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1 Introduction

Specifying and verifying behavioral properties in addition to strict properties of systems is becoming
an appropriate approach to the actual software engineering. The Internet facilitates distributed
cooperative projects and implicitly distributed cooperative software systems whose behavior is
difficult to catch using only strict equalities of states. At the author’s knowledge, coinduction
[11, 22, 18, 13, 12, 15] and context induction [16, 6, 1] are among the most frequent techniques
to prove behavioral equivalences of states and they both require human intervention. Proving
automatically behavioral equivalences is a useful feature of specification languages. CafeOBJ [3, 4]
has implemented behavioral rewriting’ to make behaviorally sound reductions of terms. In this
report, we propose a new technique which combines behavioral rewriting and coinduction.

Equational logic is not sound for behavioral satisfaction since there might be operations which
are not behaviorally congruent, that is, which do not preserve the behavioral equivalence. We mod-
ified the congruence rule of equational logic accordingly in Section 3 (see also [21, 14]), obtaining
a sound five rule system for hidden algebra. Behavioral rewriting is for these rules what standard
rewriting is for equational logic and (many sorted) algebra. In particular, in section 4 we show that
if the behavioral rewriting relation is confluent, then an equation (VX) t = t' is derivable by the
five rule inference system iff ¢ and t' rewrite to a common term.

Induction is a well established technique to prove strict equalities of terms (and not only) in
the framework of abstract data types. Induction’s basis, that is, a set of operations or derived
operations generating all the terms, play a major role in inductive proofs and good choices of
them can enormously simplify the proofs®. Dually, coinduction is a technique to prove behavioral
equalities of terms in the framework of object types. We introduce the notion of cobasis as a
generalization of a similar concept in [21], which is a set of operations which (co)generate the
behavioral equivalence on terms, and provide a method to obtain cobases using a syntactic criterion.
Given a cobasis, coinduction can be applied automatically; we capture that in a new inference rule
called A-coinduction.

Behavioral coinductive rewriting is a method built on behavioral rewriting, its purpose being
to prove automatically more behavioral equalities than behavioral rewriting alone can do. Unlike
behavioral rewriting which rewrites well formed terms, behavioral coinductive rewriting rewrites
sets of pairs of terms, called goals. Each rewriting step is either a many step behavioral rewriting
or a coinduction step applied to a goal, that is, a replacement of that goal with a finite set of goals
generated by putting the operations in the cobasis on top of both terms in that goal. Two terms
t and t' are behaviorally equivalent if the goal {(¢,#')} can be reduced to a set of pairs of equal
terms (called trivial goals). Confluence and completeness (with regards to the six inference rules)
are investigated, and syntactic criteria for termination and completeness of an algorithm based on
behavioral coinductive rewriting are given in subsection 6.1.

* On leave from Fundamentals of Computer Science, Faculty of Mathematics, University of Bucharest,
Romania.

2 Actually a subrelation of it; see Section 4

3 In Chapter 8 of [7], there is a nice inductive proof of the Euler formula in which the natural numbers
are generated by prime numbers and multiplications with prime numbers, so an infinite basis.



2 Hidden Algebra

Hidden algebra [8, 9] appeared to give algebraic semantics for the object paradigm. A compre-
hensive survey for the case in which operations are all behavioral and have at most one hidden
argument can be found in [13, 12]. We remind the reader the basic definitions and results of hidden
algebra in its slightly extended form:

Definition 1. A hidden signature is a triple (¥, D, Y), often noted ¥, where

— ¥ is a V-sorted signature and D is a W-algebra, called the data algebra,

— Y is a (V U H)-sorted signature extending ¥ and such that each operation in X' with both its
arguments and its result visible lies in ¥, and

— V and H are disjoint sets, called visible sorts and hidden sorts, respectively.

The operations in ¥ with one hidden argument and visible result are called attributes, those
with one hidden argument and hidden result are called methods, and those with visible arguments
and hidden result are called hidden constants. A hidden subsignature of X is a hidden
signature (¥, D, ") with I’ C ¥. A behavioral (or hidden) Y-specification or -theory is a
triple (¥, I', E), where X' is a hidden signature, I" is a hidden subsignature of X', and F is a set of
Y-equations. The operations in I — ¥ are called behavioral.

A hidden XY-algebra is a many sorted Y-algebra A such that A|ly = D.

Definition 2. Given a hidden Y-algebra A and any equivalence ~ on A, an operation ¢ in X,
is congruent for ~ ift A, (ay,...,an) ~ Ay(a},...;a,,) whenever a; ~ a} for i = 1..n. A hidden
I'-congruence on A is an equivalence on A which is identity on visible sorts and such that each

operation in I is congruent for it.
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The following result proved in [21] generalizes a similar result in [13] to operations that can
have more than one hidden argument.

Theorem 3. Given a hidden subsignature I of ¥ and a hidden X'-algebra A, there exists a largest
hidden I'-congruence on A.

There might be readers thinking that our extension to behavioral operations with many hidden
arguments leads to serious foundational problems, such as the non-consistency of behavioral spec-
ifications (non-existence of models). We claim that this problem is not different by any means in
our extended framework from the similar problem in basic hidden algebra, because by Theorem 3,
any hidden algebra comes together with a largest hidden I'-congruence, which allows defining the
behavioral satisfaction (as it is shown below), exactly as in the case of basic hidden algebra. The
only inconvenience we are aware of so far is the possible lack of a final model, but fortunately, this
is not crucial neither to giving semantics to the modular composition of behavioral specifications
nor to the soundness of proof techniques such as coinduction, as the theorem above suggests. Un-
doubtedly, criteria to insure consistency of specifications in our extended framework as the one in
[13] for basic hidden specifications would be an interesting and challenging topic of research, but
it is beyond the goal of the present paper.

Definition 4. The largest hidden I'-congruence in Theorem 3 is called the I'-behavioral equiv-
alence and it is denoted by =%. A hidden Y-algebra A I'-behaviorally satisfies a Y-equation
e=(VX)t=1tiff 6(t) =% 6(t') for each §: X — A; in this case we write A E}, e. If E is a set of
Y-equations, we write A [y, E if A I-behaviorally satisfies each equation in E. When ¥ and I’
are clear from context, we may write = and = instead of =% and |E*27 respectively. We say that
A behaviorally satisfies (or is a model of) a behavioral specification B = (X, I E) iff A £}, E,
and in this case we write A [E B; we write B |= e whenever A £ B implies A [E3, e. An operation o
is I'-behaviorally congruent for A iff ¢ is congruent for =%;; we will often say just “congruent”
instead of “behaviorally congruent”*. An operation o € ¥ is behaviorally congruent for B3 iff
o is behaviorally congruent for every A |= B.

