , �(�) is proportional6 to the negative log posterior� logP (uI jy) and is minimized by the posterior meanLM�1V y , the minimum value is �I = min� �(�) =�(1=2)�T�, where the minimum is over � with �R =0. Their sele
tion heuristi
 for a point i 62 I is�SBi = �I � �I0 = 12�2d+1; I 0 = I [ fig;i.e. the de
rease that 
an be obtained in �(�) by al-lowing 
omponent i in � to be
ome non-zero. �0 =(�T �d+1)T is obtained as shown in Appendix A.1.Sin
e this 
omputation is O(n d), they 
an only af-ford to s
ore a �xed number k � n of randomly 
ho-sen points from R for ea
h in
lusion. Even then, theoverall 
omplexity is now dominated by the 
riterionevaluations: O(k d2 n), whi
h is about k times the re-quirements of our method (Smola and Bartlett, 2001,re
ommend k = 59). Furthermore, sin
e the randomsubsets 
u
tuate freely over f1; : : : ; ng, one typi
allyends up evaluating a large fra
tion of the full kernelmatrix K, whi
h is problemati
 if kernel evaluationsare very expensive. Our s
heme requires the evalua-tion of K �;I only (if I is the �nal a
tive set).Our approximation is also somewhat similar to theBayesian 
ommittee ma
hine (BCM) of Tresp (2000)where the information from n training points is ab-sorbed onto a smaller number of points, although inBCM it is the test points and not a subset of the train-ing points that are used7. Note that the approxima-tion is not equivalent to a Bayesian subset of regressors(SR) model where we put u(x�) = Pi2I �iK(xi;x�)ea
h of the n training points. These parameters have to beupdated regularly between in
lusions, 
ausing substantialextra 
osts.6The normalisation 
onstant depends on the a
tive setI. 7This is problemati
 for appli
ations where the test datais not known at training time.



with a prior �I � N(0;K�1I ). The SR model gives thesame predi
tive mean but produ
es di�erent predi
tivevarian
es (see Williams et al., 2002, for details), infa
t the predi
tive pro
ess Q(u�jx�;y) is not a Gaus-sian pro
ess (as in our s
heme) and 
an be degenerate.The idea of approximating the likelihood using a linearproje
tion from d variables is not restri
ted to using ad-subset of u (as has been noted in Smola and Bartlett(2001), Csat�o and Opper (2002)). If we proje
t intothe d-th Krylow subspa
e as 
onstru
ted by a linear
onjugate gradients solver on the matrix K +�2I , weobtain an approximation suggested in Gibbs (1997),although this is not a sparse approximation, requiresthe 
ompleteK to be stored in memory and is at leastO(n2 d).4 ExperimentsFor the experiments presented here, we 
hose thedatasets kin-40k (10000 training, 30000 test 
ases, 9attributes) and pumadyn-32nm (7168 training, 1024test 
ases, 33 attributes),8 both arti�
ially 
reatedusing a robot arm simulator, highly non-linear andlow-noise. We used the squared-exponential kernelK(x;x0) = C exp(�(1=(2q))(x � x0)TW (x � x0)) +vb; x 2 Rq ; W = diag(wj)j , with the hyperpriors em-ployed by Rasmussen (1996). The 
omponents w�1=2jdetermine the typi
al length-s
ales of fun
tions fromthe prior along the Eu
lidean 
oordinate axes in in-put spa
e, thus by driving wj � 0, the 
orrespond-ing dimension is e�e
tively ignored (automati
 rele-van
e determination (ARD), e.g., Rasmussen, 1996).Where not stated otherwise, experiments are repeatedten times, and we quote medians (as well as quartilesin the plots). Predi
tive a

ura
y is measured in termsof average squared error, i.e. (1=2)(y� � �(x�))2 aver-aged over the test set.4.1 Learning CurvesHere, we 
ompare full GPR against a range of sparsemethods: sparse GPR using our 
riterion �i (info-gain; #1); using purely random sele
tion (random;#2); using the 
riterion �SBi of Smola and Bartlett(2001) (smo-bart; #3). Hyperparameters were ad-justed by maximising their (marginal) log posteriorfor full GPR over a random subset of size nMS of thetraining set. Figure 1 shows learning 
urves for kin-40k, nMS = 2000 (note that ea
h plot 
ontains upper8kin-40k: see www.igi.tugraz.at/as
hwaig/data.html.pumadyn-32nm: see www.
s.toronto/�delve. We prepro-
essed both by subtra
ting o� a linear regression �t andnormalizing all attributes to unit varian
e. Thus, a linearregression on these tasks would result in averaged squarederrors � 0:5.

