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Katis, Sabadini and Walters 21 IntroductionCertain dynamical systems can be tempered to behave as input-output de-vices. As examples, compare the following two types of input-output sys-tems: a �eld-e�ect transistor (FET), for which an input is a gate potentialthat controls a current 
ow within the device; and a machine programmed tocarry out a speci�c procedure, for which an input is a datum upon which theprocedure acts. In the �rst example an input can be viewed as an action onone part of the device which results in a change of state of the whole system,including the output port. In contrast to this, an input for the programmedmachine is an initial state of the device, while an output is an equilibriumstate which the machine may reach. Clearly, these two examples representdi�erent classes of input-output systems.In this paper, the notion of a process in a symmetric monoidal categoryis introduced. A circuit, which is de�ned to be a process in a category withproducts, is intended to model a system such as a FET, while programs,algorithms et cetera are modelled by Elgot automata { processes in a categorywith sums.The algebra of such processes is that of monoidal bicategories equippedwith an operation called feedback. Compact closed categories and Cartesianbicategories ([6]) have been used as a model for circuit design ([11], [4])as well as a paradigm for the semantics of computation ([1]). Due to thesymmetry of the structures there investigated, these models, unlike the onehere presented, are unable to treat the asymmetric nature of the roles ofinput and output in processes.After presenting some basic de�nitions in the following two sections, a linkis made in Section 4 with the theory of traced monoidal categories ([12]). Anormal form theorem for expressions of processes is also proved. Behavioursand equilibrium states of circuits are then de�ned (via structure preservinghomomorphisms), providing precise connections with some existing theoriesof circuit design. In Section 6, we introduce Elgot automata and brie
ydiscuss the relation with iteration theories ([3]).The reader may ask: are bicategories, rather than categories, necessaryfor modelling processes? While the objects of any abstract category maybe thought of as states, and the arrows as processes, the kinds of processes



Katis, Sabadini and Walters 3discussed above have internal structure and may be compared. As thesecomparisons naturally arise as 2-cells, the above question must be answered inthe a�rmative. In most systems it is the internal structure that is interesting.Indeed, complex systems constructed with the operations series, parallel andfeedback may have neither input nor output. Bicategories play an essentialrole in modelling these structures.2 Processes in a symmetric monoidalcategoryWe begin by de�ning the suspension-loop construction and apply it to sym-metric monoidal categories (C;
). This yields a symmetric monoidal bi-category 
�(C;
), the bicategory of processes in (C;
). The notions ofin�nitesimals and delayed processes are then introduced. For legibility, wewrite as if our monoidal categories were strict. The symmetry for a tensorwill usually be denoted by cX;Y : X 
 Y ! Y 
X.2.1 The suspension-loop constructionIf (C;
) is a symmetric monoidal category, let �(C;
) denote the suspen-sion of (C;
), the bicategory with one object, whose 1-cells and 2-cells arethe objects arrows of C respectively, and where horizontal composition isgiven by the tensor product and vertical composition is the same as thecomposition of arrows in C. The structural isomorphisms and functorialityof 
 guarantee that �(C;
) has the identity, associative and middle-fourinterchange laws. Furthermore, as 
 is symmetric, it induces a symmetrictensor product on �(C;
) which, when there is no cause for ambiguity, isalso denoted by 
.Let N denote the additive monoid of natural numbers, that is, the oneobject category generated by one arrow. If B is a bicategory, let 
B denotethe bicategory of functors, lax transformations and modi�cations from N toB. (See [2] for more on these and other bicategorical notions.) Explicitly, wehave:� an object of 
B is an endomorphism in B, X : a! a;



Katis, Sabadini and Walters 4� an arrow from X : a! a to Y : b ! b is a pair (U;�), where U is anarrow and � is a 2-cell in B of the form
α
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Y

U U

a a

b b ; and� a 2-cell from (U;�) to (V; �) is a 2-cell � : U ! V in B such that
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b b :
B may be thought of as the loop space of B. As this bicategory is a`functor category', a symmetric tensor on B induces one on 
B in a naturalway.De�nition 1 If (C;
) is a symmetric monoidal category, the symmetricmonoidal bicategory 
�(C;
) is called the bicategory of processes in (C;
).An arrow in this bicategory is called a process in (C;
).A process (U;�) : X ! Y is said to have U as its state-space, X as itsinput and Y as its output; the morphism � : X 
 U ! U 
 Y is referred toas the dynamics of the process. The terms Xi and Yj in the expression(U;�) : X1 
 : : :
Xn ! Y1 
 : : :
 Ymare respectively called the ith input and the jth output of the process.



Katis, Sabadini and Walters 52.2 In�nitesimals and delayed processesAn in�nitesimal is a process whose state-space is I, the unit for 
. Thearrows in C which can be constructed from identity arrows using only thestructural properties of 
 are referred to as the constants for 
. So, theconstants in a symmetric monoidal category are those arrows built fromidentities and symmetries (as well as the unit and associativity isomorphisms,of course) by repetitive application of composition and the tensor product.(So, in giving a constant one gives a family of objects and a permutation ofthat family.) A wire is de�ned to be an in�nitesimal whose dynamics is aconstant. If 
 is a product, the meaning of constant is extended so that itrefers to arrows which may be built out of identities, symmetries, projectionsand diagonals. We extend the de�nition of the term constant in a similar wayif the tensor is a sum (that is, we include injections and codiagonals). A wirewhose dynamics is a constant built out of only identities and symmetries iscalled a permutation wire (or, merely, a permutation).The reason why such processes are called in�nitesimals will be made clearin Sections 5 and 6, wherein behaviours of processes are de�ned.Given a process of the form(U;�) : X1 
 : : :
Xn ! Y1 
 : : :
 Ymand i 2 [n], construct a new process(U;�)Xi : X1 
 : : :
Xn ! Y1 
 : : :
 Ym;where(U;�)Xi = (Xi 
 U; (Xi 
 �) � (cX1
:::
Xi�1 ;Xi 
 cXi+1
:::
Xn;Xi 
 U)):This process is said to have been formed by delaying the ith input of (U;�).Similarly, the processYj(U;�) = (U 
 Yj ; (U 
 cY1
:::
Yj�1 ;Yj 
 cYj+1
:::
Ym;Yj) � (� 
 Yj))is said to have been formed by delaying the jth output of (U;�). Note thatdelaying an input or output X of a circuit may be achieved by compositionwith the circuit (X; 1XX) : X ! X; for example, if (U;�) is a process withinput X, (U;�)X = (U;�) � (X; 1XX).



Katis, Sabadini and Walters 6Of course, iterating and combining both procedures may result in pro-cesses that have had their inputs and outputs delayed several times. Thisterminology will be justi�ed in Sections 5 and 6, where it will be shownthat processes model devices that can store both inputs and outputs for setperiods of time.The following two evident propositions relate composition and tensorproduct with delays.Proposition 1 Let(U;�) : X ! Y1 
 : : :
 Ym and (V; �) : Y1 
 : : :
 Ym ! Zbe processes. Then for all i 2 [m] the unit and associativity isomorphisms of
 yield the following natural isomorphisms:1. (V; �) � Yi(U;�) �= (V; �)Yi � (U;�);2. Z(V; �) � (U;�) �= Z((V; �) � (U;�)); and3. (V; �) � (U;�)X �= ((V; �) � (U;�))X .Proposition 2 Let (U;�) : X1
: : :
Xn ! Y1
: : :
Ym and (V; �) : A! Bbe processes. Then for all i 2 [n] and j 2 [m] we have the following naturalisomorphisms:1. (U;�)Xi 
 (V; �) �= ((U;�)
 (V; �))Xi; and2. Yj(U;�)
 (V; �) �= Yj((U;�)
 (V; �)).3 CircuitsAn operation fb, which is an abbreviation of the word feedback, is de�nedfor bicategories of processes in categories with products. We then constructdiagrams for expressions in such bicategories. Finally, some brief remarksare made regarding the connection between these processes and dynamicalsystems.We adopt the following conventions when working in categories with prod-ucts. If A and B are objects and f is an arrow, AB and Af denote A �B