* A similar notion has been given by Padawitz [20].



Up to the author’s knowledge, the compatibility of behavioral equivalence with functions and/or
predicates was for the first time investigated in [19], and then it has been further explored in [3, 5, 2],
where it is called behavioral coherence, and in [20]°.

2.1 Examples

In this paper we use a CafeOBJ-like syntax since, at the author’s knowledge, it is the only specifica-
tion language that explicitly distinguishes between behavioral and non-behavioral operations and
implements behavioral rewriting as operational engine to automatically deduce behavioral equali-
ties. However, the code presented in this paper is not entirely executable on the actual CafeOBJ
platform because of the lack of the current implementation to handle many-hidden-sorted behav-
ioral operations.

Ezample 1. Nondeterministic Stack: The following example after [13] motivates non-behavioral
operations. We specify a random number generator for a distributed system, as a separate process
that places generated numbers on a stack (for simplicity, assuming infinite storage), so that other
processes can take numbers from the stack, each consumed by exactly one call from one process,
since multiple access to a single number is wrong. We consider two stack states equivalent if they
have the same numbers in the same order; then top and pop are behavioral with respect to this
equivalence, but push is not, since its behavior should not be determined by what is on the stack.

mod* NDSTACK { pr(NAT)

*x[ Stack ]*

op empty : -> Stack ** hidden constant
op push : Stack -> Stack  ** method

bop top : Stack -> Nat ** attribute

bop pop : Stack -> Stack ** method

var S : Stack

beq pop (empty) = empty .

beq pop(push(S)) =S . }

An implementation might be a function f: Nat — Nat where f(n) is the nth randomly generated
number. To ensure that n changes with each new random number generation, we can keep it as a
variable with the stack, incremented whenever a new number is pushed. Such an implementation is
equivalent to the following model: Let Ay,; = w, where w is the natural numbers, let Agyacx = wxw™*,
where w* is lists of naturals. Using [head,tail] list notation with [] for the empty list, let Aeppry =
(0,1), Auop(1,1)) = 0, Auop((n,[0,1)) = . Agop((,1)) = (1.11), Apop((n. [ 1])) = (m.1), and
Apusn((n, 1)) = (n+1,[f(n),]). Then two states are behaviorally equivalent iff for every sequence
of pops followed by a top they give the same number, that is, they store the same elements in the
same order; in other words, (n,l) = (n',l') iff I =1'. Note that push is not behaviorally congruent
for this model, because f(n) can be different from f(n').

Ezample 2. Sets:

mod SET1 { pr(NAT)

*[ Set I
op empty : -> Set
op {_} : Nat -> Set
bop _in_ : Nat Set -> Bool
bop _U_ : Set Set -> Set
bop _&_ : Set Set -> Set
bop not_ : Set -> Set
vars N N’ : Nat vars S S’ : Set

eq N in empty = false .
eq Nin { N’ } = (N == N?)

5 We should mention that the notion of behavioral congruence is presented in a more general context in
[19, 20].



eq N in S U S’ (N in S) or (N in S’)
eq N in S & S’ (N in S) and (N in S°)
eq N in not S = not (N in S) . }

All operations, except the hidden constants which might also be behavioral, are behavioral as they
preserve the intended equivalence between sets (two sets are equivalent iff they have the same
elements). Later on, we will see that in is a cobasis for sets, that is, it (co)generates the behavioral
equivalence on sets.

Notice that the union has two hidden sorted arguments and this is correct within our extended
framework. In the actual implementation of CafeOBJ, which does not admit such operations,
the only way to deal with many-hidden-argument operations is to declare them congruent using
the attribute coherent. The fact that a specification in which the congruent operations are de-
clared behavioral is by all means semantically equivalent to the specification in which they are
declared coherent [21, 14], in addition to the operational argument that the behavioral rewriting
does not distinguish between behavioral and congruent operations, suggests that by admitting
many-hidden-argument behavioral operations the attribute coherent is not necessary anymore,
making the definition of the language simpler without any loss of conceptual clarity.

Ezample 3. Streams: The following is a behavioral specification for infinite streams of natural
numbers. There is a zero stream containing only zeros, an operation cons that adds a natural
number in front of a stream, operations head and tail giving the head and the tail of a stream,
and an operation zip which zips two streams, that is, zip(0000..., 1111...) is the stream
01010101...:

mod STREAM1 { pr(NAT)
*[ Stream ]*

op =zero : -> Stream
bop cons : Nat Stream -> Stream
bop head_ : Stream -> Nat
bop tail_ : Stream -> Stream
bop zip : Stream Stream -> Stream
var N : Nat vars S S’ : Stream

eq head zero = 0 .
beq tail zero = zero .

eq head cons(N, S) =N .
beq tail cons(N, S) = S .
eq head zip(S, S’) = head(S)

beq tail zip(S, S’) = zip(S’, tail(S)) . }

The intuition is that two streams are equivalent iff they have the same elements in the same order.
As all operations preserve this intuitive behavior, we declare them behavioral. One can consider
at one’s discretion zero as behavioral or not, and also the visible sorted equations as behavioral
or not.

In order to simplify writing, given an operation o € X, 5 5 and a set of variables W = {w :
S1y.e0s Wy @ Sy}, we write o(W) instead of o(wy,...,w,); when interested in only one argument
of o, say the jth, we often write it as the last argument; moreover, if W = {wy : s1,...,w;j_1 :
Sj_1,Wjt1 © Sj41, ., Wy & Sy} and @ @ 55 then (W, x) is the term o(wl, ey W1, B Wig ey Why).

Given a hidden sort h (or a term of sort h), an operation o € X is appropriate for h (or
t) iff o has at least one argument of sort h. When we say that a property holds for all appro-
priate o, we also mean for all arguments h of o. For example, given two hidden sorted terms
t,t" € Ty p(X), the assertion “(o(W,t),0(W,t")) € G for all appropriate 0 € X”, means that
(o(wr, ., wj 1, t,wjg1, oy wy), 0 (w1, oy wjq, t wjg, ..., wy)) € G for all 0 € X5, 5 5 and all
J €1,...,n such that s; = h.