and lower quartiles for full GPR as horizontal lines)and Table 1 gives the 
orresponding training times.
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Figure 1: Learning 
urves for sparse GPR on kin-40k.Left: sparse methods use MS training sets of full GPR,n = 2000. Right: sparse methods use full training set,n = 10000. X-axis: A
tive set size d. Y-axis: Averagesquared error. Horizontal lines: quartiles for full GPR,n = 2000. Time (se
s) for a
t. set size d100 200 300 400 500 1000 1250kin-40k, n = 2000#1 1.0 2.0 5.0 9.0 13.5 53.5 85.0#2 1.0 2.0 4.0 7.0 11.0 48.0 76.0#3 17.0 54.0 110.0 185.0 281.0 1088.0 1714.5kin-40k, n = 10000#1 5.0 13.0 25.5 42.0 62.5 230.0 352.0#2 3.0 10.0 21.0 35.5 55.0 215.0 338.5#3 88.0 265.0 530.5 885.0 1327.5 4977.0 7794.5Table 1: Training time (se
s) for methods info-gain (#1), random (#2), smo-bart (#3).For small sizes d = jI j, smo-bart outperforms the othermethods, while for larger d, random seems less e�e
-tive. We also see (from 
urves on the right) that sparsemethods on the full training set (n = 10000) 
an signif-i
antly outperform full GPR on a subset (n = 2000),even though the former employ sparser expansions(d = 1000; 1250). In this 
ase, the freedom of sele
t-



ing amongst more points outweights the advantage ofusing a larger expansion. While random and info-gainhave similar training times, smo-bart is about thirtytimes slower (we used sele
tion sets of size k = 30 forsmo-bart), whi
h probably pre
ludes the latter beingused with extensive model sele
tion.The set pumadyn-32nm has a lot of irrelevant at-tributes whi
h, in the 
ontext of GPR, have to be iden-ti�ed in order to a
hieve good performan
e. Adaptingthe hyperparameters for nMS = 1024 using full GPRleads to four attributes being singled out, all otherwj � 0. The median of the average squared test errorsis 0:0225.9 Note that traditional te
hniques like 
ross-validation are not appli
able in this situation, due tothe large number (35) of hyperparameters. Figure 2shows learning 
urves for the sparse methods.
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Figure 2: Learning 
urves for sparse GPR onpumadyn-32nm.Here, all three methods a
hieve an a

ura
y 
ompara-ble to full GPR after the in
lusion of d = 125 of then = 7168 training 
ases, but while the training timemedian for full GPR is 1102:5s, info-gain, random andsmo-bart require 3s; 2s and 66s respe
tively. For un-reasonably small values of d, info-gain exhibits some
u
tuations, leading to a worse performan
e than ran-dom.4.2 Sparse Model Sele
tionWe now try to assess the pro
edure of maximising theapproximation of the (marginal) hyperposterior to ad-9To demonstrate the signi�
an
e of ARD, we ran thesame experiment using the radial basis fun
tions (RBF)kernel (the squared-exponential kernel withW = wI), re-sulting in a squared error of 0:4730. However, if only thefour \relevant" attributes are used, full GPR with the RBFkernel attains a squared error of 0:024.