Katis, Sabadini and Walters 7and 1A�f respectively. Given a family of maps (xi : S ! Xi)i2[n], where n isa natural number, (x1; : : : ; xn) : S ! X1 : : :Xn denotes the unique map de-�ned by the universal property of products. Furthermore, a composite of theform f �(x1; : : : ; xn) will often be written as just f(x1; : : : ; xn). If � : [j]! [n]is an injective function, we will write pX�(1) :::X�(j) : X1 : : :Xn ! X�(1) : : :X�(j)for the obvious composite of symmetries and a projection (except, of course,in those circumstances where this notation would be ambiguous).3.1 Feedback of circuitsIf C is a category with �nite products, write Circ(C) for 
�(C;�). Aprocess in (C;�) is also called a circuit in C.Suppose (U;�) : X 
Y ! Z 
Y is a circuit in C with the property thatthere exists � : XU ! Y such that the diagramXU //(XcU;Y )�(1XU ;�) XY U //pY �� //p0Y Yis an equalizer in C where p0Y : XY U ! Y and pY : ZY U ! Y are projec-tions. (Note that there can exist at most one map � satisfying this condition.)In this case we say Y can be fed back in (U;�); also, � is called the structuremap for feeding back Y in the circuit. For any triple of objects X, Y and Zin C, de�ne (C;�)YX;Z to be the full subcategory of Circ(C)(X 
 Y;Z 
 Y )consisting of those circuits which have a structure map for feeding back Y .De�nition 2 The functor fb(C;�)YX;Z : (C;�)YX;Z ! Circ(C)(X;Z) isspeci�ed as follows.� If (U;�) 2 ob((C;�)YX;Z) has a structure map � for feeding back Y ,fb(C;�)YX;Z(U;�) = (U; pUZ � � � (XcU;Y ) � (1XU ; � )) 2 Circ(C)(X;Z):� If (U;�); (V; �) 2 ob((C;�)YX;Z) and � : U ! V de�nes a 2-cell from(U;�) to (V; �) in Circ(C); � : U ! V will also de�ne a 2-cell fromfb(C;�)YX;Z(U;�) to fb(C;�)YX;Z(V; �).To see that this last statement is true, let us �rst consider the diagram



Katis, Sabadini and Walters 8XU //(XcU;Y )�(1XU ;�) XY U��XY � //pY �� //p0Y Y�� 1YXV //(XcV;Y )�(1XV ;�) XY V //pY �� //p0Y Y;where � and � are the structure maps for feeding back Y in (U;�) and (V; �)respectively.The condition that � : U ! V de�nes a 2-cell from (U;�) to (V; �) is(�ZY ) � � = � � (XY �): (1)Therefore, p0Y � � � (XY �) = p0Y � (�ZY )�= pY � �:We also have that p0Y � (XY �) = pY : These last two results, when combinedwith the fact that the top and bottom lines of the above diagram are equal-izers, imply the existence of a unique � : XU ! XV satisfying the equation(XY �) � (XcU;Y ) � (1XU ; � ) = (XcV;Y ) � (1XV ; �) � �: (2)If (x; u) is any arrow into XU ,(XY �) � (XcU;Y ) � (1XU ; � )(x; u) = (x; � (x; u); �(u));and (1XV ; �) � �(x; u) = (�(x; u); � � �(x; u)):So by equation 2, �(x; u) = (x; �(u)) and � (x; u) = �(�(x; u)): That is,� = X� and � = � � � = � � (X�): (3)Also note,(X�Y ) � (1XU ; � � (X�))(x; u) = (x; �(u); �(x; �(x; u)))= (1XV ; �) � (X�)(x; u):



Katis, Sabadini and Walters 9Finally, (�Z) � pUZ � � � (XcU;Y ) � (1XU ; � )= pV Z � (�ZY ) � � � (XcU;Y ) � (1XU ; � � (X�)) (by 3)= pV Z � � � (XY �) � (XcU;Y ) � (1XU ; � � (X�)) (by 1)= pV Z � � � (XcV;Y ) � (X�Y ) � (1XU ; � � (X�))= pV Z � � � (XcV;Y ) � (1XV ; �) � (X�) (by 4).Thus � de�nes a 2-cell from fb(C;�)YX;Z(U;�) to fb(C;�)YX;Z(V; �). Clearly,fb(C;�)YX;Z is functorial. If there is no cause for ambiguity, fb(C;�)YX;Z willbe written as fbYX;Z.So the symmetric monoidal bicategory Circ(C) can be equipped with afamily of partially de�ned functorsfbYX;Z : Circ(C)(X 
 Y;Z 
 Y )! Circ(C)(X;Z):The reader is reminded that in [12] a trace for a balanced monoidal categoryV was de�ned to be a natural family of functionsTrYX;Z : V(X 
 Y;Z 
 Y )! V(X;Z)satisfying three axioms. In the next section, we will show that feedbacksatis�es the de�ning properties of a trace, with the equations being replacedby natural isomorphisms. In fact, for suitable C, Circ(C) is a locally-fullsub-bicategory of a compact closed bicategory. (This fact will be treated ina future paper.)There are enough equalizers in categories with products so that suitablydelayed circuits can be fed back. Given (U;�) : X 
 Y ! Z 
 Y , it is clearthat pY � � : XY U ! Y will be the structure map for feeding back Y in(U;�)Y . Also p0Y : XUY ! Y will be the structure map for feeding back Yin Y(U;�). We leave to the reader the veri�cation ofProposition 3 For any (U;�) : X 
 Y ! Z 
 Y , cY;U : Y U ! UY de�nesa natural isomorphismfbYX;Z((U;�)Y ) = (Y U; cUZ;Y � �)�= (UY; (UcZ;Y ) � � � (XcU;Y ))= fbYX;Z( Y(U;�)):



Katis, Sabadini and Walters 10Another operation, which might be called feedback, can be de�ned forprocesses in any symmetric monoidal category as follows:feedback
 : 
�(C;
)(X 
 Y; Y 
 Z)! 
�(C;
)(X;Z): (U;�) 7! (Y 
 U; (cU;Y 
 Z) � �):If (U;�) : X 
 Y ! Y 
 Z is a circuit,feedback
(U;�) = fbYX;Z((U; (UcY;Z) � �)Y ):Though this more general feedback operation is important (and may, in fact,be treated in a very elegant fashion), it will not be studied independently inthis paper. We should remark that feedback
 does not satisfy all the axiomsfor a trace.3.2 Circuit diagramsThe advantages of being able to draw diagrams for expressions in monoidalcategories have long been recognized. Circuit diagrams { diagrams associatedto expressions of circuits { are to be read from left to right (unlike the stringdiagrams depicted in [12]).A circuit of the form (U;�) : X1
 : : :
Xn ! Y1
 : : :
Ym is representedby the diagram
X1 Y1.
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α :In the following table circuit diagrams have been drawn for all the oper-ations discussed so far.
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Katis, Sabadini and Walters 12The expressions corresponding to the diagrams in the table are:(a) (V; �) � (U;�), where (U;�) : X ! Y and (V; �) : Y ! Z;(b) (U;�)
 (V; �), where (U;�) : X1 ! Y1 and (V; �) : X2 ! Y2;(c) fbYX;Z(U;�);(d) Yj(U;�) : X ! Y ;(e) (U;�)X : X ! Y ;(f ) (I; 1X) : X ! X;(g) (I; pI) : X ! I;(h) (I;�X) : X ! X 
X;(i) (I; cX1;X2) : X1 
X2 ! X2 
X1;(j ) fbYX;Z(U;�)Y : X ! Z; and,(k) (V; �)Y � (U;�), where (U;�) : X ! Y and (V; �) : Y ! Z.Notice that, in the above diagrams, there are two types of labels asso-ciated with wires: letters at the same level as the wires { for example, theletters X, Y and Z in the �gure a); and letters above the wires which denotedelays, as in �gures d) and e). The diagrams j) and k) have been included toindicate that wires need not be labelled twice. Furthermore, when drawingcomposites of wires there is no need for an indication of the domain andcodomain of each term in the expression.3.3 Circuits and dynamical systemsEngineers realized long ago that many dynamical systems may be both stud-ied and built using three operations: series (or composition); parallel (ortensor product); and feedback. Consider the functor category SetN, whereN denotes the additive monoid of natural numbers. To give an object of thiscategory is to give a set, U , and an endomorphism of that set, � : U ! U .Such an object is a model of dynamical systems with a state-space U whichhave the property that if the system has the state u 2 U at a particular