3 Five Sound Inference Rules for Hidden Algebra

As observed in [3, 5], equational deduction is not sound for behavioral satisfaction. This is because
some operations might not be behaviorally congruent, so the congruence inference rule is not sound
anymore. Since behavioral equivalence is identity on visible sorts, we can modify the congruence
rule accordingly, obtaining the following inference rules; given B = (X, I, E), we define IIF by

BlF (VX)t=1¢iff (VX)t=1t"is derivable from B using (1)—(5) below:

(1) Reflexivity :

VX)t=t
(2) Symmetry : %

(VX) t =t (VX) ¢ =¢"
(VX) t =t

(3) Transitivity :

(WY)l=reE, 6:Y — Tyu(X)

(4) Substitution : VX)) 6(0) = 6(r)

VX))t =t sort(t,t') eV
VX, W) o(W,t) = a(W,t"), for each 0 € ¥

a)
(5) Congruence :
) (VX)t =t sort(t,t') € H
(VX, W) §(W,t) = §(W,t"), for each congruent 6 € X

If all operations are behaviorally congruent then the above rules become the well-known equa-
tional deduction system. The five inference rules are sound for behavioral satisfaction, that is, the
following result generalizes the observation in [3, 5] that equational deduction is sound whenever
all operations are congruent:

Proposition5. BllF (VX)t =t implies B= (VX)t=1t".

Notice that b) can be applied only for congruent operations. Consequently, the more congruent
operations are, the more powerful the inference system is, and implicitly the more behavioral
equalities can be proved. Fortunately, all behavioral operations are behaviorally congruent [21],
so there already are some cases in which b) can be applied. Additionally, techniques to prove
congruence of operations, including an easy to check syntactic criterion, are provided in [21].

Another result in [21] says that a behavioral specification for which a certain operation is
congruent, is actually equivalent (has the same models with the same behavioral equivalences) to
a behavioral specification obtained from the first one just taking that operation behavioral. The
consequence is that all congruent operations can be declared behavioral. If the user is faithful to
this methodology then b) can be simplified to consider only behavioral operations.

On the other hand, the fewer behavioral operations are, the easier coinduction is (because the
task of proving hidden congruence requires fewer subtasks). Therefore, there seems to be a tradeoff
between taking either more or fewer behavioral operations. In Section 5, we show that actually
there is no tradeoff, the notion of cobasis playing a central role.

4 Behavioral Rewriting

Behavioral rewriting is for the five inference rules presented in the previous section what standard
term rewriting is for equational logic. Since we are not aware of any reference introducing the
concept of behavioral rewriting in its full generality as we see it, we do it in this section.

Given two relations R C A x B and S C B x C, their composition is the relation R; S C A x C
defined as a(R; S)c iff there are some b € B such that aRb and bRe. Since functions are special
relations, one can have compositions between functions and relations as well.



Definition 6. A Y-rewriting rule is a triple written (VX) ! — r, where X is a set of variables and
l,r € Tx,(X). A behavioral (or hidden) Y-rewriting system is a triple (X, I', R), where X' is a
hidden signature, I" is a hidden subsignature of X', and R is a set of Y-rewriting rules.

Framework: From now on in the paper, suppose that R = (X, R) is a behavioral ¥-
rewriting system and B = (X, I, E) is the associated behavioral specification, that is, E =
{(vX)l=r|(VX)Il—r € R}

Ordinary term rewriting is not sound for the behavioral satisfaction anymore. This is because
non-behavioral operations might not preserve the behavioral equivalence. Consequently, it needs
to be modified as follows:

Definition 7. The behavioral (term) rewriting relation associated to the behavioral rewriting
system R is the smallest relation = such that:

— For each (VY) !l = rin R and each §: Y — T (X), 0() = 6(r),

— If t = ¢ and sort(t,t') € V then o(W,t) = o(W,#') for all 0 € X,
— If t = ¢ and sort(t,t') € H then 6(W,t) = 6(W,t') for all § € I'.

Behavioral rewriting modifies the standard term rewriting as follows: each time a hidden redex
is found, apply the rewriting rule when there are only congruent operations on the path from
that redex going toward the root until eventually a visible sort is found. If a visible sort is not
found, the rewriting is still applied if all operations on the path from the redex to the root are
congruent. CafeOBJ successfully implements only a subrelation of behavioral rewriting (used within
the command reduce). More exactly, the rewriting rule is applied when there are only congruent
operations on the path from the redex going toward the root until a visible sort is found. If
no visible sort is found on that path, the rewriting does not take place. Therefore, CafeOBJ’s
behavioral rewriting does not consider the case when all operations on the path to the redex are
congruent and there is no visible sorted operation on that path. We believe that the behavioral
rewriting might be implemented in its full generality within the CafeOBJ’s behavioral-reduce
command [3].

Proposition8. Ift =* #' then IIF (VX) t =, where X = var(t) Uvar(t').

Definition 9. R is confluent iff = is confluent, and R is terminating iff = is terminating. R
is canonical iff it is both confluent and terminating.

Confluence and/or termination criteria of a behavioral rewriting system may be an interesting
area of research, but we are not interested in it in this paper. However, notice that the termination
of R as a non-behavioral rewriting system produces the termination of R as a behavioral rewriting
system (because = is a subrelation of the ordinary rewriting); thus, any termination criterion for
ordinary rewriting is still applicable for behavioral rewriting.

Lemma 10. The following hold:

1. =*; &" is reflexive,

2. =% & is symmetric,

3. If = is confluent then =*; €* is transitive,

4. If t =*; &* t' then
— if sort(t,t') € V then o(x,t) =% €* o(x,t') for alloc € ¥,
— if sort(t,t') € H then 6(x,t) =*; &* 6(x,t') for all§ € I'.

Theorem 11. Let (VX) ¢t =t' be an equation. Then

1. t =*&* t' implies - (VX)) t=1t', and
2. If = is confluent then I (VX) t =t' implies t =*; &* ¢'.

Proof. 1. It follows by Proposition 8.



2. Since llIF is the smallest relation closed under the five inference rules in the previous section,
the result follows by Lemma 10.

If = is canonical then we let nf(t) denote the normal form of ¢.

Corollary 12. If = is confluent then - (VX) t =t iff t =*, E* ', and if = is canonical then
IF (VX) t =t iff nf(t) = nf(t').

Ezample 4. Since all operations in STREAM1 are behavioral, = is nothing else than the stan-
dard term rewriting, so one can easily prove by rewriting properties like tail®(zip(s,s’)) =
zip(tail!¥(S),tail!*(s’)) and tail?®(zip(S,s’)) = zip(taill5(s’),taill?(S)), or by induction
properties like tail®*(zip(S,S')) = zip(tail¥(S),tail®(s’)) and also tail®*!(zip(s,s’)) =
zip(tail®**(8'), tail®(s)) for all k¥ > 0, where tail® is a shorthand for the composition of tail
for k times.

However, properties like (VS) cons(head(S),tail(S)) = S and (VN,S,8') zip(cons(N, S),S') =
cons(N, zip(8',S)) cannot be directly proved by behavioral rewriting. We will see later in the paper
how such properties can automatically be proved by behavioral coinductive rewriting.