just �2 and the kernel parameters (see se
tion 2.3). Ina �rst experiment, we follow the traje
tory in hyperpa-rameter spa
e used by full GPR training (on pumadyn-32nm, nMS = 1024) and 
ompute the 
orrespondingapproximate 
riterion values for info-gain, random fordi�erent d. Due to the long running times, smo-bartis not 
onsidered here. Figure 3 shows the 
riterion
urves for info-gain (left) and random (right).
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Figure 3: Criterion for full GPR and sparse approxi-mations (evaluated at the same hyperparameters). X-axis: Iterations.Along 
riti
al parts of the traje
tory, the approxima-tion given by random is fairly poor (for d = 100; 200),while the info-gain approximation seems a

eptable.Note that for both methods, I is re-sele
ted in everyiteration, therefore the poor approximation by random
annot be attributed to random 
u
tuations.In the �nal experiment, we �rst trained full GPR onpumadyn-32nm, using nMS = 2048. We then ranan identi
al setup,10 however using the sparse ap-proximate 
riterion together with info-gain, randomand a variant of the latter, named �xed, in whi
hwe sele
t I at random only on
e and keep it �xedduring the optimisation. We used a
tive set sizesd = 50; 100; 200; 500. Only two di�erent pro�les wereobserved: either, the \relevant" attributes mentionedabove were singled out (ARD) and the squared errorwas below 0:03, or the method failed with error 
loseto 0:5. In fa
t, random and �xed for d = 50; 100; 200failed in all runs, and info-gain for d = 50 was su
-
essful just on
e. For all other 
ombinations, mediansof average squared error, number of iterations and op-timisation running time over the su

essful runs aregiven in Table 2 (re
all that all experiments are re-peated ten times).While model sele
tion based on info-gain was reliableeven for small sizes d = 100; 200, the runs for ran-dom often 
onverged (to high a

ura
y) to poor spu-10The initial hyperparameter values were 
hosen as re
-ommended in Rasmussen (1996). They are not 
lose to auseful minimum point for this task (note the sharp initialdrop of the 
riterion values).The optimiser was stopped on
e the relative improvementand gradient size fell below small thresholds, or after 200iterations.



Method d # su

. Squared # Iter. MS timeruns error optim. (se
s)full GPR - 10 0.0236 200 22100.5info-gain 500 10 0.0296 200 9079info-gain 200 10 0.0259 177.5 1833.5info-gain 100 9 0.0252 200 836random 500 8 0.0244 95 4412�xed 500 9 0.0239 200 9203Table 2: Comparison of model sele
tion for full andseveral sparse GPR methods, dataset pumadyn-32nm,nMS = 2048.rious minima of the 
riterion approximation. Evenin the su

essful runs, 
at plateaus are traversed be-fore a new downwards dire
tion is found (see Figure 4,left).11 Somewhat surprisingly, info-gain with d = 500results in larger squared errors than our s
heme forsmaller d. In Figure 4, we 
ompare 
riterion 
urvesfor full GPR and sparse methods using a run in whi
hall of them were su

essful. On the right, we plot thesizes of the largest inverse length s
ales w1=2j in the hy-perparameter ve
tors 
hosen by the di�erent methods(re
all that the positions of these within W were thesame for all methods)
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Figure 4: Left: Criterion 
urves for model sele
tionoptimisations (X-axis: Iterations of optimiser); lowersolid line: full GPR; upper solid line: random (d =500). Right: Largest values of inverse squared lengths
ales wj in the sele
ted hyperparameter ve
tor.Note the dangerously 
at plateau in the 
urve forrandom (�xed has a very similar 
urve, not shownhere). As for the suboptimal performan
e of info-gain(d = 500), one may suspe
t over�tting12 behaviour.11Somewhat surprisingly, random does not behave betterthan �xed w.r.t. spurious 
onverge (for d = 500, they bothfail in the same run). We would have expe
ted random toes
ape spurious minima more readily.12In general, empiri
al Bayesian methods su
h as ourshere 
an lead to over�tting. If approximations are used,it is always desirable that by in
reasing the 
omplexity ofthe approximation, we are guaranteed to obtain a 
loser ap-proximation of the true 
riterion. This is the 
ase for 
er-tain variational approximations (if one ignores lo
al min-ima issues whi
h often plague su
h methods), but it is nottrue for the sparse GP approximations 
onsidered here (for