Katis, Sabadini and Walters 13point in time, the system will have the state �(u) 2 U at a speci�ed unit oftime later. The category SetN is isomorphic to the category Circ(Set)(I; I),where I is the terminal object of Set.An expression in Circ(Set) (the evaluation of which is a circuit) from Ito I will give us a dynamical system of the form � : U1 : : :Un ! U1 : : : Un;that is, the set of states of the resulting system will be expressed as a prod-uct, though the action may not be. In fact, any dynamical system of theform � : UV ! UV can be realized as the evaluation of the expressionfbUI;I((V; cU;V � �)U ). More generally, expressions of circuits will indicate the`dynamic dependence' of each component of (the state-space of) the systemupon the other components. For example, the composite of (U;�) : I ! Xand (V; �) : X ! I gives rise to the dynamical system(U�) � (�V ) : UV ! UV: (u; v) 7! (pU � �(u); �(pX � �(u); v)):The U -component of a future state of this system is determined just by theU -component of the present state, while the V -component will depend bothupon the variables u and v. From the diagram associated to a general expres-sion of circuits we can see at a glance the components upon which any givencomponent may depend. Given a system � : U1 : : :Un ! U1 : : : Un supposewe were interested in the possible behaviours of just one of the components,Ui. In general, all the elements of U1 : : : Un must be considered as possibleinitial states for a behaviour; but by knowing on which components Ui de-pended, the number of starting states that need to to be taken into accountin order to determine the behaviours of Ui is greatly reduced. These consid-erations are clearly relevant to the study of dependence (and independence)structures in distributed systems ([9],[14],[18]).Note that if X, U and Y are �nite sets, the circuit (U;�) : X ! Y isprecisely a Mealy automaton ([16]). The bicategory Circ(C), therefore, alsoprovides a calculus for studying Mealy automata.4 Properties of feedbackThe main result of this section will be a normal form theorem for expressionsin bicategories of circuits. Before getting to this, a number of properties



Katis, Sabadini and Walters 14satis�ed by the feedback operation will be examined, including the axiomsfor (a bicategorical version of) a trace. The isomorphisms referred to in thetheorem and propositions of this section are natural (the variables being, ofcourse, the circuits used in the results). The veri�cation of this is straight-forward and left to the reader. Also, we will write as if composition in ourbicategories were strict. (Note that the identity and associative isomorphismsfor horizontal composition in the bicategory 
�(C;
) are constructed fromthe identity and associative isomorphisms for 
.)4.1 Traced monoidal propertiesThe following proposition claims that the operation fbYX;Z is natural in thevariable Y . This is referred to in [12] as the sliding axiom for a trace.Proposition 4 If (U;�) : X
Y ! Z
W and (V; �) :W ! Y are circuits,Y can be fed back in (Z 
 (V; �)) � (U;�) : X 
 Y ! Z 
 Y if and only if Wcan be fed back in (U;�) � (X 
 (V; �)) : X 
W ! Z 
W: Moreover, cU;Vde�nes the 2-cell isomorphismfbYX;Z((Z 
 (V; �)) � (U;�)) �= fbWX;Z((U;�) � (X 
 (V; �))): (4)In terms of circuit diagrams, we have:
=

X

V Y

Z

W

β

α

X

Y

W

Z

α

U U
V

β :Proof. First we note that(Z 
 (V; �)) � (U;�) = (UV; (UcZ;V Y ) � (UZ�) � (�V ))and (U;�) � (X 
 (V; �)) = (V U; (V �) � (cX;V Y U) � (X�U)):Suppose Y can be fed back in (Z 
 (V; �)) � (U;�), and let � : XUV ! Ybe the structure map. That is, (XcUV;Y ) � (1XUV ; �) : XUV ! XY UV is theequalizer of the pairp0Y ; pY � (UcZ;V Y ) � (UZ�) � (�V ) : XY UV ! Y:



Katis, Sabadini and Walters 15So if (x; u; v) is an arbitrary map into XUV , we have�(x; u; v) = pY � �(pW � �(x; �(x; u; v); u); v): (5)We claim that 
 = pW � �(cY;XU) � (�; pXU ) � (XcV;U) : XV U ! W is thestructure map for feeding back W in (U;�) � (X 
 (V; �)).Now, pW � (V �) � (cX;VY U) � (X�U) � (x; 
(x; v; u); v; u)= pW � �(x; pY � �(
(x; v; u); v); u)= pW � �(x; pY � �(pW � �(x; �(x; u; v); u); v); u)= pW � �(x; �(x; u; v); u) (by equation 5)= 
(x; v; u):So (XcV U;W ) � (1XVU ; 
) equalizes p0W and pW � (V �) � (cX;V Y U) � (X�U):Second, to see that (XcV U;W ) � (1XV U ; 
) is in fact an equalizer, supposethat we have a map (x;w; v; u) into XWV U such thatw = pW � �(x; pY � �(w; v); u):Then pY � �(w; v) = pY � �(pW � �(x; pY � �(w; v); u); v):Since (XcUV;Y ) � (1XUV ; �) is an equalizer, pY ��(w; v) = �(x; u; v). Therefore,w = pW � �(x; �(x; u; v); u)= 
(x; v; u):This proves that 
 is the structure map for feeding back W in(U;�) � (X 
 (V; �)). A similar argument will show that if 
 is the structuremap for feeding back W in (U;�) � (X 
 (V; �)), pY �� � cV;W � (pV ; 
) � (XcU;V )will be the structure map for feeding back Y in (Z 
 (V; �)) � (U;�):We know turn to the main result of the proposition. Suppose that � isthe structure map for feeding back Y in (Z 
 (V; �)) � (U;�), and therefore
 = pW � �(cY;XU) � (�; pXU ) � (XcV;U) will be the structure map for feedingback W in (U;�) � (X 
 (V; �)): By the de�nition of feedback, we havefbYX;Z((Z 
 (V; �)) � (U;�)) = fbYX;Z(UV; (UcZ;V Y ) � (UZ�) � (�V ))= (UV; �);



Katis, Sabadini and Walters 16where � = pUV Z � (UcZ;V Y ) � (UZ�) � (�V ) � (XcUV;Y ) � (1XUV ; �):Also,fbWX;Z((U;�) � (X 
 (V; �))) = fbWX;Z(V U; (V �) � (cX;VY U) � (X�U))= (V U; �);where � = pV UZ � (V �) � (cX;V Y U) � (X�U) � (XcV U;W ) � (1XVU ; 
)):We now havepUZ � �(x; u; v) = pUZ � �(x; �(x; u; v); u)= pUZ � �(x; pY � �(
(x; v; u); v); u) (by equation 5)= pUZ � �(x; v; u);and pV � �(x; u; v) = pV � �(pW � �(x; �(x; u; v); u); v)= pV � �(
(x; v; u); v)= pV � �(x; v; u):So clearly, cU;V : UV ! V U de�nes a 2-cellfbYX;Z((Z 
 (V; �)) � (U;�)) �= fbWX;Z((U;�) � (X 
 (V; �))):The naturality of X and Z (or the tightening principle) is the claim ofProposition 5 If Y can be fed back in the circuit (U;�) : X 
 Y ! Z 
 Y ,Y can also be fed back in ((W;
)
Y ) �(U;�) �((V; �)
Y ) : X 0
Y ! Z 0
Y;for all circuits (W;
) : Z ! Z 0 and (V; �) : X 0 ! X. Moreover, the unitand associative isomorphisms for 
 yield a 2-cell isomorphism(W;
) � fbYX;Z(U;�) � (V; �) �= fbYX 0;Z0(((W;
)
Y ) � (U;�) � ((V; �)
Y )): (6)In terms of circuit diagrams, we have:
=

X’ X

Y

U

X’ X

U

Y

ZZ Z’ Z’

β α γ β α γ

V W V W :



Katis, Sabadini and Walters 17Proof. Consider circuits (U;�) : X 
 Y ! Z 
 Y; (V; �) : X 0 ! X and(W;
) : Z ! Z 0: Let((W;
)
 Y ) � (U;�) � ((V; �)
 Y ) = (V UW; �);where � = (V U
Y ) � (V UZcY;W ) � (V �W ) � (�Y UW ) � (X 0cY;V UW ):Suppose that we can feedback Y in (U;�), and let � : XU ! Y be thestructure map. Then we know for all maps (x; u) into XUpY � �(x; �(x; u); u) = �(x; u): (7)We claim that  = � � pXU � �UW : X 0V UW ! Y is the structure map forfeeding back Y in (V UW; �). First note that for all (x0; v; u; w)pY � � � (X 0cV UW;Y ) � (X 0V UW; )(x0; v; u; w)= pY � �(x0; �(pX � �(x0; v); u); u)= pY � �(pX � �(x0; v); �(pX � �(x0; v); u); u)= �(pX � �(x0; v); u) (by equation 7)=  (x0; v; u; w):Second, if (x0; y; v; u; w) is a map such that pY � �(x0; y; v; u; w) = y; then wehave that y = pY ��(pX ��(x0; v); y; u): Since � is the structure map for feedingback Y in (U;�), we have thaty = �(pX � �(x0; v); u)=  (x0; v; u; w):So (X 0cV UW;Y � (1X 0V UW ;  ) : X 0V UW ! X 0Y V UW is the equalizer of thepair p0Y ; pY � � : X 0Y V UW ! Y , meaning that  is the aforesaid structuremap. A straightforward calculation will now verify the existence of the iso-morphism 6.Note that the converse of the �rst statement of the above proposition isnot true. The following is a counter-example. LetX = Y = f1; 2g; I = f�g