5 Cobases and A-Coinduction

Induction is a well established technique to prove strict equalities of terms in abstract data types.
The basis of induction, i.e., some operations or derived operations generating all the terms, play a
major role in inductive proofs. Dually, coinduction is a technique to prove behavioral equalities of
terms. We introduce the notion of cobasis as a set of operations (or derived operations or even more
generally, operations in a conservative extension) which (co)generate the behavioral equivalence of
terms:

Definition 13. Given B’ = (X', I, E') a conservative extension of B = (¥, I',E) and A C ¥,
then A is a cobasis of B iff for each hidden sorted terms ¢,¢ € T'x ,(X), B' |E (YW, X) §(W,t) =
(W, ") for all appropriate § € A implies B = (VX) ¢t =t'.

Perhaps the most trivial example of cobasis is when A is the (infinite) set of visible contexts of
Y and X' is the derived signature of X (see the definition below).

Another very important example of cobasis is when A contains exactly the behavioral operations
(see the proposition below).

A more concrete definition of cobasis has been given in [21] (Definition 11; see also Theorem
12). Since the cobasis in [21] is a generalization of the notion of “complete set of X pps-contexts” in
[2], one can conclude that the complete set of contexts is also a special case of cobasis in its general
form in the above definition, so our results are also applicable to the framework of “observational
logic” [17] (notice that the fact that the fixed data algebra D is protected by all models is not used
at all in our proofs).

Definition 14. Given a (not necessary hidden) signature X', a derived operation v : s1...s,, = s
of ¥ is a term in Tx s({z1,...,2n}), where z,...,z, are special variables of sorts s, ..., s,. For
any Y-algebra A, the interpretation of « in A is the map v4: As x --- x A;, — Ay defined as
va(ar,...,an) = 0*(y), where 0: {z1,...,2,} — A takes z; to a; for all i = 1...n. We let Der(X)
denote the signature of all derived operations of Y.

It can be easily seen that B’ = (Der(X), I, E) is a conservative extension of B. The following
result reformulates a result in [21]:

Proposition 15. Given a behavioral specification B = (X, I, E), then A = I is a cobasis of B,
where B' can be either B or (Der(X), I, E).

The notion of equivalent behavioral specifications has been introduced in [21] to formalize the
intuitive process of reducing the number of behavioral operations:



Definition 16. By = (X, [1,Ey) and By = (X, I3, E») are equivalent iff they have the same
models (hidden algebras) with the same behavioral equivalence. We write it By ~ Bs.

Notice that ~ is indeed an equivalence relation on behavioral specifications, that B’ is a con-
servative extension of B whenever B ~ B’, and that B is a conservative extension of B whenever
B’ is a conservative extension of B and B’ ~ B".

Proposition17. If By = (Y, I1,E) and By = (X, I%, E) are behavioral specifications such that
Iy C I and all operations in I'1 — I'y are behaviorally congruent for By, then:

1. Bl ~ 82, and
2. Ty is a cobasis of B .

Proof. 1. A more general result is proved in [21], namely, given B; = (X, [, E) and By =
(X, I, E) with Iy C I3 such that all operations in I7 — I'y are behaviorally congruent for
B> and there are no conditional equations with hidden sorted conditions in F, then By ~ Bs.
Our result follows immediately now, because we assumed that there are no conditional equa-
tions in F.

2. Since By ~ Bs, one gets that By is a conservative extension of B;. By Proposition 15, I is a

cobasis of Bs, so by 1., one can easily get that I is a cobasis of B;.

Therefore, fewer behavioral operations are enough to generate the behavioral equivalence when-
ever the congruence of the others can be proved. However, proving the behavioral congruence of
operations is not easy and might require coinduction as in Example 6. Fortunately, congruence
criteria which work in all practical situations we are aware of so far have been developed [2, 21];
the following theorem seems to be a key result (Theorem 16 in [21]):

Theorem 18. If A is a cobasis of B and for each appropriate §: s1...8, — s in A there is some vy
in Ty (Z; UW) such that® B' [ E (VZ;,W) 6(Z;,0(W)) =~ for j =1,...,n, then o is behaviorally
congruent for B.

The following criterion [21] covers most of the situations and it follows easily from the theorem
above:

Congruence Criterion: Let B = (X, I, E) be a hidden specification and o be an operation
in X¥. If for each appropriate § in I" there is some v in Ty (Z; U W) such that the Y-equation
(VZ;, W) 6(Z;,0(W)) = visin E (modulo renaming of variables), then o is behaviorally congruent
for B.

Ezample 5. Sets: The difference between the next behavioral specification and SET1 is that in is
the only behavioral operation:

mod SET2 { pr(NAT)

*[ Set ]x
op empty : -> Set
op {_} : Nat -> Set
bop _in_ : Nat Set -> Bool
op _U_ : Set Set -> Set
op _&_ : Set Set -> Set
op not_ : Set -> Set
vars N N’ : Nat vars S S’ : Set

eq N in empty = false .

eq Nin { N’ } = (N == N’)

eq Nin SU S’ = (N in S) or (N in S’)
eq N in § & S’ = (N in 8) and (N in S°’)
not (N in S) . %}

eq N in not S

6 Z; is the set of variables {z1 : 81,...,2j1 @ 8j-1,%j4+1 : Sj41,-- 2n : 8n} and 6(Z;,t) is the term
5(211"'7Zj*17tvzj+la"'72n)'



The congruence criterion implies that _U_, &_ and not are behaviorally congruent for SET2. Con-
sequently, by Proposition 17, SET1 and SET2 are equivalent and A = {in} is a cobasis of SET1.

Ezample 6. Streams: Let us consider the following behavioral specification of streams which dif-
fers from STREAM1 in Example 3 in that only head and tail are behavioral:

mod STREAM2 { pr(NAT)
*[ Stream ]*

op zero : —-> Stream

op cons : Nat Stream -> Stream
bop head_ : Stream -> Nat
bop tail_ : Stream -> Stream

op zip : Stream Stream -> Stream
var N : Nat vars S S’ : Stream

eq head zero = 0 .
beq tail zero = zero .

eq head cons(N, S) =N .
beq tail cons(N, S) = S .
eq head zip(S, S’) = head(S)

beq tail zip(S, S’) = zip(S’, tail(S)) . }

By the congruence criterion above, cons is behaviorally congruent for STREAM2. The criterion
cannot be applied for zip because the last equation contains zip (which is not declared behav-
ioral) in both terms. However, we can show that zip is also behaviorally congruent. Let ¥} and
Y5 be the hidden signatures of STREAM1 and STREAM2, respectively, let Iy and I3 be the hid-
den subsignatures of ¥; and Y, containing the behavioral operations {cons, head,tail, zip}
and {head,tail}, respectively, and let A be a model (hidden X,-algebra) of STREAM2. Notice
that for any streams a,a’ in A, a =5 a' iff Apeaa(Ay;1(a)) = Aneaa(Af;y(a’)) for all n > 0