The 
urve runs below the one for full GPR, and the
on
rete w1=2j values are signi�
antly larger than theones 
hosen by the latter. Indeed, training full GPRusing the hyperparameters found by random, d = 500,results in a squared error of 0:0317, suggesting thatthe hyperparameters are suboptimal. Su
h problems
ould probably be alleviated by 
hanging the hyper-priors.5 Dis
ussionWe have proposed a novel s
heme for sparse greedyapproximations of GP regression, featuring a very fastforward sele
tion 
riterion motivated by a
tive learn-ing. The s
heme is essentially as fast as sele
ting thea
tive set I at random. For �xed, well-sele
ted hyper-parameter values, small improvements over random se-le
tion has been demonstrated for suÆ
iently large a
-tive sets, while our s
heme is not robust for very smallI .13 In light of our experiments, a major advantageof our s
heme seems that the greedy sele
tion leadsto a stable approximation of the log marginal hyper-posterior whi
h 
an be optimised for model sele
tion,even if the size of I is a small fra
tion of the totaltraining set size only, while for random sele
tion thesame setup frequently fails due to strong 
u
tuationsin the approximation. In 
ontrast to the well-knownsupport ve
tor ma
hine, our s
heme is a fully prob-abilisti
 model from whi
h valid Bayesian 
on�den
eintervals 
an be obtained, and for whi
h a large num-ber of hyperparameters 
an be adjusted automati
ally,allowing for example for feature sele
tion via ARD (seese
tion 4).In future work, we will apply our s
heme to harder re-gression tasks and explore the e�e
tiveness of stopping
riteria motivated in Subse
tion 2.2 in order to �ndgood a
tive set sizes. Furthermore, extensions of ours
heme to settings where Bayesian inferen
e for the fullGP model is not analyti
ally tra
table (su
h as 
lassi-�
ation or regression with non-Gaussian noise) will be
onsidered (note that su
h an extension has been pro-posed in Csat�o et al., 2002). Sparse approximations to
riteria like the log marginal hyperposterior 
ould alsobe used to speed up exa
t algorithms su
h as hybridMCMC sampling.A
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A Some DetailsA.1 In
lusion of a Point into IRe
all the de�nitions at the beginning of se
tion2. The update of a Cholesky fa
tor is standard.First, (L0)Td+1;� = L�1KI;i = vi = V �;i, and li =(L0)d+1;d+1 = (K(xi;xi) � pi)1=2. Then, (V 0)1:::d;� =V , and if v = (V 0)Td+1;�, then v = l�1i (K�;i � V Tvi),and p0 = p + (v2j )j . Next, (L0M )d+1;1:::d = lM =L�1M V v and lM;i = (L0M )d+1;d+1 = (�2 + vTv �lTM lM )1=2. Finally, w = ((L0M )�1V 0)Td+1;� = l�1M;i(v �V TL�TM lM ) and q0 = q + (w2j )j .For the update of �, note that � = V TL�TM �, thusm0 =m+�d+1w, where �d+1 = (�0)d+1 = l�1M;i(vTy��T lM ) is the new 
omponent of ve
tor �0 (note thatvTy = (V 0y)d+1).A.2 The Negative Log Marginal Likelihoodand its GradientRe
all the marginal likelihood approximation from(4). Here, we show how � and its gradient 
anbe 
omputed, the detailed derivations are given in(Seeger, 2002). We have (�2I + V TV )�1 = ��2(I �V TM�1V ) and log j�2I + V TV j = log jM j � 2(n �d) log��1. Thus� = 12 �log jM j+ (n� d) log �2 + 1�2 �yTy � �T���up to an additive 
onstant. The derivative w.r.t.log(�2) is given by��� log(�2) = �12��2 trM�1 + n� d+ kL�TM �k2� 1�2 �yTy � �T���:De�ne A = �2KI + KI;�KTI;� and note that A =~L~LT , where ~L = LLM . Let B1 = ~L�TL�1M V =A�1KI;� and b1 = ~L�T�. Then, if � is one of thekernel parameters, the derivative of � is given by���� =� 12 tr �K�1I � �2A�1� _KI + trBT1 _KI;�� ��2bT1 _KI;�(y �m) + 12bT1 _KIb1; (5)where _K I = (�=��)KI , et
. The 
omputation ofB1 dominates the 
osts, requiring n ba
ksubstitutionswith ea
h of LM and ~LT . Note that B1 may over-write V , and that in order to 
ompute (5), it is notne
essary to store _K I;: expli
itely.