Katis, Sabadini and Walters 18and � : XY ! Y: (1; 1) 7! 1(1; 2) 7! 2(2; 1) 7! 1(2; 2) 7! 1:Consider the circuit in Set, (I; �) : X 
 Y ! I 
 Y . If E is the equalizer ofp0Y ; pY �� : XY ! Y; clearly jEj = 3: So (I; �) cannot have a structure mapfor feeding back Y .Now, if we consider the circuit (I; �2) : I ! X; where �2 : I ! X : � 7! 2;then (I; �) � ((I; �2)
 Y ) = (I; � � (�2Y )) : I 
 Y ! I 
 Y:Since � � (�2Y ) : Y ! Y: 1 7! 12 7! 1has a unique �xed point, Y can be fed back in (I; � � (�2Y )):The following two propositions show that feedback satis�es, what is re-ferred to in [12] as, the vanishing axioms.Proposition 6 For any circuit (U;�) : X ! Y , the unit isomorphism for
 de�nes the 2-cell isomorphismfbIX;Y ((U;�)
 (I; 1I)) �= (U;�): (8)In terms of circuit diagrams, we have:
=

α
α

I

YU
U Y

X
X :



Katis, Sabadini and Walters 19Proposition 7 Let (U;�) : X 
 Y 
Z ! A
Y 
Z be a circuit. If we canfeedback both Z in (U;�) and Y in fbZX
Y;A
Y (U;�); we can feedback Y 
 Zin (U;�). In this case,fbYX;A(fbZX
Y;A
Y (U;�)) = fbY
ZX;A (U;�): (9)In terms of circuit diagrams, we have:
=

A

U U

A

α α

X X

Y

Z
ZY :Proof. Let � : XY U ! Z be the structure map for feeding back Z into(U;�) : X 
 Y 
 Z ! A
 Y 
 Z: Then we have for all (x; y; u)pZ � �(x; y; �(x; y; u); u) = �(x; y; u): (10)So fbZX
Y;A
Z(U;�) = (U; pUAY � � � (XY cU;Z) � (1XY U ; �)):Let  : XU ! Y be the structure map for feeding back Y into fbZX
Y;A
Y (U;�):Then for all (x; u)pY � �(x;  (x; u); �(x;  (x; u); u); u) =  (x; u): (11)The claim is that 
 = (pY ; �) � (XcU;Y ) � (1XU ;  ) : XU ! Y Z is the structuremap for feeding back Y 
 Z into (U;�). To see that (XcU;Y Z) � (1XU ; 
) isthe equalizer of the pair p0Y Z; pY Z � � : XY ZU ! Y Z; �rst note thatpY Z � �(x;  (x; u); �(x;  (x; u); u); u)= ( (x; u); �(x;  (x; u); u)) (by 10 and 11)= 
(x; u):Furthermore, suppose there exists a map (x; y; z; u) such thatpY Z � �(x; y; z; u) = (y; z):



Katis, Sabadini and Walters 20Then z = �(x; y; u), since � was the structure map for feeding back Z. There-fore, pY ��(x; y; �(x; y; u); u) = y and, since  is the structure map for feedingback Y , y =  (x; u). Thus,(x; y; z; u) = (x; pY � 
(x; u); pZ � 
(x; u); u):So, 
 is the sought for structure map. Equation 9 follows from a straightfor-ward calculation.It easy to �nd a counter-example to the converse of the above proposition.Let Y = Z = f1; 2g; I = f�gand � : Y Z ! Y Z: (1; 1) 7! (1; 1)(1; 2) 7! (2; 1)(2; 1) 7! (1; 2)(2; 2) 7! (1; 1);and consider the circuit (I; �) : I 
 Y 
 Z ! I 
 Y 
 Z.Since � has a unique �xed point, Y 
 Z can be fed back into (I; �).Notice, however, if E is the equalizer of p0Z ; pZ �� : Y Z ! Z, jEj = 1, whilejY j = 2. So, Z cannot be fed back into (I; �).Proposition 8 Suppose Y can be fed back in (U;�) : X
Y ! Z
Y . Thenfor any (V; �) : A! B, Y can be fed back in(Z 
 (I; cY;B)) � ((U;�)
 (V; �)) � (X 
 (I; cA;Y )) : XAY ! ZBY:Furthermore, the unit and associative isomorphisms for 
 de�ne the 2-cellisomorphism(fbYX;Z(U;�))
(V; �) �= fbYXA;ZB(Z
(I; cY;B))�((U;�)
(V; �))�(X
(I; cA;Y )):(12)In terms of circuit diagrams, we have:
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=

β

α

β

α

V B

U

Z

V

U

Z

B

X

A

Y

A

X

Y :Proof. To begin with, observe that(Z 
 (I; cY;B)) � ((U;�)
 (V; �)) � (X 
 (I; cA;Y )) = (UV; �);where � = (UcZ;VBY ) � (UZcY;V B) � (�� �) � (XcA;Y UV ):Suppose that � : XU ! Y is the structure map for feeding back Y in (U;�).We will show that 
 = � �pXU : XAUV ! Y is the structure map for feedingback Y in (UV; �).We know that (XcU;Y )�(1XU ; �) : XU ! XY U is an equalizer of p0Y ; pY ��.Therefore ((XcU;Y ) � (1XU ; �))AV : XUAV ! XY UAV is an equalizer of(p0Y )AV; (pY � �)AV : XY UAV ! Y AV:In fact, ((XcU;Y ) � (1XU ; �))AV will also be an equalizer of the pairp0Y ; pY � (�AV ) : XY UAV ! Y:So, (XAcUV;Y ) � (1XAUV ; 
) : XAUV ! XAY UV is an equalizer ofp0Y ; pY � (�AV ) � (XcA;Y UV ) : XAY UV ! Y:Clearly, then, (XAcUV;Y ) � (1XAUV ; 
) is also an equalizer ofp0Y ; pY � � : XAY UV ! Y:That is, 
 is the aforesaid structure map. A straightforward calculation yieldsisomorphism 12.This last result shows that feedback satis�es the superposition principlefor a trace. The �nal axiom for a trace is yanking. For feedback, this amountsto



Katis, Sabadini and Walters 22Proposition 9 For all X there exists a 2-cell isomorphismfbXX;X((I; cX;X) � ((I; 1X)
 (I; 1X))) �= (I; 1X): (13)In terms of circuit diagrams, we have:
=

X

X

X

X :The following propositon is needed for proving Theorem 1.Proposition 10 For any two circuits (U;�) : X ! Y and (V; �) : Y ! Z,Y can be fed back into (I; cY;Z) � ((U;�)
 (V; �)) and, moreover,(V; �) � (U;�) �= fb((I; cY;Z) � ((U;�)
 (V; �)): (14)In terms of circuit diagrams, we have:
X

Y

ZU

V

β

α

α β

YX ZU V = :Proof. Note that, by the functoriality of 
,(U;�)
 (V; �) �= ((I; 1Y ) � (U;�)) 
 ((V; �) � (I; 1Y ))�= ((I; 1Y )
 (V; �)) � ((U;�)
 (I; 1Y ))�= ((I; 1Y )
 (V; �)) � (I; 1Y 2) � ((U;�)
 (I; 1Y )):Therefore,fbYX;Z((I; cY;Z) � ((U;�)
 (V; �)))�= fbYX;Z((I; cY;Z) � ((I; 1Y )
 (V; �)) � (I; 1Y 2) � ((U;�)
 (I; 1Y ))�= fbYX;Z(((V; �)
 (I; 1Y )) � (I; cY;Y ) � (I; 1Y 2) � ((U;�)
 (I; 1Y )))�= (V; �) � fbYY;Y ((I; cY;Y ) � (I; 1Y 2)) � (U;�) (using 6)�= (V; �) � (U;�) (using 13):