(it can be proved eventually using Theorem 3). Now, suppose that a, E*EQZ ay and as 5*222

ay. It can be shown by induction that A%, (Azip(ar,az)) =32 Agip(Af(a1), Ay (az)) and
AL (AL (ar, az)) =% Aip(A¥EY (a2), A, (a1)), and similarly for @ and aj, for all k > 0. Hence
f4head(/4%§il(f4zip(alw a2))) = Aneaa(Afai1(a1)) and f4head(f4f§{i1(f4zip(alw a2))) = Aneaa(Afair(a2)),
and similarly for af and a). Thus Aneada(Alai1(Azip(a1,02))) = Aneaa(Alair (Azip(al, a)))) for all
n > 0, that is, Azsp(a1, az2) =37 Azip(ah, ab). Therefore, zip is behaviorally congruent for STREAM2.
By Proposition 17, STREAM1 and STREAM2 are equivalent and A = {head,tail} is a cobasis of
STREAM1.

Therefore, there are examples of congruent operations which do not fall under the above crite-
rion. Fortunately, a more general criterion is introduced in [2] which works on the above example.
We do not discuss this criterion in the present paper, but it is worth noting that it follows (mod-
ulo the lemma of Theorem 4.5 in [2]) as a consequence of Theorem 18, applied for the cobasis
containing exactly the “observable contexts”.

Given a cobasis A of B, the following rule called A-coinduction is sound for behavioral satis-
faction:

(YW, X) 6(W,t) = 6(W,t') for all appropriate § € A
vVX)t=t

The fewer operations A has, the easier the A-coinduction is. Notice that this rule cannot be
applied when A has an infinite number of operations. We call it A-coinduction because a special
coinduction is intended when B’ = B and A = I'. More precisely, given a hidden Y-algebra A,
consider all relations R on A having the property that a R a' iff §(a1,...,an,a) R §(a,...,an,a’)
for all appropriate § € A(=I") and a4, ..., a, € A. Obviously, all operations in A are congruent for
all relations R as above, so R is a hidden I'-congruence and by Theorem 3, R C=%,. Notice that
=%, is itself an R as above.

(6) A — Coinduction :




Proposition 19. Define ko by B Ik, (VX) t =t iff (VX) t =t is derivable from B under the
rules (1)-(6). Then Ik A is sound for behavioral satisfaction if A is a cobasis of B.

Notice that IIF 5 is not necessarily sound with respect to equational satisfaction. The special case
of A-coinduction where A consists of all the attributes is called attribute coinduction. Kumo [10]
implements this special case, and will soon implement the coinduction rule (6) in its general form.

Ezample 7. Sets: Since A = {in} is a cobasis of SET1 (see Example 5), in order to prove that
two sets are behaviorally equivalent it suffices to show that they cannot be distinguished under
in. In this way, one can prove the idempotency of union and intersection, their commutativity,
associativity, distributivity and De Morgan laws. For example, let us show the distributivity of
intersection, that is, (vS,8',8") S & (8' U 8") = (S & S') U (S & 8"). We can show that a
natural number is in the left hand side set iff it is in the right hand side set with the following
CafeOBJ proof score:

mod DISTR { pr(SET2) op n : -> Nat ops s s’ s’” : -> Set }
open DISTR .
eq n in s = true .
red n in s & (s> U s’’) ==n in (s & s’) U (s & s’?) . ** true
close
open DISTR .
eq n in s = false .
red n in s & (s’ U s’’) ==n in (s & s’) U (s & s’?) . ** true

close

We will see in the next section that this proof (and many others) can be done automatically by
behavioral coinductive rewriting.

Ezxzample 8. Streams: Now we can prove that STREAM1 (see Example 3) satisfies behaviorally
(VS) cons(head(S),tail(S)) = S and (VN,S,S’) zip(cons(N,S),S’) = cons(N,zip(s',S)). We saw
in Example 6 that A = {head, tail} is a cobasis of STREAM1.

By the first five inference rules, STREAM1 llF 5 (VS) head(cons(head(S),tail(S))) = head(S) and
STREAM1 IIF 4 (VS) tail(cons(head(S),tail(S))) = tail(S). Then by A-coinduction, STREAM1 IIF A
(VS) cons(head(S),tail(S)) = S.

Similarly, STREAM1 lIF4 (VS) head(zip(cons(N,S),S’)) = head(cons(N,zip(S,S’))) and also
STREAM1 lIF 4 (VS) tail(zip(cons(N,S),S’)) = tail(cons(N,zip(S,S’))). Then by A-coinduction,
STREAM1 IIF 4 (VN, S, S) zip(cons(N,S),S') = cons(N, zip(S', 9)).

We will see in the next section that these properties can be proved automatically by behavioral
coinductive rewriting.

6 Behavioral Coinductive Rewriting

Unlike standard term rewriting or behavioral rewriting, behavioral coinductive rewriting rewrites
finite sets of pairs of terms, called goals, instead of just terms. Let T be the set of terms with
variables, and let Goal be the set of finite subsets of 7' x T'. Also, let 0 be the diagonal relation
on Goal, containing exactly the pairs (G,G) for all goals G. A goal is trivial iff it contains only
pairs of equal terms.

To make the presentation simpler, we consider that A contains only derived operations over I,
that is, from now on in the paper we work under the following

Assumption: A is a cobasis of B with B’ = (Der(X),I,E) and A C Der(I').

Now we define two relations on Goal:



Rewrite: G =, G' iff G’ replaces each (t,t') € G by some (s,s’') such that t =* s and ¢ =* &'

Expand: G =, G' it G' = {(6(W,t),0(W,t")) | § appropriate in A} U (G — {(¢,t')}),
where (¢,t') € G and sort(t,t') € H.

Definition 20. Let = be the relation (=2, U =2.)*. If G =2 G’ then we say that G behaviorally
coinductively rewrites to G'.

Proposition 21. The following hold:

XN D G o~

2= = 2y

S Se € Be; S,

= is equal to =37, =,

Ee;3r C B,

e =e © O U(Ies=e)s

=3 C (OUR); =,

If = is confluent then =3, is strongly confluent, that is, &=,; =, C =,; &,
If = is confluent then &; =, C =3,; &.

Proof. 1. It follows by the transitivity of =*.

2.

7.

Suppose that G =, G =. G' with G' = {(§(W,s),6(W,s")) |6 € A} U (G1 — {(s,5")}),
where (s,s') € G; such that ¢ =* s and t' =* s’ for some (¢,t') € G. Then take Gy =
{(6(W,t),6(W,t") | 6 € AYU (G — {(¢,t")}) and notice that G2 =2, G'. Hence G (Z¢;=2,) G'.