Katis, Sabadini and Walters 234.2 Normal form theoremWe are now in a position to prove a normal form theorem for expressions inbicategories of circuits. (In fact, the only ingredients used in the proof arethe properties of a traced symmetric monoidal category.) For the rest of thissection, lower case greek letters will be used to denote circuits. By a circuitwe will mean an expression of the form � : X1 
 : : :
Xn ! Y1 
 : : :
 Ym.It is clear what is meant by the tensor product or feedback of such circuits.Let sX;Y = (I; cX;Y ) : X 
 Y ! Y 
 X be the symmetry for the tensorin a bicategory of circuits. When there is no cause for ambiguity or whenprecise speci�cation is not relevant, the symmetry will be written as s = sX;Y .Similarly, fbYX;Z will often be written as fb.Theorem 1 Any expression constructed from the circuits �1; : : : ; �n via theoperations composition, tensor product and feedback is naturally isomorphicto an expression of the form fb(� � (�1 
 : : :
 �n) � �0), where � and �0 arepermutation wires.Proof. Let � be an expression constructed from the circuits �1; : : : ; �n viathe operations composition, tensor product and feedback. By Proposition10, we can replace every occurrence of a composite in �, say � � �, by anexpression of the form fb(s � (� 
 �)). So we can assume the only compositesoccuring in � are ones of the form s � 
.For any expression �, let ]fb(�) be the number of occurrences of thefeedback operation in �. Before proceeding by induction on ]fb(�), we notesome simple relations between composition with permutations and the tensorproduct and feeedback operations.If � and � are circuits and � is a permutation wire whose codomain equalsthe domain of �, there are permutations � and �0 such that� 
 (� � �) �= � � (� 
 �) and(� � �)
 � = �0 � (�
 �):Also, given a circuit � and permutations � and �0 of the input and output offb(�), there exist permutations � and �0 such that� � fb(�) � �0 �= fb(� � � � �0):



Katis, Sabadini and Walters 24For the case ]fb(�) = 0, clearly � �= � � (�1
 : : :
 �n); for some permu-tation �. So, by the isomorphism 8, the claim of the theorem holds.Assume that the theorem is satis�ed if ]fb(�) = n, where n � 0. Suppose]fb(�) = n + 1. Then there exist expressions � and 	 and a permutation�1 such that � is naturally isomorphic to �1 � (fb(�) 
 	). We know byProposition 8 that there are permutations �2 and �02 such thatfb(�)
	 �= fb(�2 � (�
	) � �02):Therefore, � �= �1 � fb(�2 � (�
	) � �02)�= fb(�3 � (�
	) � �02);where �3 is a permutation.Note that ]fb(�
	) = n and �
	must be constructed from the circuits�1; : : : ; �n and permutation wires. So by the induction hypothesis,�
	 �= fb(�4 � (�1 
 : : :
 �n) � �04);where �4 and �04 are permutations. Therefore, there are permutations � and�0 such that� �= fb(�3 � fb(�4 � (�1 
 : : :
 �n) � �04) � �02)�= fb(fb(� � (�1 
 : : :
 �n) � �0)= fb(� � (�1 
 : : :
 �n) � �0) (by Proposition 7).The proof of the above theorem provides an algorithm for converting anyexpression of the circuits �1; : : : ; �n into an expression of the form fb(� �(�1
: : :
 �n) � �0). In fact, it is clear this algorithm can be generalized in orderto handle the situation when our expressions are built out of a �nite numberof speci�ed components.



Katis, Sabadini and Walters 255 Behaviours and equilibrium states ofcircuitsOnly circuits in Set will be considered in this section. The constructionspresented here may also be de�ned for circuits in a topos with a naturalnumbers object.5.1 The homomorphisms behaviour and equilibriumLet us recall the notions of equilibrium and behaviour which we intend togeneralize. Consider the global sections functorSetN(1;�) : SetN ! Set: (X;� : X ! X) 7! fx 2 X j �(x) = xg;where 1 is, of course, the terminal object of SetN. A natural transforma-tion f : 1 ! (X;�) is called an equilibrium state of the dynamical system(X;�). So the global sections functor sends a dynamical system to its set ofequilibrium states.For the rest of this paper N will denote the set of natural numbers. LetT : N! Set denote a representable functor in SetN. Suppose (X;�) is anyother dynamical system. Then to give a natural transformation f : T !(X;�) is to give a sequence (xi)i2N of elements of X such that �(xi) = xi+1.We call f a behaviour of (X;�). Thus the functorSetN(T;�) : SetN ! Setwill send a dynamical system to the set of behaviours of that system.In this section the bicategories Circ(Set) and Span(Set) will be writtenas Circ and Span respectively. Spans from X to Y will be represented byordered triples (p;W; q), where p : W ! X and q : W ! Y . We call p the�rst leg, q the second leg and W the centre of the span.If (U;�) : X ! Y is a circuit, an element of U is called a state of (U;�),and an element of X or Y is referred to as an input or an output for (U;�)respectively.De�nition 3 The following data de�nes the homomorphismequilibrium : Circ! Span:



Katis, Sabadini and Walters 26� If X is an object of Circ, equilibrium(X) = X:� If (U;�) : X ! Y is a circuit, letW = f(x; u) 2 XU j pU � �(x; u) = ug;p :W ! X : (x; u) 7! x;and q : W ! Y : (x; u) 7! pY � �(x; u):Then, equilibrium(U;�) = (p;W; q): If (x; u) 2 W , u is called an equi-librium state of the circuit.� If � : (U;�)! (V; �) is a 2-cell between circuits, let W and W 0 be thecentres of equilibrium(U;�) and equilibrium(V; �) respectively. Thenequilibrium(�) : W !W 0: (x; u) 7! (x; �(u)):de�nes a 2-cell in Span.Implicit in the above de�nition is the claim that the above data de�nesa homomorphism of bicategories. We will only present the proof that com-position of arrows is preserved up to a natural isomorphism.Let (U;�) : X ! Y and (V; �) : Y ! Z be circuits. Then the centre ofequilibrium(V; �) � equilibrium(U;�) is the setS = f(x; u; y; v) 2 XUY V j pU � �(x; u) = u; pY � �(x; u) = yand pV � �(y; v) = vg;while the centre of equilibrium((V; �) � (U;�)) is the setW = f(x; u; v) 2 XUV j (pU � �(x; u); pV � �(pY � �(x; u); v)) = (u; v)g:The function b(U;�);(V;�) : S ! W: (x; u; y; v) 7! (x; u; v)is bijective, since the rule (x; u; v) 7! (x; u; pY � �(x; u); v) de�nes a functionthat is the inverse of b(U;�);(V;�). It is straightforward to check that thisisomorphism is natural in the variables (U;�) and (V; �). So equilibriumpreserves composition.



Katis, Sabadini and Walters 27De�nition 4 The following data de�nes the homomorphismbehaviour : Circ! Span:� If X is an object of Circ, behaviour(X) = XN :� If (U;�) : X ! Y is a circuit, letW = f(xi; ui; yi)i2N 2 (XUY )N j 8i 2 N �(xi; ui) = (ui+1; yi)g;p : W ! XN: (xi; ui; yi)i2N 7! (xi)i2N ;and q : W ! Y N: (xi; ui; yi)i2N 7! (yi)i2N :Then, behaviour(U;�) = (p;W; q): An element w 2 W is called abehaviour of the circuit, while p(w) and q(w) are respectively calledthe corresponding input and output behaviours.� If � : (U;�)! (V; �) is a 2-cell between circuits, let W and W 0 be thecentres of behaviour(U;�) and behaviour(V; �) respectively. Thenbehaviour(�) : W !W 0: (xi; ui; yi)i2N 7! (xi; �(ui); yi)i2N :de�nes a 2-cell in Span.Implicit in this de�nition is the statement that the above data de�nes ahomomorphism of bicategories. Again, we will only prove that compositionof arrows is preserved up to isomorphism.Let (U;�) : X ! Y and (V; �) : Y ! Z be circuits. Then the centre ofbehaviour(V; �) � behaviour(U;�) is the setS = f(xi; ui; yi; y0i; vi; zi)i2N j 8i 2 N �(xi; ui) = (ui+1; yi); yi = y0iand �(yi; vi) = (vi+1; zi)g;while the centre of behaviour((V; �) � (U;�)) is the setW = f(xi; ui; vi)i2N j 8i 2 N (U�) � (�V )(xi; ui; vi) = (ui+1; vi+1; zi)g:



Katis, Sabadini and Walters 28The functiond(U;�);(V;�) : S !W: (xi; ui; yi; y0i; vi; zi)i2N 7! (xi; ui; vi)i2Nis bijective, since the rule(xi; ui; vi)i2N 7! (xi; ui; pY ��(xi; ui); pY ��(xi; ui); vi; pZ ��(pY ��(xi; ui); vi))i2Nde�nes a function that is its inverse. The function d(U;�);(V;�) de�nes anisomorphism of spans that is natural in the variables (U;�) and (V; �). Sobehaviour preserves composition.Notice that, on the category Circ(I; I), equilibrium and behaviour coin-cide with SetN(1;�) and SetN(T;�) respectively.5.2 Remarks on the interpretation of circuitsA circuit (U;�) : X ! Y models a system whose motion is controlled by aset X of actions. That is, if the state of this system at a particular pointin time is u 2 U and the system is then acted upon by x 2 X, the systemwill change its state to pU ��(x; u). Accompanying this change of state is theoutput pY � �(x; u). A behaviour of the system is determined by an initialstate and a sequence of actions. The following diagram should elucidate theseremarks.
u u’

(x,y)

x y



Katis, Sabadini and Walters 29The above picture represents a span of categories. The centre of this spanis the free category on the directed graph with vertex set U and whose edgesfrom u 2 U to u0 2 U are pairs (x; y) 2 XY such that �(x; u) = (u0; y). Thiscategory records both the states and the possible motions of the system. Thedomain and codomain of the span are respectively the free monoid on X andthe free monoid on Y . The fact that the elements of X act on the systemcan now be expressed by stating that the left leg of this span is a discreteop-�bration.Let us consider the behaviours of an in�nitesimal, say (I; �) : X ! Y .As behaviour(I; �) = (1XN ;XN ; �N ) : XN ! Y N ;any sequence (xi)i2N 2 XN will be a behaviour; that is, there are no internaldynamics governing the motion of the circuit as its state-space is I. Thesestructures are called in�nitesimals since an input x for (I; �) immediatelymanifests itself as the output �(x). Of particular interest are the wires.Consider the diagonal wire, (I;�X) : X ! XX:
X

X

X:Though there is a bijection between the set of behaviours of (I;�X) and(I; 1X), the circuits are di�erent - the output of the �rst process is XX, whilethe output for the second is X. So wires are examples of circuits which canbe viewed in two ways: on the one hand, as distributed bodies with a domainand codomain that can be composed with other circuits; on the other hand,as a device which behaves as a single unit or equipotential region.As a behaviour (xi; ui; yi)i2N of (U;�) : X ! Y satis�es the condition�(xi; ui) = (ui+1; yi) (instead of the condition �(xi; ui) = (ui+1; yi+1)), thereader may well ask whether all circuits are, in some sense, in�nitesimals. Itis true that circuits in general may have an in�nitesimal aspect, and this isessentially why feedback was not de�ned for all circuits. (Try feeding backan instantaneous not gate.)



Katis, Sabadini and Walters 30However, as was shown in Section 3, delayed circuits can always be fedback. In fact, to give a behaviour of (U;�)Y is equivalent to giving a sequence(xi; ui; yi)i2N such that �(xi; ui) = (ui+1; yi+1).5.3 Preservation properties of equilibrium andbehaviourFor the homomorphisms equilibrium and behaviour to be of any interest theymust preserve the operations we can perform on circuits. The preservationof composition has already been shown; of course, before we can talk aboutthe preservation of the tensor product and feedback, Span must be equippedwith such operations. Span is, however, a compact closed bicategory (andhence traced symmetric monoidal).De�nition 5 A symmetric monoidal structure on Span is de�ned by thehomomorphism 
 : Span � Span ! Span, the data for which we nowpresent.� If X and Y are objects of Span, X 
 Y = XY .� If (f;W; g) : X ! A and (p; V; q) : Y ! B are spans,(f;W; g)
 (p; V; q) = (f � p;WV; g � q):� If � : W ! W 0 and  : V ! V 0 de�ne the 2-cells � : (f;W; g) !(f 0;W 0; g0) and  : (p; V; q)! (p0; V 0; g0), �
 = �� de�nes a 2-cellfrom (f;W; g)
 (p; V; q) to (f 0;W 0; g0)
 (p0; V 0; q0).De�nition 6 For any triple X;Y;Z 2 ob(Span) the functorFbYX;Z : Span(X 
 Y;Z 
 Y )! Span(X;Z)is de�ned as follows.� If (f;W; g) is a span fromX
Y to Z
Y , let e : E ! W be the equalizerin Set of the pair pY � f; p0Y � g : W ! Y , where pY : XY ! Y andp0Y : ZY ! Y are projections. Then, Fb(f;W; g) = (pX �f �e;E; pZ �g �e)is a span from X to Y , where pX : XY ! X and pZ : ZY ! Z areprojections.



Katis, Sabadini and Walters 31� Let (f;W; g) and (f 0;W 0; g0) be spans from X 
 Y to Z 
 Y , andsuppose � : W ! W 0 de�nes a 2-cell from (f;W; g) to (f 0;W 0; g0).Let Fb(f;W; g) = (p;E; q) and Fb(f 0;W 0; g0) = (p0; E 0; q0), and lete : E !W and e0 : E 0! W 0 be the equalizers as de�ned above. Then,by the universal property of equalizers, there exists a unique functionFb(�) : E ! E 0 such that � �e = e0 �Fb(�). It is clear that Fb(�) de�nesa 2-cell from (p;E; q) to (p0; E 0; q0).We note that the operation Fb satis�es all the de�ning properties of atrace (with equations being replaced by natural isomorphisms, of course).The main result of this section isTheorem 2 The homomorphisms equilibrium and behaviour preserve theoperations tensor product and feedback up to natural isomorphisms.Proof. We only show that equilibrium preserves tensor products and feed-back since the proof that behaviour preserves these structures is very similar.We adopt the following notation. The tensor products on Circ and Spanwill be denoted by 
Circ and 
Span respectively, though when considering thetensor product of objects we will use 
 for both. The action of 
Circ and
Span on hom-categories will be represented respectively by
X;A;Y;BCirc : Circ(X;A)�Circ(Y;B)! Circ(X 
 Y;A
B);and 
X;A;Y;BSpan : Span(X;A)� Span(Y;B)! Span(X 
 Y;A
B):Also, equX;Y : Circ(X;Y )! Span(equilibrium(X); equilibrium(Y ))will denote the action of equilibrium on hom-categories.We now show that equilibrium preserves tensor products by constructinga natural isomorphismbX;A;Y;B : 
X;A;Y;BSpan � (equX;A � equY;B)! equX
Y;A
B � 
X;A;Y;BCirc :



Katis, Sabadini and Walters 32Let (U;�) : X ! A and (V; �) : Y ! B be circuits. Then the centre ofthe span equX;A(U;�)
X;A;Y;BSpan equY;B(V; �)is the setS = f(x; u; y; v) 2 XUY V j pU � �(x; u) = u and pV � �(y; v) = vg;while the centre of the spanequX
Y;A
B((U;�)
X;A;Y;BCirc (V; �))is the setT = f(x; y; u; v) 2 XY UV j pUV � (�� �)(x; u; y; v) = (u; v)g:Clearly bX;A;Y;B(U;�);(V;�) : S ! T: (x; u; y; v) 7! (x; y; u; v)de�nes an isomorphism of spans. It is straightforward to check that it isnatural in (U;�) and (V; �).Let us turn our attention to feedback. The full subcategory of circuitsfromX
Y to Z
Y for which we can feed back Y is denoted by I : SetYX;Z !Circ(X 
 Y;Z 
 Y ). We are required to construct a natural isomorphismdX;Y;Z : FbYX;Z � equX
Y;Z
Y � I ! equX;Z � fbYX;Z:Suppose that (U;�) : X
Y ! Z
Y is a circuit with a structure map � :XU ! Y for feeding back Y . The centre of the span FbYX;Z(equX
Y;Z
Y (U;�))is the setS = f(x; y; u) 2 XY U j pU � �(x; y; u) = u and y = pY � �(x; y; u)g;while the centre of the span equX;Z(fbYX;Z(U;�)) is the setT = f(x; u) 2 XU j pU � �(x; �(x; u); u) = ug:By the de�ning property of �, pY � �(x; y; u) = y if and only if y = �(x; u):Thus, dX;Y;Z(U;�) : S ! T: (x; y; u) 7! (x; u)



Katis, Sabadini and Walters 33de�nes an isomorphism of spans. It is easy to check that it is natural in(U;�).The scienti�c value of the previous theorem is that, as one would expect,to give a behaviour of a constructed circuit is equivalent to giving behavioursof the components of the circuit that agree on the wires. In Computer Sci-ence, this is called the compositionality of behaviour. So we can calculate thebehaviours of complicated circuits by considering the behaviours of the com-ponents and then carrying out the construction in Span. In the followingexample the circuits (U;�), (V; �) and (W;
) will be denoted by �, � and 
.It is clear there is a bijection between the set of behaviours of the circuitfbBA;B(�B � � � (fbEI;C(
)
 1D) � �)with corresponding circuit diagram
E