. Obviously, =!;=2,C (=2, U =2,)* ==. On the other hand, we can first prove by induction

that (=, U =)™ C (O U =¢)"; =, It is immediate for n = 0. Suppose that it is true for n
and let us prove it for n + 1. By 1, 2, and induction hypothesis,

(ZeU=)"TC(OU=) =0 (B U=y
(U =)™ (3r3e USy)
(OU=. )",(:ze,:zru:ﬁr)
( )

OuU =)t =,

I

Therefore, 3= (= U =,)* C (O U =)=, But (DU =3.)* =337,

Suppose that G =, G1 and G =, G, with Gy = {(§(W,1),6(W,t")) | § € AU (G — {(¢, ’)}
where (t,t') € G, and t =* s, t' = §', and (s,s') € Gy. Take G' = {(6(W,s),6(W,s')) | 6 €
A} U (G2 — {(s,s")}) and notice that G; =, G’ and G» =, G'.

. Suppose that Gy &=, G =, Go with Gy = {(5,(W,t1),00(W,£))) | 6, € AYU (G — {(t:1,})})

and Gy = {(02(W,t2),02(W, 1)) | 02 € A} U (G — {(t2,15)}), where (t1,8)), (t2,t)) € G. If
(tl,tll) = (tg,té) then G1 = GQ, that iS, (G17G2) e . If (t17tll) 75 (tz./té) then let Gl be
the goal containing {(d; (W,t1),061(W,t})) | 01 € A}, {(02(W,ta),02(W,ty)) | 62 € A} and
(G = {(ta,t})} — {(t2,t5)}). Now, notice that G1 =2, G' &, G.

. We first prove by induction that &,; (0 U &)™ =2.C (O U Ze); =0 U =) If n =0

then it follows by 4. Suppose that it is true for n and prove it for n + 1. By 5 and induction
hypothesis,

tr;(DUte)n+l§:§e—tra(DU e)nv(jeutéje)
CeEn(DUuEsE)™ (B UOU I =)
== (00U )" =e; (OU E)U =, (O U =)
C(OU=) 2, (0UE) U=, (0U=,)"
=(0U=)uld);Es(0UE) (DU =)ul)
= (0 U=e); &=, (O U =)t

Thus, &=,; (0 U &) 3.C (0 U =e); & (0 U =¢)". But (DU &=,)" = &;. Since by 3,
==, £, one gets &=;=2.C (O U Z); =
It is immediate, because = confluent implies =* strongly confluent.



8. It can be easily seen that 4 implies &}; =2,C=,; &%. Then by 7,

==y ::r§t:§jr
c zr§3r;zz
c 3r§tr;zz
=3=3,&.

Theorem 22. If = is confluent then = is strongly confluent.

Proof. Notice that 6 in Proposition 21 yields &=; =25C (O U =,)*; &. Since (O U =.)* ==%, one
gets that &; =2:C=3%; &. By 3 and 8 in Proposition 21,

S =3=5303,
C3he3,
c :;z;jht
== &,

that is, =2 is strongly confluent.

Definition 23. Let || be the relation on terms defined as ¢ || ¢' iff {(¢,¢')} = triv for some trivial
goal triv. Also, let ||,, be the subrelation of || defined as ¢ ||, ¢' iff {(¢,#)} (O U =.)™; =) triv
for some trivial goal triv.

In other words, ¢ ||, t' iff the goal {(¢,%')} can be reduced to a trivial goal doing at most n
expansions. Obviously, ||, C [|,41 for all n > 0.

Proposition 24. Given two hidden termst and t':

1. If t ||, t' for some n > 1 then there is some m < n such that 6(W,t) |lm S(W,t'") for all
appropriate § € A,
2.t Lt iff S(W,t) || 6(W, ") for all appropriate behavioral operations § € A.

Proof. 1. Let ng < n be the smallest number with ¢ ||, t'. If ng = 0 then ¢(=*; &*)t'. Then by
Definition 7, §(W,t)(=*; €*)d(W,t'), that is, (W, t) [lo S(W,t"). If ng > 0 then {(¢,t")} =,
G (O U =)™t =3,) triv for some trivial goal triv, where G is the goal containing all pairs
(6(W,t),0(W,t")) for all appropriate 6 € A. Hence 6(W,t) ||,,,—1 6(W,t') for each appropriate
6 € A. Now take m = ng — 1.

2. If t || t' then there is some n > 1 such that” t ||,, ¢'. By 1, there is some m < n such that
S(W,t) |lm 6(W,t") for each appropriate 6 € A. Therefore, 6(W,t) || §(W,t') for all appropriate
0 € A.
If §(W,t) || (W, t") for all appropriate 6 € A, then G = triv for some trivial goal triv, where
G is the goal defined in 1. Since {(¢,t')} =, G, one gets that {(¢,t')} = triv, that is, ¢ || ¢'.

Ezample 9. The inferences in Examples 7 and 8 say that S & (8" U 8") [|; (S & 8') U (8 & §")
cons(head(S), tail(S)) ||1 S and that zip(cons(N,S),S’) ||; cons(N,zip(S',S)).

3

Lemma 25. The following hold:

1. || is reflexive,
2. |l is symmetric,
3. If = is confluent then || is transitive,
4. Ift || t' then
— if sort(t,t') € V then a(W,t) || o(W,t') for all appropriate o € X,
— if sort(t,t') € H then §(W,t) || §(W,t") for all appropriate § € A,
5. If 6(W,t) |l S(W,t") for all appropriate 6 € A, then t || t'.

Proof. 1. A goal {(t,t)} is already trivial.

T Notice that |[¢C||1, so we can consider n > 1.



2. It is obvious because =, and =2, do not make any distinction between the left term and the
right term in any pair of terms.