C

D

A

α

β

U

B

V

W

γand that of the circuitfbE
C
DA;B ((sE
C;B
1D)�(

1B
�)�(1E
sA;B
1B)�(1E
A
�B)�(sA;E
�))with corresponding circuit diagram
β

γ

α
V

U

B

D

C
E

A
W :Of course, using the results of the last section it is easy to see that both thesecircuits are isomorphic to
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U

B

E

D

C

A

γ

β

α

W

V :5.4 Relations as a model of circuitsIn the remainder of this section a connection will be established betweenCircand one of the best known examples of a category which admits a compactclosed structure { namely, Rel, the category of sets and relations. Usingthe compact closed structure, there is a way to equip Rel with a trace (orfeedback operation). Given a relation R : X 
 Y ! Z 
 Y , Tr(R) : X ! Zis the relation de�ned by: x(Tr(R))y if and only if there exists y 2 Y suchthat (x; y)R(z; y). Rel can be viewed as a locally ordered category, and, asthe next proposition indicates, is a re
ection of the bicategory Span.Proposition 11 There is a homomorphism � : Span ! Rel which pre-serves tensor products and feedback.Proof. The following is the data for �.� If X 2 ob(Span), �(X) = X.� If (f;W; g) is a span from X to Y , x(�(f;W; g))y if and only if thereexists w 2 W such that f(w) = x and g(w) = y.Recall that if R;S : X ! Y are relations, we write R � S if and only iffor x 2 X and y 2 Y , xRy implies that xSy. It is clear that if there exists a2-cell from a span (f;W; g) to (p; U; q), �(f;W; g) � �(p; U; q). A moment'sthought will verify that � is a tensor product and feedback preserving ho-momorphism.



Katis, Sabadini and Walters 35The construction � abstracts from a span only that information whichrelates the domain to the codomain, ignoring the internal structure of thespan. In fact, combining this proposition with Theorem 2 yields the resultthat the homomorphisms� � equilibrium; � � behaviour : Circ! Relpreserve tensor products and feedback. So there are two ways in which arelation can be thought of as an abstraction of a circuit. On the one hand,a relation R : X ! Y could be used to model the class of circuits of theform (U;�) : X ! Y that satisfy the condition: if xRy then there exists anequilibrium state u 2 U of the circuit such that �(x; u) = (u; y). On theother hand, a relation R : XN ! Y N could model the circuits with input Xand output Y that have the property: if (xi)i2NR(yj)j2N then there existsa behaviour of the circuit with corresponding input and output behaviours(xi)i2N and (yj)j2N .The category Rel has been used to model real circuits in both these waysin [11] and [4]. In this sense, the theory of circuits here developed is moreconcrete than theories using only locally ordered bicategories such as Rel.We wish to point out that though Rel models neither the internal state northe dynamics of processes, it is still of interest since calculations there arerelatively simple and often illuminating.6 Elgot automataAn Elgot automaton is de�ned to be process in a category with sums, and weconstruct a feedback operation for bicategories of such processes. A connec-tion between Elgot automata and iteration theories is made via a structurepreserving homomorphism from 
�(Set;+) to Par, the locally ordered cat-egory of sets and partial functions.6.1 Feedback for Elgot automataIf (C;
) is a monoidal category, let 
op be the induced tensor product onCop.



Katis, Sabadini and Walters 36Proposition 12 The canonical homomorphism�(C;
) : 
�(C;
)! (
�(Cop;
op))coopis a tensor product preserving isomorphism of bicategories.The local action of �(C;
) will be denoted by�X;Y(C;
) : 
�(C;
)(X;Y )! ((
�(Cop;
op))(Y;X))op:We adopt the following conventions when working in categories with �nitesums. Given a family of arrows (fi : Xi ! S)i2[n], where [n] is a naturalnumber, let (f1 j : : : j fn) : X1 + : : :+Xn ! S be the unique arrow de�nedby the universal property of sums. If � : [j] ! [n] is an injective function,write iX�(1)+:::+X�(j) : X�(1) + : : : + X�(j) ! X1 + : : : + Xn for the obviouscomposite of an injection and symmetries (except in those circumstanceswhere this notation would be ambiguous).Let C be a category that admits binary coproducts. Let � denote thecanonical tensor product on 
�(C;+). A process in (C;+) is called an Elgotautomaton in C, and we write Elgot(C) for 
�(C;+). The concept of anElgot automaton arose in the analysis of imperative programs ([8],[13]).Suppose (U;�) : X�Y ! Z�Y is an Elgot automaton with the propertythat there exists � : Y ! U + Z such that (1U+Z j � ) : U + Z + Y ! U + Zis the coequalizer of the pair i0Y ; � � iY : Y ! U + Z + Y , where i0Y :Y ! U + Z + Y and iY : Y ! X + Y + U are injections. In this case,we say we can feedback Y in (U;�) and � is called the structure map forfeeding back Y in the process. De�ne (C;+)YX;Z to be the full subcategoryof Elgot(C)(X � Y;Z � Y ) consisting of those Elgot automata which havea structure map for feeding back Y .Proposition 13 The isomorphism �X+Y;Z+Y(C;+) restricts to an isomorphism	X;Y;Z(C;+) : (C;+)YX;Z ! ((Cop;�)YZ;X)op;where, of course, � = +op.A feedback operation for Elgot automata is now de�ned via the feedbackoperation for circuits.



Katis, Sabadini and Walters 37De�nition 7 The functor fb(C;+)YX;Z : (C;+)YX;Z ! Elgot(C)(X;Z) is thecomposite (	X;Z(C;+))�1 � (fb(Cop;�)YZ;X)op �	X+Y;Z+Y(C;+) :So, if (U;�) : X � Y ! Z � Y is an Elgot automaton with a structuremap � : Y ! U + Z for feeding back Y ,fb(C;+)YX;Z(U;�) = (U; (1U+Z j � ) � � � iX+U) : X ! Z:As the homomorphism �(C;+) preserves tensor products, it is clear thattraced monoidal properties and the normal form theorem that were provedin Section 4 as well as the results relating feedback and delayed circuits inSection 2 are true for fb(C;+). Diagrams can also be drawn for expressionsbuilt out of the operations composition, � and fb(C;+). The only di�erencebetween Elgot diagrams { the diagrams for Elgot automata { and diagramsfor circuits is that the diagonal and projection wires are replaced by thefollowing codiagonal and injection wires:
I X

X

X
X :6.2 Interpretation of Elgot automataThe reader is encouraged to think of an Elgot automaton in Set as a dynam-ical system (that is, as an object of SetN) equipped with a set of startingstates and a set of equilibrium (or �nal) states. For example, consider theautomaton (U;�) : X ! Y as the dynamical system (� � iU j iY ) : U + Y !U + Y , where � � iX : X ! U + Y de�nes the set of starting states and Y isthe set of equilibrium states of the system. The following `cobordism' pictureillustrates the features of an Elgot automaton.
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U YXThe diagram indicates there is a vector-�eld on the state-space of the systemgoverning the motion of the automaton. While the map with domain X(determining the initial states) is arbitrary, the inclusion of the �nal statesY is co-�brant. In fact, via Grothendieck's generalization of the semi-directproduct construction, each Elgot automaton (U;�) : X ! Y in Set givesrise to a cospan X ! U + Y  Y in Cat: X and Y are the discretecategories with object-sets X and Y respectively; U + Y is the categoryobtained by applying the Grothendieck construction to the presheaf ((� � iU jiY ) : U +Y ! U +Y ) 2 SetN; the functor X ! U + Y is determined by thefunction � � iX : X ! U +Y ; and Y ! U + Y is determined by the injectioniY : Y ! U + Y . The functor Y ! U + Y is a co�bration in the sense of[10].As is indicated by the above picture, there may be problems with feedingback an Elgot automaton if the input is mapped onto the output. Thisproblem can be avoided by delaying either the input or the output of theprocess, since, as was the case with circuits, if (U;�) : X � Y ! Z � Y is anElgot automaton, Y can be fed back in either Y(U;�) or (U;�)Y . In termsof cobordism pictures, it would be fair to represent delaying a process by theaddition of a tube: we could draw (U;�)Y : X � Y ! Y � Z as



Katis, Sabadini and Walters 39
X

Y

Z

Y

Uand fbYX;Z((U;�)Y ) : X ! Z as
Z

X

U :By a behaviour of the Elgot automaton (U;�) : X ! Y we mean abehaviour of the dynamical system (� � iU j iY ) : U + Y ! U + Y that startsin X { that is, a sequence (si)i2N 2 (U + Y )N together with x 2 X suchthat s0 = � � iX(x) and (� � iU j iY )(si) = si+1. In fact, by drawing the Elgotdiagram for an expression in Elgot(Set), a particular state of the system canbe visualized as lying in one of the components of the diagram. In this sense,it is useful to think of a behaviour of the circuit as the behaviour of a pulsethat enters the device at the input wires and then moves according to thedynamical laws given above, perhaps exiting the device at one of the outputwires. Viewing an in�nitesimal in this way, we see that a pulse entering thedevice will instantaneously exit on an output wire. It is, however, simpler toconsider the input-output behaviour of an Elgot automaton.



Katis, Sabadini and Walters 406.3 Input-output behaviours of Elgot automataIn order to de�ne the input-output behaviour of an Elgot automaton, thelocally-ordered bicategory of sets and partial functions needs to be intro-duced. Bicategories of partial maps were de�ned in [5] and, as pointed outthere, can be constructed from left exact categories. Left exactness, however,is not enough to equip the resulting bicategory of partial maps with a trace.Certainly, any topos will su�ce. We content ourselves here with using setsand functions.De�nition 8 The following data de�nes Par, the locally ordered categoryof sets and partial functions.� An object in Par is a set.� An arrow from X to Y in Par is an isomorphism class of spans from Xto Y of the form (i; U; f), where i : U ! X is a monomorphism. Theequivalence class to which (i; U; f) belongs will be written as [i; U; f ].� There is a 2-cell from [i; U; f ] : X ! Y to [j; V; g] : X ! Y if andonly if there is a 2-cell in Span from (i; U; f) to (j; V; g). Note thatif such a 2-cell in Span exists, it is unique; in this case, we write[i; U; f ] � [j; V; g].Identities and compositions of arrows and 2-cells are inherited in the obviousway from Span.The coproduct in Set induces a tensor product on Par, which is also acoproduct. Explicitly, [i; U; f ] + [j; V; g] = [i+ j; U + V; f + g].With respect to the coproduct, Par may be equipped with a tracedmonoidal structure. Given a partial function [j; U; g] : X + Y ! Z + Y ,we de�ne TrYX;Z[j; U; g] : X ! Z as follows. (Of course, this operation Tr isnot the same as the trace de�ned for (Rel;
) in the previous section.)First form the coequalizerU //iZ+Y �g //iX+Y �j X + Y + Z //q Q:



Katis, Sabadini and Walters 41The claim is that q � iZ : Z ! Q is a monomorphism. Assuming this andtaking the pullback P���2 //// �1 X�� q�iXZ ////q�iZ Qyields a partial function [�1; P; �2] : X ! Z. We take this to be TrYX;Z[j; U; g].Now, let us show that q � iZ is a monomorphism. First, let a be therelation on X + Y + Z de�ned by: a a b if and only if there exists u 2 Usuch that iZ+Y � g(u) = a and iX+Y � j(u) = b. If � is the symmetric relationgenerated by a, Q is isomorphic to the set (X + Y + Z)= �, where � is thesmallest equivalence relation containing �.We want to show that if z; z0 2 Z, z � z0 implies z = z0. Let � = iZ+Y � gand � = iX+Y � j. Supposing z � z0, we know there exists a0; : : : ; an 2X + Y + Z such that z = a0 � : : : � an = z0. (We call this a chain from zto z0.)If n = 0, z = z0. If n = 1, there exists u 2 U such that �(u) = z or�(u) = z0; this is clearly impossible since �(u) 2 X + Y . If n = 2, thereexists u1; u2 2 U such that z = �(u1), a1 = �(u1), a1 = �(u2) and z0 = �(u2).Since � is injective, u1 = u2 and, therefore, z = z0.Suppose n � 3. Then there exists u1; : : : ; un 2 U such that �(u1) = z,�(un) = z0 and, for all i 2 f2; : : : ; n�1g, either �(ui) = ai and �(ui) = ai�1 or�(ui) = ai�1 and �(ui) = ai. Clearly there exists i 2 f2; : : : ; n�1g such that�(ui�1) = ai�1 = �(ui), implying ui�1 = ui and ai�2 = �(ui�1) = �(ui) = ai.Thus, z = a0 � : : : � ai�2 � ai+1 � : : : � an = z0. By induction on thelength of the chain from z to z0, we have that z = z0. So TrYX;Z[j; U; g] iswell-de�ned.For example, given [1X+Y ;X + Y; g] : X + Y ! Z + Y , calculateTrYX;Z[1X+Y ;X + Y; g] : X ! Z. A moment's thought will verify thatTrYX;Z[1X+Y ;X + Y; g] = [�1; P; �2], whereP = f(x; z) 2 XZ j 9n 2 N such that (iZ+Y � g j iZ)n(x) = zg:We have claimed that Tr is a trace for (Par;+). In fact, it was shownin [12] that (Rel;+) is a traced monoidal category, and it is clear that, with



Katis, Sabadini and Walters 42respect to the canonical inclusion Par ! Rel, the trace that was therede�ned for (Rel;+) restricts to the trace we have just de�ned for (Par;+).We are now in a position to prove the main result of this section whichwill clarify our earlier remark regarding the input-output behaviour of anElgot automaton.Theorem 3 The dataI=O : Elgot(Set) �! Par: X 7�! X: (U;�) : X ! Y 7�! TrUX;Y [1X+U ;X + U; cU;Y � �]de�nes a tensor product and feedback preserving homomorphism of bicate-gories.Proof. First, let us see why I/O is de�ned on 2-cells. Let � : (U;�) )(V; �) : X ! Y be a 2-cell in Elgot(Set). Remember that this means thediagram X + U��X+� //� U + Y�� �+YX + V //� V + Ycommutes. The universal property of the two coequalizersX + U //iX+U //iU+Y �� X + U + Y //q QX + V //iX+V //iV +Y �� X + V + Y //q0 Q0guarantee the existence (and uniqueness) of �� : Q ! Q0 such that �� � q =q0 � (X + � + Y ). Therefore, q0 � iX = �� � q � iX and q0 � iY = �� � q � iY . Now,consider the pullback diagramsP���2 //// �1 X�� q�iX P 0���02 //// �01 X�� q0�iXY ////q�iY Q Y ////q0 �iY Q0:



Katis, Sabadini and Walters 43Since �� � q � iX � �1 = �� � q0 � iY � �2 we have q0 � iX � �1 = q0 � iY � �2. By theuniversal property of pullbacks there exists a unique h : P ! P 0 such that�01 � h = �1 and �02 � h = �2. Thus,I=O(U;�) = [�1; P; �2] � [�01; P 0; �02] = I=O(V; �):The traced monoidal properties (for Par) are all that is needed for prov-ing that Int preserves composition, tensor products and feedback. The factthat the monoidal structure in this case is symmetric (rather than balanced)greatly simpli�es calculations.Note that the canonical functor Set ! Par preserves sums. Thus,the preservation by I/O of i) composition, ii) tensor products and iii) feed-back correspond to the following easily veri�ed equalities of string diagrams.(These diagrams are to be read from bottom to top, as in [12].)
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X

Z

X

Z

U Y Y Uα α=iii)The term I/O is an abbreviation of the phrase input-output. Consideringthe starting states as inputs and the �nal states as outputs, the construc-tion I/O abstracts from an Elgot automaton the input-output aspect of itsbehaviours. The interpretations we give here to the terms input and outputare di�erent to those given in the sections on circuits. For example, an inputfor a circuit can be viewed as an action on the internal state, while an inputfor an Elgot automaton is an initial condition. Both these points of view areencompassed within the general notion of a process in a symmetric monoidalcategory.The structure preserving homomorphism I/O indicates there is a close re-lation between our theory of bicategories of Elgot automata and the iterationtheories of Bloom and Elgot ([3]) which attempt to capture the equationalproperties of the �xed-point operator in categories such as Par.7 Final remarksThe reader familiar with concurrency may ask: what bearing does this theoryof processes have on the study of distributed systems? The present paperprovides a basis for devoloping a deeper theory of input-output systems. Byno means have the de�nitions in this paper exhausted the notion of process.Other examples of processes have been studied in [15] in order to modelasynchronous circuits. In fact, the sequel to this paper will investigate pro-cesses in a distributive category (admixtures of circuits and Elgot automata),structures that are related to the notion of an imperative program as de�ned
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