3. Suppose that ¢, || t2 and to || t3. Then there are some goals G; and G, and some triv-
ial goals trivy and trive, such that {(¢1,t2)} = G1 =, trivy and {(t2,t3)} =2 Gi1 =,
trive. Let Cp and Cy be the sets of all A-terms v = & (Wi, ..., 00 (Wi, 2)...) with & > 0
and 4y, ...,0; appropriate behavioral operations, such that G; = {(y[t1],7[t2]) | v € Ci}
and Gy = {(y[t1],7[t2]) | v € Ca}, respectively, and let G| = {(y[t2],7[t2]) | v € C1} and
Gy = {(v[t2],v[t2]) | ¥ € Ca2}. Notice that G} & {(t2,t2)} =* GY, so by 4 in Propo-
sition 21, there is some G4 such that G =} G4 and G, =} G%. Let C3 be the sets of
all A-terms v = 6;(Wh, ..., 00 (Wi, 2)...) such that G4 = {(v[t2],7[t2]) | v € Cs}, and let
Gs = {(v[t1]. 7[ts]) | v € O3}, Ga = {(7[t1], ¥[t2]) | v € T3}, and Gs = {(v[t2], y[ts]) | v € C3}-
Notice that G; =% G4, G2 =% G5, and {(t1,13)} = G5. By 3 in Proposition 21, there are some
trivial goals trivs and trivs such that G4 = trivy and Gs =3 trivs. Then, for each v € Cs
there are some s; and s9 such that y[t1] =* s1, y[t2] = s2, and v[ta] =% s2, Y[ts] =* so.
Since = is confluent, there is some s3 such that s; =* s3 and sy =* s3. Thus, Y[t1] =% s3
and y[t3] =* s3, that is, there is some trivial goal trivs such that Gz =3, trivs. Therefore,
{(t17t3)} :{; G3 =, tTiUg./ that iS./ tl u t3.

4. If sort(t,t') € V then =2, cannot be applied at all in the reduction of {(¢,t')} to a trivial goal,
so t |lo t'. Therefore, there is some ¢’ such that ¢ =* ¢ and ¢’ =* t". Since sort(t,¢',t")
is visible, by Definition 7, o(W,t) =* o(W,t") and o(W,t") =* o(W,t") for all 0 € ¥, so
o(W,t) [lo o(W, ).

If sort(t,t') € H then it follows by 2 in Proposition 24.

5. It follows by 2 in Proposition 24.

Theorem 26. Let (VX) ¢t =t be an equation. Then

1.t || ¥ implies ko (VX)) t =1, and
2. If = is confluent then Ik o (VX) t =t' implies t || t'.

Proof. 1. We can prove a more general result, namely, if G = G' and every pair (s,s’) in G’
is derivable (that is, IFa (VX) s = s'), then every equation in G is derivable. To do that, it
suffices to prove that the pairs in G are derivable if the pairs in G’ are derivable, whenever
G =3, G' or G =, G'. Suppose that G =, G' and that lIFao (VX) s = s’ for all (s,s') € G'. By
Proposition 8, IIF (VX) ¢t = s and lIF (VX) ¢ = s', where (t,t') € G with t =* s and t' =* s'.
Since IFCIIF 4 and IIF 4 is transitive, one gets that k4 (VX) ¢ = ¢ for all (¢,#') € G.

2. Tt follows easily by induction on the length of the derivation of (VX) ¢t = ¢, using Lemma 25,
observing that 6(1) || #(r) whenever (VYY) ] = r is an equation in E.

Theorem 26 and Example 9 give other proofs for the fact that SET1 and STREAM1 satisfy
behaviorally the properties in Examples 7 and 8, respectively.

Corollary 27. If = is confluent then ko (VX)) t =1t iff t || t'.

6.1 Proving Behavioral Properties Automatically

In this section, we give an algorithm for proving behavioral equalities of terms. The algorithm
takes two terms as input and if it terminates then it returns either YES or a goal. If it returns
YES then it means that it succeeded in proving the behavioral equivalence of the two terms. If
it returns a goal, it means that it didn’t succeed in proving the behavioral equivalence of the two
terms, but it reduced it to other behavioral equivalences. The user can then try to prove them as
lemmas.

We first show the correctness of the algorithm, in the sense that if it returns YES for a pair
of terms, then the two terms are indeed behaviorally equivalent. Then we investigate conditions
under which the algorithm terminates, and finally conditions under which it is complete for IIFA.
There is little hope to find a complete algorithm for behavioral satisfaction in the general case;
there haven’t been found even complete deduction systems for hidden algebra so far.



Before we present the main algorithm, we should mention that Definition 23 suggests the
following trivial algorithm: for each n > 0, check if ¢ ||, t' by doing all n expansions followed
by rewritings of all terms in all pairs to normal forms, then followed by removing all pairs of
equal terms; stop if the goal becomes empty. By 1 in Theorem 26, this algorithm yields behavioral
equivalence whenever it stops. But unfortunately, besides its inefficiency, it doesn’t stop if the two
input terms are not behaviorally equivalent. However, by 2 in Theorem 26 and soundness of lIF 4, it
stops if = is canonical and the equation of the two terms is derivable with the six inference rules.
Therefore, if = is canonical, then this algorithm is semi-decidable for IIF o and there is little hope
to improve it in this way.

Assumption: A is a cobasis of B with A C I'.

Now, let us consider the following:

ALGORITHM A(t,t')

initialize G with the pair {(¢,¢')}

rewrite all terms in all pairs in G to normal forms (=)

remove from G all pairs containing equal terms

if (G = () then return YES

if (G has no hidden term rooted in X' — A) then return G
expand a pair in G containing a hidden term rooted in ¥' — A (=2,)
goto 2.

N O W

Proposition 28. If A(t,t') returns YES then llkao (VX) ¢t =1t'.

Proof. If A(t,t') returns YES, then there is some trivial goal triv such that ({(¢,¢')} =,; (=
;=30)* triv. By 2 and 1 in Proposition 21, =,;(=;3,)* C 37;=3,, so by 3 in Proposition 21,
t || #. Then by Theorem 26, llFx (VX) t =1t

Because of the soundness of lIF 4, A is correct, in the sense that ¢t and t' are behaviorally equivalent
whenever A(t,t') returns YES. The following proposition gives a simple termination criterion for

A.

Proposition 29. Termination Criterion: If R terminates and each rewriting rule (VX) 1 — r
has the property that r is a A-term and | is not a term (W) with W C X and § € A, then A
terminates.

Proof. We need the following

Lemma 30. In the same context, if s is a normal form and §(W',s) =% u for some § € A
and appropriate W', then each subterm of u rooted in X — A is a proper subterm of s.

Proof. The proof can be done by induction on the length of the derivation. If §(W', s) = u
then the only position where the rewriting can be done is at the top. Since the right hand
side of every rewrite rule contains only behavioral operations, every subterm of u rooted in
¥ — A is actually a subterm of s. On the other hand, s cannot be a subterm of u because
there is no rewriting rule having 6(W) as its left hand side term.

Now, suppose that §(W', s) =T u, each subterm of u rooted in ¥ — A is a proper subterm
of s, and that © = u'. Since s is a normal form and each subterm of u rooted in ¥ — A
is a proper subterm of s, the position of u where the rewriting to ' is applied cannot be
inside a subterm of u rooted in ¥ — A. Therefore, there are only behavioral operations
on the path from that position to the root of u. Since the rewriting rule applied has only
behavioral operations in the right hand side, it is easy to observe that all subterms of u’
rooted in X' — A are subterms of u. Thus, each subterm of u' rooted in ¥ — A is a proper
subterm of s.



Given a pair of terms (¢,t'), A(¢,t') terminates either when G = ) (step 4) or when both terms in
any pair in G are distinct normal forms that have behavioral operations as roots (step 5). Suppose
that A(t,¢') does not terminate. Then for each n > 1, there is a sequence (t1,t}), (s1,5]),-..,(tn, th,),
(8n,sy,) such that (t1,t7) = (¢,t'), (tig1,tir1) = (6:(Wi, 54),0:(Wi, s;)) for some §; € A, and s; and
st are normal forms of #; and t; such that at least one of s; and s} is rooted in ¥ — A. By Lemma
30, there is an infinite sequence of normal forms rooted in X' — A, say s;,, si,, ..., such that s;,
is a proper subterm of s;; for all natural numbers j. Since any term has only a finite number of

subterms, we deduce that A(t,t') terminates.

Example 10. Notice that A can contain hidden constants. This is even recommended in some
situations to make the previous proposition applicable. For example, a A for NDSTACK in Example
1 for which the algorithm .4 terminates is {top, pop, empty}.

Since A = {in} is a cobasis of SET1 (see Example 7) and all hypotheses in Proposition 29 are
fulfilled, the algorithm A for SET1 terminates.

Proposition 29 cannot be applied for STREAM1 with A = {head,tail} as zip appears in
both terms of the last equation. However, the algorithm A does not terminate for the input
(zip(S,S’),zip(8',S)) as it generates infinite number of goals: (zip(S', tail(S)), zip(S, tail(s’))),
followed by (zip(tail(S),tail(S’)),zip(tail(S’),tail(S))), and so on. Notice that A does termi-
nate if A = {head, tail, zip}.

The next proposition provides a completeness criterion for A with respect to the six rule
inference system that generates lIF A:

Proposition 31. Completeness Criterion: Let R be a behavioral rewriting system verifying the
hypotheses in Proposition 29. If in addition,

— = is confluent,

— for each 6,8" € A (not necessarily distinct) there is some 61 € A such that there is no rewriting
rule with 61 (Wy,6(W)) or 61(W1,6"(W)) as its left hand side term,

— there is no rewriting rule (VX) (W, 8 (t1,...,t,)) = r with W C X and 6,8 € A such that at
least one of t1,...,t, is different from variables,

then ko (VX) t =t implies A(t,t') returns YES.

Proof. A terminates by Proposition 29. If lIF4 (VX) t = ¢ then by 2 in Theorem 26, ¢t || t'.
Suppose that A(t,t') does not return YES, that is, the returned goal contains some pairs of
distinct normal forms (s,s’) such that both s and s’ are rooted in A. More precisely, there is
a sequence (t1,t]),(s1,81)s -y (En, 1)), (Sn, s),) such that (¢1,t]) = (¢,¢') and (s,,s),) = (s,$'), s
and sj are normal forms of ¢; and ¢}, respectively, and for each i = 0,...,n — 1, (t;jp1,t;,,) =
(6Z(WZ7SZ)762(WZ78;)) for some §; € A.

Lemma 32. If = is confluent, t =* s and t' =* s', then t || t' implies s || s'.

Proof. We can prove by well-founded induction on n that: for each t =* s and t' =* ¢,
t ||, t' implies s || s’. Suppose that the assertion is true for all m < n. Let t =* s and
t' =>*s" and t ||, t'. If n = 0 then there is some s such that t =* s and t' =* s". Since
= is confluent, there are some terms s; and s3 such that s =* s, s/ =* s1, and s’ =* ss,
s" =* s5. Furthermore, there is some term sz such that s; =* s3 and so =* s3. Therefore,
s =% s3 and s’ =* s3, that is s [|g s'. Thus s || s'. If n > 1 then by 1 in Proposition
24, there is some m < n such that 6(W,t) ||, 6(W,¢') for each appropriate 6 € A. By the
induction hypothesis, 6(W, s) || §(W,s'), and by 2 in Proposition 24, s || s'.

Since t || t', by Lemma 32, s || s'; suppose that s ||, s'. Let 6 and ¢’ be the roots of s and ',
respectively, and let ; be a behavioral operation in A such that 6, (Wy,6(WW)) and §; (Wy,6'(W"))
do not appear as left hand side terms of any rewriting rule in R. Since s and s’ are normal forms and
there is no rewriting rule with 6, (W1, d(t1, ..., t5)) or 61 (W1, 8 (t1, ..., t,)) as left hand side, §; (W7, s)
and §; (Wi, s') are also normal forms. By 1 in Proposition 24, there is some n; < n such that



01 (W1, s) lln, 61(W1,s"). Similarly, there is some dy € A and ny < ny such that dy(Ws, 6 (W1, s))
and 02 (Wy, 61 (Wh,s")) are normal forms and do(Wa, 01 (Wi, s)) lln, d2(Wa,01(Wy,s")). Tterating
this method, there are some dy,...,0; € A such that v, and v, are normal forms and v, [lo v},
where v, = 0 (Wg,...,00(W1,s)) and v, = 6 (Wk, ..., 01 (Wr,s')). Since v, and v} are already
normal forms, one gets that v; = v}, that is, s = s’. This is a contradiction because s and s’ were
supposed to be distinct. Consequently, A(¢,t') returns YES.

Definition 33. We say that a behavioral rewriting system is reasonable iff it verifies the easy to
check syntactic conditions in Proposition 29 and 31, that is,

— for each rewriting rule (VX) 1 — r,
e 71 is a A-term,
e | is nota term §(W) with 6 € A and W C X,
e [lis notaterm §(W, ¢ (t1,...,t,)) with §,d" € A and the terms ¢y, ..., ¢, are not all variables,
— for each §,0" € A (not necessarily distinct), there is some d; € A such that neither 6, (W;,§(W))
nor & (Wy,8'(W')) does appear as left hand side term of rewriting rules.

The algorithm A described above terminates and is sound and complete for IIF 4, whenever R
is reasonable and canonical:

Theorem 34. If R is a reasonable canonical behavioral rewriting system, then

1. A terminates, and
2. kA (VX) t =1t" iff A(t,t') = YES.

7 Conclusion and Future Work

Behavioral coinductive rewriting and its confluence, completeness and termination has been inves-
tigated in this paper. However, there is still much work left to do, including:

— find more general syntactic criteria for termination and completeness of the algorithm A in
subsection 6.1;

— allow both behavioral and strict equations;

— study the confluence and termination of the behavioral rewriting relation = in section 4;

— allow conditional equations;

— extend the results to general cobases in conservative extensions.
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